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PREFACE TO SECOND EDITION 


Twice since the first edition of Methods of Correlation Analysis 
appeared there have been reprintings in which minor errors in com- 
putations or typography were corrected. No^, a- decade after the 
publication of the first edition, I am making the first general revision. 

There have been many refinements and developments in the appli- 
cation of correlation methods to social and economic data during this 
period, and a beginning has been made in their application to engineer- 
ing and other technological problems. The general technique has been 
but little changed during the period, and the main body of methods 
still seems useful. The major changes during the decade have been, 
first, in the interpretation of the meaning of standard errors and, sec- 
ond, in the application of logical limitations to the flexibility of graphic 
curves. Other significant developments have been' in the perfection of 
new and speedier methods of calculation and in the development of 
methods of estimating the reliability of an individual estimate or fore- 
cast. All these are covered in this revision. 

One completely new chapter has been added to this edition. That 
is Chapter 19, dealing with the reliability of an individual forecast and 
also with the applicability of error formulas to time series. The con- 
clusion is reached there that these formulas are more serviceable in 
connection with time series than has generally been believed. Chap- 
ter 16, dealing with the short-cut (Bean) method of graphic correlation, 
has been almost entirely rewritten and materially enlarged. Increased 
emphasis is placed upon the precautions which need to be taken to get 
dependable results by this method and upon the way in which logical 
analysis should be used to place limitations upon the shape of the 
curves fitted, and thus prevent undue flexibility in their fitting. The 
chapters dealing with sampling theory, Chapter 2 for means and Chap- 
ter 18 for correlation results, have been materially revised to bring the 
explanation of the significance of standard error computations up to 
the modern interpretation. The section on the sampling significance of 
graphic regression curves has been moved from the technical appendix 
to this section and has also been materially expanded, with fuller illus- 
trations. After a decade of use, it is now believed that this technique 
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provides a valuable check on the significance of graphic regression and 
net regression curves. 

Other chapters have been less extensively revised. Chapter 23, on 
examples of correlation applications, has been briefly brought up to 
date. One time-series analysis has been extrapolated to date in Chap- 
ter 14. A new explanatory example, which it is believed will aid the 
student in comprehending the meaning of partial regression coefficients, 
has been added at the beginning of Chapter 10; and Chapter 11 has 
been expanded somewhat. Although the analysis of variance is intro- 
duced here, no attempt is made to provide a complete treatment for it, 
as it was felt to lie outside the major field of this book. Chapters 7, 
13, and 15, dealing with the measurement of standard error of estimate 
and degree of correlation, have also been revised to state more pre- 
cisely the meaning of the adjustment of the crude coefficients to obtain 
unbiased estimates of the probable value in the universe. Other chap- 
ters have been corrected or expanded in various details. The appen- 
dix on methods of computation has been expanded to cover the most 
expeditious methods of computing partial correlation coefficients, the 
standard error of an individual forecast, and of making graphic trans- 
fers in the graphic short-cut method ; and the explanations on the charts 

in Appendix 3 have been modified in line with the changes in Chap- 
ters 2 and 18. 

W it h respect to the perennial debate as between the use of elaborate 
mathematical curves or transformations or the use of freehand curves 

my basic position remains un- 
changed in favoring freehand curves unless there are logical reasons 
for the selection of a particular mathematical equation. Much more 
attention is gi\en to the logical meaning of freehand curves, however, 
and to the use of logical limitations in drawing in the curves. As be- 
fore, the techniques for both methods are described and illustrated. 

e cross-re erencing from one method to the other, and the discussion 
of the proper place for each, has also been somewhat expanded. 

To aid instructors and others who may wish to use this revised 
edition along with the old, the table numbers have been left unchanged 
throughout the body of the book, new tables being designated by an A 
or B after the number. Figure numbers similarly are left unchanged 
up to Chapter 16, where the considerable number of new figures added 
made it seem better to begin renumbering. Equation numbers have 
been left unchanged throughout most of the body of the book, equations 
being renumbered only from Chapter 21 on. Prior to that point, equa- 
tions numbered with whole numbers stand exactly as in the first edi- 
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tion ; when the previous equations were changed or new equations were 
added, they are numbered with decimal fractions. 

I hope that with these changes and additions the book will prove 
more useful than heretofore for classroom purposes and individual 
study. Naturally I am grateful that so specialized a book as this has 
found so wide an application in teaching and research, and I am always 
interested in hearing of applications of these methods to new fields. 

During recent years I have had to devote myself primarily to 
matters of economic policy and have not been able to follow the de- 
velopments in statistical methods as closely as during the period when 
this book was first taking shape. In preparing this revision I have had 
to lean heavily on the advice of those who in recent years have been 
closer to statistical teaching and practice than I have been myself. 
Valuable suggestions as to desirable revisions and new content have 
been received from Frederick V. Waugh, Charles F. Sarle, Elmer J. 
Working, Louis H. Bean, 0. C. Stine, and Clarence M. Purves. I am 
indebted to my first teacher, Howard R. Tolley, for many suggestions 
noted during the period he was using the book for classroom teaching 
at the University of California. In addition, much of the revision, 
especially in the more mathematical sections, has been guided by the 
advice of two expert mathematical statisticians, W. Edwards Deming 
and Meyer A. Girshick. I am deeply indebted to them both for helpful 
suggestions and criticisms and for reading much of the revised manu- 
script, especially the sections dealing with the sampling significance of 
results. The increased precision and clarity of these sections are 
largely attributable to their aid. R. G. Hainsworth has again helped 
me with the figures, maintaining consistency with the excellence of 
those he prepared for the first edition. Any errors or misstatements 
remain my own responsibility, and not that of those who have aided 
with suggestions or criticisms. 

To these and to many others who, over the years, have called my 
attention to errors or suggested revisions I express my appreciation 
and gratitude. 

Although the new material has been carefully checked, some errors 
of computation or notation have no doubt crept in. Again I shall be 

grateful if any student or reader will inform me of any such errors he 
notices. ' 


Washington, D. C. 
June 16, 1941 


Mordecai Ezekiel 
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This book is not intended to cover the entire field of statistics, but 
rather, as its name indicates, that part of the field which is con- 
cerned with studying the relations between variables. The first two 
chapters are devoted to a brief review of the central elements in the 
measurement of variability in a statistical series, and to the essential 
concepts in judging the reliability of conclusions. These chapters 
are not to be regarded as a full statement, but instead as brief sum- 
maries to clarify the basic ideas which are involved in the subsequent 
development. 

No attempt is made in the body of the text to present the mathe- 
matical theory on which the art of statistical analysis is based. In- 
stead, the aim throughout has been to show how the various methods 
may be employed in practical research work, what their limitations 
are, and what the results really mean. Only the simplest of algebraic 
statements have been employed, and the practical procedure for each 
operation has been worked out step by step. It is believed that the 
material will be readily comprehensible to anyone who has had courses 
in elementary algebra. 

Although the examples which are used in presenting the several 
methods are drawn very largely from the author’s own field of agri- 
cultural economics, the methods themselves are explained in suffi- 
ciently general terms so that they can be applied in any field. In 
addition, two chapters are devoted to a discussion of the types of 
problems in a great many different fields of work to which correlation 
analysis has been successfully applied, and to research methods and 
the place of correlation analysis in research. It is hoped that this 
presentation will assist research workers in many fields to appreciate 
both the possibilities and the limitations of correlation analysis, and 
so gain from their data knowledge of ail the relations which so fre- 
quently lie hidden beneath the surface. 

Where the methods presented are the well-established ones devel- 
oped by the fathers of the modern science, mainly the English statisti- 
v cians, no attempt is made to prove or derive the various formulas. 
On a few crucial points, however, or where derivations not generally 
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accessible are involved, the derivations of the formulas are shown in 
notes in the technical appendix, in the simplest manner possible. 

The methods presented in this book, insofar as they constitute 
an advance over those previously available, represent largely the 
joint product of a group of young researchers in the .Bureau of 
Agricultural Economics of the United States Department of Agricul- 
ture during the past decade. The new methods include (a) the appli- 
cation of the Doolittle method to the solution of multiple correlation 
problems, greatly reducing the labor of obtaining multiple correlation 
results, and making feasible the use of multiple correlation in actual 
research work; (b) the development of approximate methods for 
detei mining curvilinear multiple correlations, and, more recently, 
\cry rapid graphic methods for their determination; (c) the recog- 
nition of “joint” correlation, and the gradual development of meth- 
ods of treating it; and (d) by extensive use in actual investigations, 
conciete demonstration of the possibilities of these methods in research 
voik. These recent developments in correlation analysis are as yet 
laigely unavailable except in the original articles in technical jour- 
nals. One object of this book is to present them in organized form, 

and with such interpretation that their significance and application 
may be fully understood. 


During the last two decades, the English statisticians “Student” 
and R. A Fisher have been developing more exact methods of judg- 
ing t ie ic la ility of conclusions, particularly where those conclusions 
involve correlation or arc based on small samples. These new meth- 
ods have as yet received but little recognition from American statisti- 
cians. They are presented here as simply as possible, and the dis- 
cussion of the reliability of conclusions gives them full consideration. 

.0 many persons have helped in the years during which this book 
has been growing that it is difficult for me to enumerate them all. 
first of ® U 1 sh ° ult J llko to mention Howard R. Tolley, from whom 
I received my introduction to statistics, and with whom it has been a 
constant joy to work. I give him credit for much that is included 

out fm-Ti T y ° t T ° 1 ’ 1 ' esCntation re flects that which he worked 

sni -i t n T n a y C T rcal sense this b00k is a product of the 

spi.it of research with which the Bureau of Agricultural Economics 

,! fif t >y ’ , 0a ; V,Si ° n ° f Hen, y C. Taylor. John D. Black 

r,Ss^d°tir 

solution. Bradford B. Smith aided in the beginning oTZSjdSd- 
opments, and his vivid imagination and logical mind have been a 
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constant help. Among others who have collaborated in various stages, 
or who have independently worked out various phases of the problem, 
may be mentioned Sewall Wright, Donald Bruce, Fred Waugh, Louis 
Bean, and Andrew Court. Susie White, Helen L. Lee, and Della E. 

" i 

Merrick have given intelligent, conscientious, and loyal assistance in 
the clerical work in the development and testing of each new step. 

In the preparation of the book itself I have had generous and 
willing help. Dorothea Kittredge and Bruce Mudgett have given the 
very substantial assistance of a detailed reading of the entire text, 
and many improvements in presentation and in material are due to 
their suggestions. For two terms the mimeographed manuscript has 
been used as a text in the United States Department of Agriculture 
Graduate School, and the members of the class have helped me in 
working out the illustrations, in clarifying the text, and in eliminat- 
ing errors. R. G. Hainsworth, who prepared the figures, deserves 
credit for the excellence of the graphic illustrations. 0. V. Wells 
helped in computing many of the illustrative problems, and Cor- 
rine F. Kyle in verifying the arithmetic. For the laborious and 
exacting work of typing the preliminary stencils, the many re- 
visions, and the final manuscript, and for her care, patience, and 
suggestions, I am indebted to my mother, Rachel Brill Ezekiel; and 
for editing the manuscript and helping in the lengthy task of proof- 
reading, to my wife, ,Lucille Finsterwald Ezekiel. • 

To all these, and to the many others who have helped me in the 
development of this work, I take this opportunity of expressing 
my obligation and my gratitude. 

For any errors in the statements made and in the theories ad- 
vanced, I alone am of course responsible. Although the text has been 
checked painstakingly, it is hardly to be hoped that a publication of 
this character will appear without some errors creeping in, in mathe- 
matics, in arithmetic, or in spelling. When such errors, or any 
ambiguities of statement, are noted by any reader, I would be very 
grateful if he would inform me of them. 


Washington, D. C., 
April 20, 1930. 


Mordecai Ezekiel. 
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CHAPTER 1 


MEASURING THE VARIABILITY OF A STATISTICAL SERIES 

Statistical analysis is used where the thing to be studied can be 
reduced to or stated in terms of numbers. Not all the undertakings 
that rely on measurements ordinarily employ statistical analyses. In 
surveying, physics, and chemistry, for example, the particular thing 
being studied can usually be measured so closely, and varies over 
such a small range, that the true value can be established within 
narrow limits. In fact, the concept of true value owes its existence 
to the reproducibility of measurements in certain fields. In many 
natural sciences, likewise, the problem to be studied can be simplified 
by the use of controlled experimental conditions, which permit the 
influence of various factors to be studied one at a time. Even in such 
sciences, statistical methods can be used to plan experiments in such 
a way as to make the conclusions most significant with a minimum 
of effort. In the social sciences, there are fewer opportunities for the 
use of controlled experiments. Such sciences have to rely on statistical 
analysis, both to judge the significance of observed differences and to 
untangle the separate effects of multiple factors. Statistical analysis 
is used in the study of occurrences where the true value or relation 
cannot be measured directly or is hidden by other things. The 

numerical statement of the occurrence or of the relationship cannot be 

# 

obtained directly from the original or “raw” figures. Instead, the 
data must be analyzed to determine the values desired. 

The especial need for analytical methods in the social sciences 
has been clearly stated by an eminent Englishman, as follows: 1 

Causation in social science is never simple and single as in 
physics or biology, but always multiple and complex. It is of 
course true that one-to-one causation is an artificial affair, only 
to be unearthed by isolating phenomena from their total back- 
ground. Nonetheless, this method is the most powerful weapon 
in the armory of natural science: it disentangles the chaotic field 
of influence and reduces it to a series of single causes, each of 
which can then be given due weight when the isolates are put 

1 Julian Huxley, The science of society, Virginia Quarterly Review, Vol. 16, 
No. 3, pp. 34&-65, summer, 1940. 
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back into their natural interrelatedness, or when they are de- 
liberately combined (as in modern electrical science and its appli- 
cations) into new complexes unknown in nature. This method of 
analysis is impossible in social science. Multiple causation here is 
irreducible. 

The problem is a two-fold one. In the first place, the human 
mind is always looking for single causes for phenomena. The very 
idea of multiple causation is not only difficult, but definitely anti- 
pathetic. And secondly, even when the social scientist has over- 
come this resistance, extreme practical difficulties remain. Some- 
how he must disentangle the single causes from the multiple field 
of which they form an inseparable part. And for this a new tech- 
nique is necessary. 

The arithmetic average. The basic forms of statistical analysis 
have to do with organizing quantitative information as a basis for 
drawing inferences. Some of the basic work involves averaging and 
classifying data. Thus if one were studying the yield of corn in one 
year in some area, say a county, for example, he might talk with 20 
farmers picked at random and obtain figures, such as those in Table 1, 
showing the yield of corn which each farmer had obtained. 

The most natural first step in reducing such a series of observa- 
tions to more usable shape is to find the arithmetic average — to add 
all the yields reported and divide by the number of items. The 20 
reports total 600 bushels, or an average of 30 bushels’. 2 This provides 

a single figure into which is condensed one characteristic of the whole 
group. 

2 Bushels are used here to represent any other quantity in which one might be 
interested in a particular case. If we let X' represent the number of bushels reported 
by farmer 1, X the bushels reported by farmer 2, X'" the bushels by farmer 3, and 
so on, we can then represent the sum of all the reports by the expression XX (read 
summation of the X s M ). Similarly, if we use n to represent the number of observa- 
tions we have obtained and use M z to represent the average (or mean) number of 
bushels for all reports we can define the arithmetic mean by the formula: 

n 

This formula can be applied to anything we are studying, no matter whether X 
means bushels of com, inches in height, degrees of temperature, or any other measur- 
able quantity; or whether there are 2 cases or 2 million. This is a perfectly general 
formula which can be applied to any given problem. As statistics is a study of 
general methods, so stated that they can be applied to particular problems as desired, 
it will be necessary to use many general formulas of this sort. The student should 
therefore familiarize himself with the definitions given above and with the way they 
are used in formula (1), so that he will be able to understand and use each formula as 
it occurs. 


CLASSIFYING THE DATA 
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But the average is not the only characteristic of the group which 
might be of interest. The average would still be 30 if every one of 
the 20 farmers had had a yield of 30 bushels per acre; yet there 


TABLE 1 

I 

Yields of Corn Obtained by Twenty Farmers* 


Farmer 

Yield 

Farmer 

Yield 

Farmer 

Yield 

Farmer 

Yield 


Bushels 


Bushels 


Bushels 


Bushels 


per acre 


per acre 


per acre 


per acre 

1 

29 

6 

33 

11 

29 ' 

16 

33 

2 

25 

7 

26 

12 

35 

17 

31 

3 

38 

8 

28 

13 

26 

18 

37 

4 

30 

9 

30 

14 

23 

19 

28 

5 

27 

10 

29 

15 

31 

20 

32 


* In making entries in a table such as this, the actual values may be "rounded o0 " to any desired 
extent. In this case they are rounded to the nearest whole bushel. For example, "33 bushels" 
represents any report of 32.5 bushels or more, and any up to but not including 33.5 bushels. If the 
original reports were secured to the nearest tenth bushel, this might be indicated by writing "32.5- 
33.4" instead of "33”; or if secured to the nearest hundredth bushel, by writing "32.50-33.49.'’ 
The entry "32.6 to 33.5" will be used to indicate “from 32.5 up to but not including 33.5,” whereas 
*'32.5-33.4" will be used to mean "from 32.5 to 33.4, both inclusive.” 

certainly would be a significant difference between 20 reports each 
of 30 bushels, and 20 reports ranging from 23 to 38 bushels, even 
though both did have the same average. 

Classifying the data. One way of showing the differences in the 
individual reports is to arrange them in some regular order. If the 
farmers interviewed have simply been visited at random, and not 
selected so that those visited first represent one portion of the county 
and those visited later another portion, the order in which the records 
^tand has nothing to do with their meaning. As a first step to seeing 
just what the data do show they can be rearranged in order from 
smallest to largest, as shown in Table 2. 

TABLE 2 

Yields of Corn on 20 Farms, Arranged in Order of Increasing Yields 


Bushels per acre 


23 

28 

30 

33 

25 

28 

30 

33 

26 

29 

31 

35 

26 

29 

31 

37 

27 

29 

32 

38 
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It is now easier to tell from the series something about the group 
of reports. One can now see that only 1 farmer had yields of less than 
25 bushels per acre, and only 2 had more than 35, so that 17 out of 
the 20 had 25 to 35, inclusive. The series shows, too, that 10 of the 
farmers had less than 30 bushels of corn per acre and 10 had 30 or 
more, so that the figures 29 and 30 mark the middle of the number 
of yields reported. If we divide each half into halves again, we see 
that 5 men had yields of 27 bushels or less, 5 had yields of 33 bushels 
or more, whereas 10 men — half of those reporting — had yields of 28 to 
32 bushels, inclusive. This tells something about how variable yields 
were from farm to farm in the area from which the reports were 
. secured — half the reports fell within this 5-bushel range. 3 

Even as rearranged in Table 2, the 20 reports still constitute a large 
tabulation. If there were several hundred, such a listing would be so 
unwieldy that it would be difficult to use. 

Frequency tables. The records can be studied more easily if, in- 
stead of writing “29” three times when there are 3 farmers with 29 
bushels each, we simply show that each of 3 men reported 29 bushels. 
Similarly, instead of putting “30” down twice, we can show that 30 
bushels were reported by 2 men. If this operation is performed for all 
the reports, the data can then be assembled into what is known as a 
“frequency table.” It shows the frequency, that is, the number of 
times each yield of corn was reported. 

In preparing a frequency table such as Table 3, spaces are put 
in for all yields (such as 24 bushels) for which no reports were re- 
ceived, but which lie between the largest and the smallest report, to 
show clearly that no such yields were reported. 

Table 3 is an improvement on Table 2, but it is still pretty long — 
and if the lowest yield had happened to be 15, say, and the highest 
60, it would have been longer still. For that reason it is frequently 
desirable to group the reports, not only for a yield of a specified 
number of bushels but for yields within a certain range of bushels. 
Thus Table 4 is just the same as Table 3, except that, instead of show- 
ing the number of reports by individual bushel groups, it shows the 
number of reports for groups covering 3 bushels. 

The presentation is now condensed enough so that it can be readily 

3 In statistical terminology, the figure that divides the number of reports into 
halves — as 29.5 in this case — is termed the median ; and the figures that divide the 
numbers into quarters — as 27.5 and 32.5 — are termed the lower and upper quartiles. 
The difference between the two quartiles, within which the central half of the 
reports fall, is termed the interquartile range. 



FREQUENCY TABLES 


5 



understood. It is easy to see that most of the reports fell around 
25.5 to 34.4 bushels and that more fell near 30 bushels than any- 
where else. Of course, the 3-bushel group is purely arbitrary, and 


TABLE 3 


Frequency Table, Showing Number, of Times Each Yield was Reported, by 

Individual Bushels 


Yield of Com 

Number of times 
reported 

Yield of Com 

Number of times' 
reported 

Bushels 


Bushels 


23 

1 

31 

2 

24 

0 

32 

1 

25 

1 

33 

2 

26 

2 

34 

0 

27 

1 

35 

1 

28 

2 

36 

0 

29 

3 

37 

1 

30 

2 

38 

1 


any other convenient “class interval,” as it is called in statistical 
terminology, could have been used. Thus, if a 5-bushel class interval 
had been selected, the convenient groups 19.5-24.4, 24.5-29.4, 29.5- 

TABLE 4 

Frequency Table, Showing Number of Times 
Each Yield was Reported, by 3-Bushel Groups 


Yield of com 

Number of 
times reported 

Bushels 

22.5-25.4 

2 

25.5-28.4 

5 

28.5-31.4 

7 

31.5-34.4 

3 

34.5-37.4 

2 

37.5-40.4 

1 


34.4, and 34.5-39.4 bushels could have been established, giving fre- 
quencies of 1, 9, 7, and 3 for the four groups. Just what class inter- 
val makes the most satisfactory table for any given set of data 
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MEASURING VARIABILITY 


depends upon how the data run and how much detail it is desired 
to show. Where convenient, class intervals of 10 or some fraction or 
multiple of 10 are most convenient — the example just given shows 
how much easier it is to comprehend the 5-bushel classes than the 
3-bushel. 4 


Measures of Deviation 

The average deviation. Table 4 shows, in fairly compact form, 
the way that the several individual reports fall on each side of the 
average value. For some uses, however, it is desirable to have a single 
figure which expresses the “scatteration” of the whole group of re- 
ports, in just the same way that the arithmetic mean expresses the 
average yield of the whole group. 

One way in which the tendency of the group to scatter either fax 
from, or close to, the mean may be measured is by finding out how 
far, on the average, each report lies from the mean. The following 
tabulation illustrates the way in which this can be done: 


TABLE 5 

Computation of Average Deviation from the Mean 


Original report 

Mean 

Report minus 
the mean 

Bushels 

Bushels 

Bushels 

29 

30 

-1 

25 

30 

-5 

38 

30 

8 

30 

30 

0 

27 

30 

-3 

* 

• • 



Total 


60 1 




* The remaining 15 reports are not shown in this table, though included in the total, 
t The plus and minus signs are disregarded in making this total. 


. . . . 60 bushels 

Average deviation = 

20 


= 3 bushels 


4 Where there is a tendency for the reports to be grouped around certain values, 
such as 5, 10, it is desirable to take the class intervals so as to make these values 
full in the middle of the groups. Thus, with a concentration on even 5’s and 10’s, 
the groups 2.5-7 .4, 7.5-12.4, 12.5-17.4, etc., may be used. 
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: 

In computing the average deviation, the plus and minus signs 
are disregarded in adding up the individual differences from the 

mean. 5 

The new figure, 3 bushels, is the average deviation of all the re- 
ports. It shows that the 20 individual reports differed from the mean 
yield of 30 bushels by an average of 3 bushels each. This furnishes 
a single figure which expresses how much or how little the individual 
yields differed from the average yield. If the group of 20 reports 
were being compared with another group of 20, all of 30 bushels 
each, the average deviations of the two sets would indicate at once 
the difference in their make-up, even though both sets had exactly 
the same average value of 30 bushels. The second set, with all the 
reports exactly equal to the average, would have an average deviation 
of 0, as compared to the 3-bushel average deviation for the first set. 


5 Before writing the general formula for the average deviation it is first neces- 
sary to have some way of writing any deviation. Using X to indicate any given 
report, as before, and Mx to indicate the arithmetic average of all such reports, the 
small x will be used to indicate the deviation of each report from the mean of all, 
thus: 

X - M x = x (2) 

X' — M x = x' 

X" - M x = x " 

and so on. 

Similar to the previous usage, (read “summation of all the small z’s”) is 
used to indicate the sum of the values such as x, x', x " , etc. 

The average deviation, denoted by the sign 6, is then defined by the following 
equation : 

g _ (taken without regard to sign) (3) 

n 


It is necessary to disregard the signs in taking this sum, as otherwise the sum 
would be zero. If the signs were not disregarded, the values added would be as 
follows : 


For item 1, x (= X — M x ) 
item 2, x' ( = X' — M z ) 
item 3, x" ( = X" - M x ) 

and so on to the last item 

item n, x n ( = X n — M x ) 
So when the deviations were summed, 


but 


2x = XX - nM x 




, so nM x 


n 


2X 


hence 


2x = 0 
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MEASURING VARIABILITY 


Whereas the arithmetic average is a measure of the central tend- 
ency of a group of reports, the average deviation is instead a measure 
of the “scatteration” of the individual reports — of their tendency to 

lie near to, or far from, the central value. 

The standard deviation. How far a group of reports tends 
to scatter from the mean of the group may also be measured by an- 
other coefficient which has certain advantages from a mathematical 
point of view. This measure is based on the deviation of each report 
from the mean, just as is the average deviation. After the individual 
deviations are computed, each one is then squared. These squared 
values are added together to give the sum. This sum is then divided 
by the number of items, and the square root extracted of this average 
of the squared deviations. 


TABLE 6 


Computation of Standard Deviation from the Mean 


Original report 

Mean 

Report minus the 
mean ( = deviation) 

Deviations squared 

Bushels 

Bushels 

Bushels 

Bushels 

29 

30 

-1 

1 

25 

30 

-5 

25 

38 

30 

8 

64 

30 

30 

0 

0 

27 

* 

• • 

30 

-3 

9 

Total 



288 






* The remaining 15 reports are not shown in this table, though included in the total. 


The sum of the squared deviations, as shown in Table 6, is then 
divided by the number of items included in the group, and the, 
square root of the result computed. The computation is as follows: 


288 

20 


14.4 


Standard deviation = y/ 14.4 = 3.79 bushels 6 


6 The Greek letter a is used as the sign for the standard deviation. Using x to 
represent individual differences from the mean, as before, x 2 for the square of each 



STANDARD DEVIATION 



The new value, 3.79 bushels, is called the standard deviation. 7 (It 
is sometimes called the root-mean-square deviation, because it is the 
square root of the mean of the squares of the individual deviations.) 
In comparison to the average deviation, which was found to be 3 
bushels, it is somewhat larger. That is a relation which always holds 
— the process of squaring the deviations tends to emphasize the larg- 
est deviations more than does merely averaging them together. With 
well-distributed observations, so that the distribution is “normal’' 
or nearly “normal,” the standard deviation is about one and a quarter 
times as large as the average deviation. 8 


of such deviations, and 2x 2 for the sum of all such values, the standard deviation 
is defined mathematically by the formula 



Where the arithmetic average is a fraction, so that computing each individual 
deviation and squaring it would take much arithmetic for accurate work, the 
standard deviation may be computed more easily by the following formula: 



Here the original X values are squared instead of the deviations from mean, or x, 
values. It can be readily demonstrated algebraically that the two formulas give 
identical values for a x . 

each x — X — M x 
each x 2 = X 2 - 2 XM x + M\ 

2x 2 = 2X 2 - 22XM* + 2 M% 

2X = nM x 

2 Ml = nM\ 

2z 2 = 2X 2 - 2 nM\ + nM% 

2x 2 = 2X 2 - nAf| 

7 For a shorter method of computing the standard deviation, when there is a 
large number of observations, see Note 1 at the end of this chapter. 

8 A “normal distribution” is such a one as will be obtained from a series of ob- 
servations of a variable influenced only by a large number of random or chance 
causes, each one small in proportion to the total. Thus the values secured by 
tossing a number of dice, and noting the spots at each reading, tend to conform 
to a “normal curve.” Variables composed of a large number of small, independent 
elements also tend to have a normal distribution. Since this distribution can be 
studied mathematically, it is possible to work out theoretically many of its prop- 
erties. These theoretical characteristics of the normal curve are valuable in study- 
ing data where the distributions are nearly normal. 


hence 

But 

and 

hence 

and 
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The distribution of the observations shown in Table 3 is fairly 
regular. Most of the reports come at about the middle values and then 
thin out to both ends (that is, the distribution approximates normality). 
In such cases the standard deviation gives a measure of the range 
within which a definite proportion of the cases will be included. 
Specifically, if we take the range from the distance of the standard 
deviation below the mean to the distance of the standard deviation 
above the mean, about 68 per cent of the records will be included. 
In this particular case the mean is 30.00 bushels, and the standard 
deviation is 3.79 bushels, so the range will be from 3.79 less than 
30.00, or 26.21, to 3.79 more than 30.00, or 33.79. Comparing this with 
Table 3, we find that 13 farmers reported yields between 26.5 and 
33.4 bushels, whereas 4 reported 26.4 or less, and 3 reported 33.5 or 
more. The range 26.5 to 33.4 thus included 13 out of the 20 cases, or 65 
per cent. This comes as close to the 68 per cent which would be 
expected for the range 26.21 to 33.79 provided the distribution of the 
data were normal as would be anticipated with only 20 observations. 

For some uses, the square of the standard deviation has advantages 
over the standard deviation itself. Just as the standard deviation, 
3.79 bushels in this case, may be thought of as measuring “vari- 
ability,” so the standard deviation squared, 14.4, may be thought of 
as measuring “average squared variability.” The term “variance” 
has been suggested by R. A. Fisher, an eminent English statistician, 
to designate this squared variability, and that term will be used here- 
after in this book when the standard deviation squared is to be 
referred to. 

The i elation of the three measures which have been discussed in 
this chapter— the mean, the average deviation, and the standard devia- 
tion— is illustrated graphically in Figure 1. Here the frequency 
distribution shown in Table 4 has been charted, showing the yield in 
bushels of corn along the bottom of the chart, and the number of 
reports falling in each group along the sides. 0 


0 Mathematically, the quantities which are measured from left to right and 

1 16 b0tt ° m of the 'hart, as the bushels of com are here, are called the 
absciss, whereas the quantities which are measured from bottom to top, and 
shown along the sides as the number of reports are here, are called the “ordinates.” 
Since any point in the whole chart can be located by telling how far it is from the 
left side and how high it is from the bottom, these two items tell exactly where 
any particular point in the figure should fall. Thus the line for the group from 
28.5 to 31 5 bushels has for ordinate the height 7 farms, and the abscissas of the 

ends of the line are 28.5 and 31.5 bushels. The ordinate and abscissa, taken to- 
gether, are called the “coordinates” of a point. 
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Besides showing the number of reports included in each 3-bushel 


group by the height of the continuous line, the position of the mean 
in about the center of the group of reports is indicated, and likewise 


Number 



Yield of corn- bushels per acre 


Fig. 1 . Frequency distribution of com yields, and range above and below the 

mean included by average and standard deviations. 


the number of reports included within a range of both one average 
deviation and of one standard deviation on each side of the mean. 

Summary. This chapter has shown (1) how a series of measure- 
ments of any one variable, such as the yield of corn from farm to 
farm, may be classified into a frequency distribution which shows 
how the individual reports are distributed from high to low; (2) how 
an arithmetic average may be computed which shows the value around 
which all the reports center; and (3) how the variation of the in- 
dividual reports from the average may be summarized by computing 
the average deviation or the standard deviation, either one of which 
serves as an indication of the variability of the items included in 
the particular series. Although these statistical constants, especially 
the arithmetic average, are frequently of value for themselves alone, 
they are discussed here because it is necessary to know how they are 
computed and what they mean before the next propositions to be 
discussed can be fully understood. 
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Note 1, Chapter 1. Where the number of observations is large, the standard 
deviations may be computed more readily from a grouped frequency table than 
from the individual items. This process is illustrated in the following tabulation. 


Yield 

Number of 
reports 

(F) 

Deviation from 
assumed mean 
(d) 

Extensions 

dF 

d 2 F 

22. 5 to 25. 5 

2 

-2 

-4 

8 

25.5 to 28. 5 

5 

-1 

-5 

5 

28.5 to 31.5 

7 

0 

0 

0 

31.5 to 34 .5 

3 

+ 1 

3 

3 

34.5 to 37.5 

2 

+2 

4 

8 

37.5 to 40.5 

1 

+3 

3 

9 

Sums 

20 

• • • 

+ 1 

33 


The standard deviation is then calculated from the grouped data by the formula 



Substituting the values shown in the tabulation 



Vl.65 - (0.05) 2 - 0.0833 = 1.25 


In making this computation, any convenient group may be selected as the 
assumed mean, and the deviations of the other groups (d) calculated as departures 
from it. This method assumes that all the cases in each group fall at the center of 
the group. With most variables, with a tendency toward a normal distribution, the 
average of the items in each group will fall somewhat nearer the center of the dis- 
tribution than the midpoint of the group, so the use of this method tends to give too 

c 2 

large a value for the standard deviation. The correction - — called “Sheppard’s 

correction” after its originator, makes an approximate allowance for this tendency. 
The c of the formula stands for the number of units of d in each class interval. 
Where a unit of 1 is used for each class interval, as in this problem, the correction 

becomes simply — — , to be applied to <rj. 

1 W 

In computing the standard deviation from a grouped frequency table, the a cal- 
culated will be in terms of the units in which d is expressed. In the illustration, each 
unit in d — one class interval — represents 3 units in X , since the yields were grouped 
in 3-bushel classes. The standard deviation computed in terms of class intervals, 
a u , is therefofe only one-third as large as is the standard deviation in terms of X. 
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ON COMPUTING STANDARD ^DEVIATION 

The latter may be calculated from the former by multiplying <r u by the number of 
units in each group. That is, 

* » . v . . f 

<*x — (units of X per class interval) <r u 

In this problem 

= 3 (1.25) = 3.75 

The resulting value, 3.75, found by the short-cut method, is seen to be almost the 
same as the exact value of 3.79 bushels, previously found by the longer method. The 
greater the number of cases, and the more nearly normal the distribution, the more 
time will the short-cut method save, and the more nearly will its approximate result 
agree with the exact value found by the longer method. 
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CHAPTER 2 


JUDGING THE RELIABILITY OF STATISTICAL RESULTS 

Almost without exception, the object of a statistical study is to 
furnish a basis for generalization. In a case like that discussed in 
the preceding chapter, for example, no one would be likely to visit 20 
farms scattered all over a county simply for the purpose of finding 
out what the yield of corn was on those particular farms. Instead, 
lie might be studying the yield on those farms as a basis for determin- 
ing what the average yield of corn was for all the farms in the county. 
Stated in statistical terms, he would be finding out what was the 
average yield in a sample of farms, picked at random, with a view to 
determining what was about the average yield in the universe in 
which he was interested, that is, on all the farms in the county. 1 

Of course it would be possible to visit all the farmers in the county, 
find out exactly what yield each one obtained, and so get an average 
of all the yields in the whole county. But this process would not 
only be expensive but also in most cases would be a pure waste of time 
and energy. We need only take a large enough sample by a -well- 
designed sampling method to satisfy ourselves to any desired degree 
of accuracy concerning the actual average for all the farms of the 
county. In this case, 100 records may enable one to determine the 
average yield quite as accurately as is necessary. Obtaining records 
from all the several thousand farmers in the county might add nothing 
to the significance of the results. 

Before considering ways of finding out how many records would 
be needed in any given case, we might well discuss a little more 
fully what the process of statistical inference involves. Really, all 
that we do is to examine or measure a certain group of objects, and 
infer from the size or measurement of those objects, or from the way 
those objects behave, what will be the size of other objects of the 

1 Those two terms, “universe,” meaning the whole group of cases about which 
one is interested in finding out certain facts, and “sample,” meaning a certain 
number of those cases, picked at random or otherwise from all those in the par- 
ticular universe, are both used frequently in statistical work, and should be clearly 
understood. 
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same sort, or how other objects of the same kind will behave. This 
process is also called induction, because from particular facts about 
particular objects we lead out (in duct) general conclusions as to what 
will be the facts for all such objects in general. Now of course we do not 
really know what the particular facts are for any particular object 
without actually examining that individual object. All that we can do 
is to separate off certain groups of objects which we know to be alike in 
one or more particulars, and then assume that they will be alike 
in other particulars too, even though we do not examine every one 
to prove it. In the case of our farms, all that we know about them 
is that they are in the same county. Now because they are in the 
same county, we may expect that the temperature will be about the 
same, the rainfall will be similar, and the growing season will prob- 
ably not be much different from farm to farm. We may also expect 
that the kind of soil will not be very greatly different from farm 
to farm, and that the fertility will be somewhere near the same. 
Finally, we may expect that the fields are equally well drained on the 
farms within the county . 2 But these expectations are not necessarily 
matters of known fact — we may expect that they are so from our gen- 
eral knowledge of the particular situation and of other similar situa- 
tions. If the conditions agree with our expectations, generalizations 
from the facts of our sample to the facts of the universe as a whole 
may be correct; if conditions do not agree with expectations, then 
our general conclusions may be incorrect. In either case it is not 
merely a matter of statistical technique but also of prior or additional 
knowledge of the subject. All that the statistical technique can do 
is to provide us with an average (or other measure or description of our 
facts) and a statement of how much confidence we can place in that 
average under certain given assumptions. Those assumptions may not 
be correct in any given case, and then our conclusion will be incor- 
rect also; but that is not the fault of the statistics, but of the statis- 
tician; not of the facts, but of the use to which we try to put them. 

Assumptions in sampling. The basic assumptions upon which the 
theory of sampling rests apply both to the way in which the sample 
is obtained and to the material which is being sampled. With respect 
to the material sampled, the assumption is that there is a large “uni- 

. 2 Obv iously, these things would not be true in many sections. In hilly or moun- 
tainous areas temperature, rainfall, and length of growing season may differ very 
greatly within short distances, whereas in other regions, such as the Coastal Plains 
areas the soils may be so varied that very fertile and very infertile soils are 
jumbled together in a veritable crazy-quilt. 


16 


JUDGING RELIABILITY 


verse” of uniform conditions, in that throughout the universe the 
individual items vary among themselves in response to the same 
causes and with about the same variability. With respect to the 
selection of sample, the values must be so selected (a) that there 
will not be any relation between the size of successive observations, 
that is, that the chances of a high observation being followed by an- 
other high observation will be just the same as of a low or a medium 
observation being followed by a high observation; (6) that the suc- 
cessive items in the sample are not definitely selected from different 
portions of the universe in regular order, but are simply picked at 
random so that the chance of the occurrence of any particular value 
is the same with each successive observation in the sample; and (c) 
that the sample is not picked all from one portion of the universe, 
but that the observations are scattered through the universe by purely 
chance selection. 3 Where these assumptions are fulfilled, the sample is 
designated a “random sample,” and its reliability may be estimated by 
the methods now to be described. 

Taking up the question of how reliable a statistical average really 
is, we must first consider, “What is the meaning of reliable ?” If we 
are interested in corn yield, for example, it is obvious that a perfectly 
reliable sample would be one whose average agreed exactly with the 
average yield in the county. But if we are interested in knowing 
the average yield to within one bushel, then for that purpose the sample 
would be sufficiently reliable if its average came within one bushel 
of the average for the whole county. 

Variations in successive samples. Suppose that 20 farms had been 
visited at random, with the results already presented. If we wanted 
to find out how near we could expect the average from that sample to 
come to the average for the county as a whole, we might try taking 
another sample — visiting 20 other farms at random, and getting the 
average yield for those 20. If the average yield of the second sample 
differed from the average of the first sample by, say, 3 bushels, we 
should know that both could not come within one bushel of the true 
average; if, however, the average of the second sample came within a 

3 Where the items are so selected as to represent different portions of the uni- 
verse, it may be called a “stratified sample”; where they are all selected from one 
portion of the universe, it may be called a “spot” sample. 

Where the universe is not completely uniform, a “stratified” sample tends to be 
more reliable than a random sample, while a “spot” sample tends to be less reliable 
than a random sample. See G. U. Yule, Introduction to the Theory of Statistics, 
pp. 347 to 349 of sixth edition, for formulas as to the reliability of stratified and 
spot samples. 
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half bushel of the first average, we should be inclined to place more 
confidence in it. If we repeated the process several times over, and 
all the different samples had averages falling within one bushel of 
each other — say between 29.0 and 30.0 bushels — then we should feel 
pretty certain that the average yield for the county as a whole was 
29.5 bushels, or very close to it. 

Let us suppose that 15 more samples had been made, each from 20 
farms selected at random, and that when we tabulate the 16 averages 
from the 16 different samples, we have the following 16 values: 

TABLE 7 

Average Yield of Corn in One County, as Determined by 16 Different 

Samples of 20 Farms Each 


Sample 

Yield 

Sample 

Yield 


Bushels per acre 


Bushels per acre 

1 

30.0 

9 

30.3 

2 

27.5 


28.9 

3 

29.3 

11 

29.3 

4 

30.6 

12 

28.0 

5 

29.8 

13 

29.2 

6 

31.1 

14 

30.9 

7 

28.3 

15 

29. 1 

8 

29.6 

16 

30.4 


Although the 16 averages range all the way from 27.5 bushels 
for the smallest to 31.1 bushels for the largest, we can see that most 
of them fall around 29 or 30 bushels. This is even more evident when 
we arrange the 16 reports in a frequency table as shown in Table 8. 

Although there is some tendency for the averages to cluster around 
29 and 30 bushels, still there are several below 28.5 and several above 
30.5. The average for the whole group is 29.5 bushels, and the stand- 
ard deviation is 0.99 bushel, or, for practical purposes, 1 bushel. 

The fact that the standard deviation of the group of averages is 
1 bushel tells us one thing about the way they scatter, from what we 
already know about the meaning of standard deviation. It tells us 
that about 68 per cent of them will fall in the range between one 
standard deviation below the mean of all the averages and one stand- 
ard deviation above the mean. In this particular case, the mean is 29.5 
bushels, and the standard deviation is approximately 1 bushel, so the 
range of one standard deviation above and below the mean includes 
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approximately 28.5 bushels to 30.5 bushels. Checking this against 
the array of averages shown in Table 8, we find that this range does 
include 10 out of the 16 cases, or close to the proportion expected. 

TABLE 8 


Frequency Table Showing the Number of Times Various Average Yields 
Were Obtained out of 16 Samples, by One-half Bushel Groups 


Yield of corn 

Number of aver- 
ages in group 

Yield of corn 

Number of aver- 
ages in group 

Bushels 


Bushels 

+ 

27.5-27.9 

1 

29.5-29.9 

2 

28.0-28.4 

2 

30.0-30.4 

3 

28.5-28.9 

1 

30.5-30.9 

2 

29.0-29.4 

4 

31.0-31.4 

1 


Now let us go back to our single original average of 30 bushels, based 
on visits to the original 20 farms. What we want to know is how reli- 
able that one average is. Stated another way, how much is that average 
likely to be changed if the study were made over again — if another 
sample of the same size were taken? 

In Tables 7 and 8 we have seen how it might actually work out 
if we did do the study over several times. We have seen that, in 
case the new averages did fall as shown in those tables, two-thirds of 
the new averages would fall within a range of 2 bushels. Further- 
more, those figures showed that all the different averages fell within a 
range of 4 bushels (27.5 to 31.5). But those conclusions were obtained 
only after getting 15 more samples' of 20 cases each, and making 15 
new averages, one for each sample. Is there any way to find out how 
much the single original is likely to vary from the true average without 
going to all the work of taking a number of new samples? 


Estimating the Reliability of a Sample 

If we could estimate the extent to which the averages from new 
samples would be likely to vary, without ever getting the new samples , 
then we should know something more about how much faith we could 
put in the particular average which we had already. For example, 
if in the present case we knew that, if we did go out and get a large 
number of new averages (such as those shown in Tables 7 and 8), 
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those new averages would have a standard deviation of 1 bushel, this 
fact would tell us at once something about how much our one average 
was likely to be different from the real average on all the farms. For 
example, we should know that about 68 per cent of the averages would 
lie in a range of 2 bushels (one standard deviation on each side of the 
mean of the samples). The one particular average which we had 
obtained might be any one of all those in a distribution like that shown 
in Table 8. If we assume that the mean of all the samples would 
coincide with the true average, then, as we have just seen, the chances 
would be about 68 out of 100 that our average was one of the averages 
falling within one bushel of the true mean. If on the other hand we 
knew that the standard deviation of a group of new averages would 
probably be, say, 5 bushels, then we should know that we only had 
about 2 chances out of 3 of the mean of any one sample coming within 
five bushels of the true average. Obviously, when an average has 2 
chances out of 3 of coming within one bushel of the true average it is 
much more reliable than if it had 2 chances out of 3 of coming within 
five bushels of the true average. 

Whether we can judge how reliable a given average really is 
depends, therefore, on whether we can tell what would be the standard 
deviation of a number of similar averages, computed from random 
samples of the same number of items drawn from the same universe. 
If we could tell exactly what that standard deviation would be, we 
should know how much faith we could put in the average we had — 
we should know what the chances were of its being changed if the 
study were made over. Even if we did not know exactly what the 
standard deviation of the whole group of similar averages would be it 
would be some help if we knew approximately what it would be, or if 
we had a minimum or maximum value for its size, so that there would 
be some measure of how much trust to place in the particular average. 

Computing the standard error. Fortunately, it is possible to esti- 
mate with some degree of accuracy what the standard deviation of a 
whole series of averages is likely to be, if each average is computed from 
a sample of the same size and drawn from the same universe. 4 Except 
under the exact assumed conditions, which are seldom completely ob- 
tained in practice, this estimate is not necessarily the best that could be 
made. Even so, the ability to make a rough estimate is a tremendous 
aid to statistical investigators, for it affords some check on the de- 
pendability of results, without going to the expense that would be 

4 Note 1 of Appendix 2 gives the derivation of this formula and shows the spe- 
cific assumptions on which it is based. 
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involved in repeating every sample 15, 20, or more times, to make sure 
that a reliable result had been obtained. 

The method for computing the estimated standard deviation of the 
average involves just two values. These are (1) the standard devia- 
tion of the items in the universe from which the sample was drawn 
and (2) the number of items in the sample. We do not know the 
standard deviation of the items in the universe, however, and can only 
estimate it from the standard deviation of the items in the sample. 
It has been determined that an unbiased estimate of the standard 
deviation in the universe can be made by adjusting the standard 
deviation observed in the sample as follows: 5 

Estimated stand, dev. of the universe 

= (observed stand, dev. in the sample) 

In this case 

= 3.79Vf§ = (3.79)(1.026) 

= 3.89 

The standard deviation of the group of averages may next be 
estimated by dividing the estimated standard deviation in the uni- 



6 Using the symbol a as before to mean the standard deviation observed in the 
sample, and a to represent the estimated 'Standard deviation in the universe from 
which the sample was drawn, we can define the estimated value as 



It may more readily be computed by the equation 





( 6 . 1 ) 


(6.2) 


The two equations are identical, as may readily be proved by combining equations 
(4) and (6.1). 

When equation (5) is used, a may be computed 


a x = 





(6.3) 
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verse by the square root of the number of cases in the sample. Thus, 
for our original sample of 20 farms, 0 
Standard error of the average 

estimated standard deviation of items in the universe 
square root of the number of cases in the sample 

3.89 bushels 
\/20 

_ 3.89 bushels 

” 4~47 

= 0.87 bushel 

In comparison with the 15 other averages, all shown in Table 7, we 
see that in this case the standard deviation of all the averages was a 
trifle larger than we estimated it was likely to be — 0.99 bushel, as 
compared to 0.87 bushel expected. It has already been noted that 
where a number of repeated samples are actually taken, this may 
easily occur. In practice, sampling rarely fulfills all the conditions 
on which the mathematical formula is based, and for that reason an 
average may be either less or more accurate than the estimated 


8 Here the symbol a denotes the standard deviation as before, the subscript x 
indicates that it is the standard deviation of the individual items that go to make 
up our sample, and the subscript M indicates that it is the standard deviation of the 
means which is to be computed, thus: 

<r z = standard deviation of the items in the universe, estimated by equations 
(6.1), (6.2), or (6.3). 

ctm = estimated standard deviation of the group of averages if similar samples 
were repeated = standard error of the mean of X. 

The standard error of the mean is then given by the formula 



(7.1) 


Here, just as in the previous formulas, n stands for the number of items in the 
original sample — the same items as those from which <r x was computed. 

In som§ statistical textbooks, a different notation is followed from that used 
here. In those books the Greek letters are used to represent the true values existing 
in the universe, whereas corresponding Latin letters represent the values for the 
same constants as determined from a particular sample. In this notation a z would 
mean the true standard deviation in the universe, whereas s z would mean the stand- 
ard deviation observed in a sample. This use is referred to here for the information 
of students who may have occasion to refer to other textbooks using this other 
notation. 
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standard deviation indicates that it is likely to be. Even so, this 
estimated “standard deviation of similar averages” is an exceedingly 
useful figure. Such an estimated standard deviation for an average 
(or any other statistical measure) is called the standard error of that 
average (or other statistical measure). It serves as a standard measure 
to give warning of about how much that sample may give results- 
which vary from the true facts of the universe, solely as the result of 
chance fluctuations in sampling. It gives some indication of how 
much confidence can be placed in the measures computed from a 
sample. 

Reliability of small samples. Where there are only a small num- 
ber of observations in the sample, the standard deviation of the 
averages from a series of such samples tends to be somewhat larger 
than the standard deviation estimated by means of equation (7.1), 
and the distribution of the averages from such small samples tends to 
be somewhat different from that for large samples. If there are 30 
or more observations in the sample, the difference is so small that it 
may be disregarded. The farther the number of observations falls 
below 30, the more serious the difference. A correction has therefore 
been worked out, by higher mathematics, to allow for this error in the 
estimated standard deviation where there are less than 30 observations. 
This correction is shown by comparing the difference between the sample 
mean and the true mean of the universe with the estimated standard 
error of the mean, and by indicating in what proportion of repeated 
samples of the same size this ratio will exceed given values. These 
proportions are shown in Table A and in Figure A on page 505. 7 

The table shows the proportion of the trials in which a sample of 
each given size will have an average which differs from the true 
average by more than the specified range. Thus, if there are a large 

■ Tabic A applies as stated only in the case of measures such as the arithmetic 
average, which are computed from the original data by the determination of a 
single constant. Where the computation of the statistical measure involves simul- 
taneously determining two constants from the original data, n — 1 should be used 
for the “number of observations in the sample.” This applies to the coefficient of 
regression. Where the computation of the statistical measure involves simulta- 
neously determining a large number of constants, say j in number, from the origi- 
nal data, then (n — j 1) should be used for the “number of observations” in 
entering Table A or Figure A. Thus for a coefficient of partial regression, 612.345 
obtained from a sample of 20 observations, 5 constants are involved, so 16 would 
be used as the “number of observations” in using Table A to judge the reliability 
of the computed value. (Subsequent chapters will explain the meaning of the new 
coefficients mentioned here.) 
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number of observations in the sample, and we state that the true 
average lies within one standard error of the computed average, we 
should be wrong for 3 out of 10 such statements. (The exact propor- 
tion expected is 317 out of 1,000.) If there were 20 observations in 

TABLE A 

Proportion of Repeated Samples in Which the Ratio of the Error in the 
Mean to the Estimated Standard Error of the Mean Exceeds the Value 
Specified in the Left-Hand Column, for Various Sizes of Sample* 


1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

.7048 .6514 .6382 .6290 .6244 .6228 

.5000 .3910 .3632 .3434 .3332 .3298 

.3744 .2306 .1940 .1678 .1544 .1500 

.2952 .1394 .1020 .0766 .0640 .0600 

.2422 .0878 .0544 .0338 .0246 .0218 

.2048 .0576 .0300 .0150 .0090 .0074 

.1772 .0394 .0172 .0068 .0032 .0024 

.1560 .0280 .0104 .0032 .0012 .0008 

.1392 .0204 .0064 .0014 

.1256 .0154 .0042 .0008 

Baaed on article by “Student.” New tables for testing the significance of observations. .V felron 
V, No. 3, 105-120, 1925. 

* See Figure A, Appendix 3, for full set of values. 

the samples, and we made the same statement, we should be wrong 
33 times out of 100. For samples with only 2 observations, such a 
statement would be wrong 50 times out of 100, on the average. 

The estimated standard error of 0.87 bushel from our single sample 
of 20 cases, with an average of 30.0 bushels, would therefore tell 
us that 67 per cent of such samples would have averages which fell 
within a range of 0.87 bushel of the true mean. If our sample is a 
true random sample, we should then have 2 chances out of 3 of being 
right if we estimated that the real average yield for all the farms 
in the county, the year the sample was taken, was within 0.87 bushel 
of the average shown by the sample. 

It is important to keep in mind that the probabilities shown in 
Table A refer to the ratio between the error in the mean and the 
estimated standard error of that mean, and not to the error itself. 


l . 0000 
.6171 
.3173 
.1336 
.0455 
.0124 
.0027 
.0005 
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The size of the ratio will depend both upon the size of the error and 
the size of the estimated standard error. At times the ratio may be 
very large, even when the error in the mean is small, merely because 
the sample happened to be one that showed an exceptionally small 
standard deviation. Conversely, the ratio will at times be small, 
not because the error in the mean is small but because the sample 
happened to be one that showed an exceptionally large standard 
deviation. For this reason it is well to be cautious in interpreting 
the average from a very small sample, even though that sample seems 
to be very reliable, as judged by the size of its estimated standard 
error and by the probabilities of various departures from the true 
mean, as read from Table A. This brings up the subject of the 
standard error of the standard error, which is treated in the next para- 
graph. 

Standard error of the standard error. A small sample (say of 
30 cases or less) cannot serve as a satisfactoiy guide to the facts of 
the universe, even with the aid of Table A. With a small sample, 
not only do we not know the true value of the mean, but also we do 
not know the true value of the standard deviation from which we 
estimate the standard error of the mean. Our estimate of the stand- 
ard error of the mean is itself subject to error. With very small 
samples, say of 5 to 10 cases, this introduces a degree of unreliability 
which no amount of calculation can fully correct. The results are 
uncertain within wide limits, and only a larger sample, or several 
successive small samples, can reduce that uncertainty. 

The standard error of the standard error, stated in relative terms, 
depends solely upon the number of cases in the sample. It is com- 
puted as follows: 

Relative standard error of the standard error 8 


1 

square root of two times (number of cases in sample — 1) 


8 Using a aM to represent the relative standard error of the estimated standard 
error, we may define it 


1 


a °M = 


V2 (n - 1) 

A slightly more accurate estimate can be made by use of the equation 


(7.2) 


1 

° a M = — — 

V n(n — 1) 

The differences between the two equations are, however, negligible. See W. 
Edwards Deming and Raymond T. Birge, On the statistical theory of errors, Reviews 
of Modern Physics, pp. 119-161, Vol. 6, July 1934. 
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For our sample of 20 cases 

1 1 _ 

” V2(20 - 1) V§8 

= 0.162 

The standard error of the standard error, for the sample sizes 
shown in Table A, is given in Table B. 


TABLE B* 

Relative Standard Error of the Estimated Standard Error of the Mean, 

for Varying Sizes of Sample 


Size of sample 

Relative standard 
error! 

2 

0.707 

4 

0.408 

6 

0.316 

10 

0.236 

16 

0.183 

20 

0.162 


* Footnote 7, on page 22, applies to Table B as well, 
t Stated aa a proportion of the estimated standard error. 


Table B illustrates how, with very small samples, even our estimate 
of the standard error of the average is subject to a wide zone of un- 
certainty. With 4 cases, its own standard error is 41 per cent of the 
value computed. 


Meaning and Use of the Standard Error 

It is good statistical practice, whenever an average is cited, to 
give with that average its estimated standard error, so that the reader 
will know about how significant that average is and not be led into 
using it to make comparisons or to draw conclusions that are not justi- 
fied by the number of observations which are summed up in that 
average. One way of doing this is to write the average followed by 
the statement “plus or minus the standard error.” Thus, in the case 
we have been considering, with the single sample showing an average 
of 30.0 bushels with a standard error of 0.87 bushel, and with only 20 
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cases in the sample, the correct statement is to say “the average 
yield has been shown by the sample to be 30.0 ± 0.87 bushels (20 
cases).” 9 If a similar sample from a different area has shown the 
average yield to be 28 ± 2.0 bushels (20 cases), the reader would 
know that there was a fair chance that the true average yield was 
really the same in both areas, in spite of the difference shown by the 
two averages. 

The greatest value of the standard error does not lie in merely 
indicating how near the sample value may come to the true value, for 
two samples out of three, on the average of a number of such samples. 
In exactly the same way that we have seen that two-thirds of the 
averages from the samples usually fall within one standard deviation on 
either side of the true mean, mathematicians have determined for 
large samples that 19 out of 20 (95.45 per cent) of the samples will 
give averages which fall within two standard deviations of the mean, 
369 out of 370 (99.73 per cent) will usually fall within three standard 
deviations of the mean, and all but one case out of 16,667 samples 
(99.994 per cent) will usually fall within four standard deviations of 
the mean. 

When there are less than 30 observations in the sample, the 
tendency of the computed standard error to be misleading is even 
greater for high odds than it is for lower odds. Corrections to take 
this into account are also shown in Table A. Thus, with samples of 20 
cases, 6 samples out of 100 will give averages differing from the true 
average by more than twice the computed standard deviation, and 7 
samples out of 1,000 will miss the true average by more than three 
standard deviations. This last is three times the proportion of such 
failures which would occur in the long run with samples of over 
30 observations. With very small samples, the failures for high 
odds occur even more frequently. Thus, for samples with only 4 
observations, 14 samples out of 100 will differ from the true mean 

0 The most general practice is to write after the average ±.6745 times the stand- 
ard error (0.59 bushel in this case, so the statement would read 30.0 ± 0.59 bushels). 
This value, 0.6715oj/, is called the probable ci-ror of the mean, since it gives the 
range within which the chances are even that the true mean lies, when there are 
more than 30 observations — and also the range without which the chances are even 
that the true mean lies. Since this tends to make the average appear rather more 
accurate than does the standard error, the practice suggested of using the standard 
error instead has been recommended by many competent statisticians. Wherever 
that is done, however, it would be well to insert a footnote explaining that, it is the 
standard error, and not the probable error, which is being shown after the sign “±." 
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by twice the computed standard error, and about 6 out of 100 will 
differ by three times the standard error, on the average. 

Where high reliability is desired, and only small samples are avail- 
able, it is very important to take into account the corrections shown 
in Table A. 

Interpreting the standard error in the illustrative problem . Ignor- 
ing for the time the lack of complete accuracy in our estimate of the 
standard error itself (page 24) , we can interpret the statement that 
the average yield in the area studied was 30 zh 0.87 bushels in any 
of the following ways: 10 

a. If we state that the true mean lies within one standard error 
of the observed mean (between 29.13 and 30.87 bushels, in this case) 
each time we use a sample of this size, we shall be wrong in our state- 
ment one time out of three, on the average. 

b. If we state that the true mean lies within two standard errors 
of the observed mean (between 28.26 and 31.74 bushels) each time we 
use a sample of this size, we shall be wrong in our statement one time 
out of 17, on the average. 

c. If. we state that the true mean lies within three standard eriois 
of the observed mean (between 27.39 and 32.61 bushels) each time 
we use a sample of this size, we shall be wrong in our statement one 
time out of 135, on the average. 

d. If we state that the true mean lies within four standard errors 
of the observed mean (between 26.52 and 33.48 bushels) each time we 
use a sample of this size, we shall be wrong in our statement only one 

time out of 1,250, on the average. 

Comparing these conclusions with the 16 samples shown in Tables 
7 and 8, we see that 2 of those samples did fall outside the limits 
given by twice the estimated standard error. If we had been so 
unlucky as to have got the worst one of these as our single sample, 
instead of the one which we actually did get, then we should not have 
hit the average even if we had used a range of twice the computed 
standard deviation as that within which we expected the true average 
to fall. On the other hand, every one of the averages fell within the 
range covered by three times the standard deviation. Even if, in 
picking our single sample, we had been unfortunate enough to draw 
the poorest one of the lot^-the one which gave an average yield of 
27.5 bushels— and had used a range of three times the standard error, 
we should have been correct in our statement as to the range within 

io Figure A, page 505, which gives in more detailed form the corrections shown 
in Table A, may be used to work out these odds. 
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which we expected the true average to lie. Then we should have con- 
cluded that the true mean fell somewhere between 24.3 and 30.7 bushels, 
which would have been wide enough to include the real mean. Of 
course, if we had taken four times the standard error, we should have 
been almost absolutely certain of including the true mean in the 
stated range, with only one chance in over 1,000 of being wrong. 

In most statistical work, three times the standard error is taken 
as the greatest extent to which a given observed constant is likely to 
miss the true value for the universe. Even though there is about one 
chance in 370 of being further off than this with samples of 30 or more, 
most scientists are willing to take the chance that their sample is not 
that one exceptional case. For exceedingly important work, or where 
absolute accuracy of comparison is essential, even four times the 
standard error might be used; but for the general run of statistical 
problems, and with fair-sized samples, it would seem safe to regard 
three times the standard error as about the largest extent to which 
the conclusions might be out solely because of the chances of getting 
an unusual sample in random sampling. 

In view of the possibility of the standard error itself being in error, 
however, the number of observations should always be stated, as well as 
the standard error of the constant, particularly where the sample is 
small. 

Bias in sampling. The figure as to standard error tells nothing at 
all of how much error there may be because of bias in sampling. 
Thus, if in taking our sample of 20 farms, we had visited only the 
largest farms with the most prosperous-looking buildings, we should 
be very likely to get a sample which was not representative of all the 
farmers in the county, but simply of the better ones, and so might get 
an average yield, say 10 bushels, above the true average for the 
county. Even if we only selected our farmers to the extent of includ- 
ing those which were most willing to give us the figures we wanted, 
we might have a badly biased sample, as usually the best farmers 
and the most intelligent ones are most willing to answer such questions. 
We must depend largely on common sense and on other knowledge 
of the situation we are studying, and not on statistical computations, 
to tell us whether or not our sample is really representative of the 
universe we want to study. Thus we might compare the average 
size or value of the farms in our sample with the averages for all the 
farms in the county, as shown by the census reports, to see whether 
they were representative or not. All that the computed standard 
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error can tell us is about how closely it is likely to approach the aver- 
age (or other characteristic) of the group it does actually represent — 
whether that group is the one we meant it to represent or only a part 
of that group. This caution must always be kept in mind in using 
samples: Computed standard errors tell us how far our results may be 
off solely because of the chance of getting a poor sample with a limited 
number of cases; but they do not tell us how far we may be off because 
of a biased sample, which is not a fair selection from the universe we 
wish to study. 

Deciding on the size of sample necessary to obtain a stated 
reliability. One other application of the standard-error formula re- 
mains to be mentioned. The way in which this formula can be used 
to estimate the reliability of the average from a given sample, when 
the number of cases is known, has already been explained. The same 
formula can be used to determine how large a sample would have 
to be taken in order to secure results within any reasonable assigned 
limits of accuracy. 

Thus it has already been shown that the records from 20 farms 
could be used to say that the true average yield lay somewhere 
between 27.39 and 32.61 bushels, with about one chance in 135 of 
that statement’s being wrong. How many farms would one have to 
visit to state the same average yield to within one bushel, with the same 
chance of the statement’s being wrong? The same formula which 
was used to determine the standard error of the average can be 
turned around to answer this question also. 

If we know that we want to get an average reliable to within one 
bushel, for a range of three times its standard error, then we know 
that the standard error of that average would have to be only one- 
third of a bushel. We may also assume that when we take our larger 
sample, the standard deviation of the yields on the individual farms 
will be found to be not very different from what it was in our sample 
of 20 cases, and so use the same standard deviation as we did before. 

• Taking the relation which was used in computing the standard 
error before, we have: 



In the new case we have the required standard error given, y 3 
bushel; we are assuming that the estimated standard deviation for the 
universe from our larger sample will be 3.89 bushels, just as it was from 
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our sample of 20 cases. Substituting these values in our equation, and 
using n" to represent the number of cases required in the new sample, 
we then have 

1 y . , 3.89 bushels 

* bushel = 


When the terms are shifted around, this becomes 


Hence 



3.89 bushels 
^ bushel . 


11.67 


n " = 136.2 


We therefore conclude that if a sample of 136 reports were ob- 
tained, we should probably get an average yield which would not differ 
from the true average yield for all the farms by more than one bushel 
in more than one such sample out of several hundreds of such samples. 
If any other limit of error was set, we could similarly determine how 
many reports would probably be necessary to satisfy that limit. 

In these computations we have ignored the standard error of the 
standard error. If we took into account the possibility that the true 
standard error might be larger than our computed standard error, 
we should need a still larger sample to be sure of the accuracy 
specified. 

Standard errors for other measures. This whole discussion has 
been in terms of determining how closely it was possible to approxi- 
mate the true average from the average shown by a sample. In 
exactly the same way standard-error formulas have been worked out 
indicating how closely it is possible to approximate the true values 
of other statistical measures (such as standard deviations, for exam- 
ple) from the values for those measures determined from a sample 11 
These are interpreted in much the same way as are the standard 
errors of averages; they will be referred to in subsequent chapters. 


Universes, Past and Present 

Any statistical measurement relates to something that is already 
past by the time the measurement can be analyzed. Thus our records 

11 The standard error of a standard deviation (a,) may be approximately deter- 
mined by the formula 


** V2 (n - 1) 
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of the yield of com obtained must relate to some crop that has already 
been harvested. Yields for a crop still growing could only be fore- 
casts, and could never be precisely accurate until the crop was har- 
vested and was weighed or measured. Yet human beings cannot live 
in the past. Our measurements of past events can be of meaning to 
us only when we project them into the future, and use them as a guide 
to future conduct. In studying the yield of corn, for example, the 
actual realized yield of corn in a county in a given year, no matter 
how accurately measured, is already a matter of history. The only 
thing that can be significant in human affairs is the average yield in 
some future year, still to be produced. If we are planning an A.A.A. 
control program, for example, and wish to estimate how many acres 
will produce a given total bushelage, we shall always be dealing with 
future years. We can do nothing to change the past. Only the 
future can be affected by our actions. When we take the average 
yield for a past year as our “universe” to be studied, what we are really 
interested in knowing is usually something about the yield most likely 
to be secured in one or in a series of years in the future. Even 
if we took a census of the yield on all the farms in the county, we 
should not have all the facts about our true universe. That universe, 
whose values we really wish to estimate, is composed of the yields 
next year and in other years still to come. Measurements of condi- 
tions in the past, no matter how accurately made, can serve only as 
one part of the basis for judging what the values in the future are 
likely to be. Analysis of what has happened in a succession of years 
in the past may help us to make a better estimate of the future. Such 
analysis may show a steady upward trend, or a variation from year 
to year with rainfall, or other variations whose cause we do not know. 
But before we can project the past trends into the future, we must 
understand what caused them, and judge whether those causes will 
continue to operate. These judgments are not a matter of statistical 
analysis as such but must be based upon scientific and technological 
study of all the forces at work. Thus a steady upward trend in 
cotton yields might reflect a rising price of cotton in the period studied, 
and a resulting increase in the quantities of fertilizer applied per acre. 
But equally well it might reflect a steady decrease in the total acreage 
(due to crop control or other causes) and a concentration of the re- 
maining acreage on the better lands. Or it might reflect the gradual 
adoption of improved strains. A forecast of whether the upward 
trend would continue into the future would be materially different 
in the three cases. Besides the statistical facts, it would involve 



32 


JUDGING RELIABILITY 


non-statistical judgments as to whether the increase in price or the 
limitation of acreage or the improvement in seed was likely to continue. 

Whether we are dealing with the statistical characteristics of 
people or of crops or of prices or of atoms, the real universe for which 
we wish to estimate is the universe of future events. - Our ability to 
forecast those events will differ widely from field to field. Presumably 
the characteristics of atoms or of chemical compounds will be less 
subject to change than will those of crops, and crops will be less sub- 
ject to unpredictable change than will prices. In each case, however, 
the statistical information gained from the study of past samples must 
be tempered by other knowledge of the situation, based on study and 
analysis which may be quite non-statistical in nature. When we move 
from the facts of the past to forecast the unknown universe of the 
future it is not the statistics but the statistician who is on trial. 
Unless he mixes an ample measure of anthropology or agronomy or 
economics or other appropriate scientific information with his statistics 
— plus a liberal dash of common sense — he may find his analysis of 
past events a detriment, rather than an aid, in judging as to the future. 

Summary. This chapter considers the question of how far statis- 
tical results derived from a selected “sample” drawn from a universe 
can be used to reach general conclusions as to the facts of the entire 
universe. 

The confidence which can be placed in any measure computed from 
a sample, say an average, depends upon how closely that average 
is likely to come to the true average of the whole universe. One 
way of determining that would be to collect additional samples, each 
of the same size. From the way the averages from each of these differ- 
ent samples varied one could judge how near the average from 
any one sample was likely to come to the true average. For samples 
which meet the conditions of simple sampling, another much more 
rapid way is to compute the standard error of the average, which 
indicates the minimum extent to which the average is likely to be 
correct. ith samples of over 30 cases, the true average will prob- 
ably be within twice the standard error from the observed average 
for 19 samples out of 20, and within three times the standard error 
369 times out of 370. This is the minimum error; where the number 
of observations is smaller, the possibility of error is larger, as is indi- 
cated by Tables A and B. 

The same formula can be used to estimate how large a sample 
must be taken to secure any desired degree of accuracy in the final 
average. 
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The. estimated standard error does not take into account bias in 
selecting the sample, but only shows the chances of reaching incor- 
rect results even when an honest random sample is obtained. 

Even after the values in the universe "have been estimated from the 
facts shown by the sample, the statistician must still remember that 
that universe is a past universe. In applying that knowledge to prob- 
lems of future action, he must give due allowance to the fact that the 
yet unborn universe of the future may never be identical with the 
past and dead universe from which his sample was obtained. 


CHAPTER 3 


THE RELATION BETWEEN TWO VARIABLES, AND THE 

IDEA OF FUNCTION 

Relations are the fundamental stuff out of which all science is built. 
To say that a given piece of metal weighs so many pounds is to state 
a relationship. The weight simply means that there is a certain rela- 
tionship between the pull of gravity on that piece of metal and the 
pull on another piece which has been named the “pound.” We can tell 
what our “pound” is only by defining it in terms of still other units, 
or by comparing it to a master lump of metal carefully sheltered in 
the Bureau of Standards. If the pull is twice as great on the given 
piece of metal as it is on the standard pound, then we say that the lump 
weighs 2 pounds. If, further, we say it weighs 2 pounds per cubic inch, 
that is stating a composite relationship, involving at the same time 
the arbitrary units which we use to measure extent or distance in space 
and the units for measuring the gravitational force or attracting power 
of the earth. 

Relations between variables. Besides these very simple relation- 
ships which are implicit in all our statements of numerical description 
— weight, length, temperature, size, age, and so on — there are more 
complicated relationships where two or more variables are concerned. 

A variable is any numerical value which can assume varying or differ- 
ent values in successive individual cases. The yield of corn on dif- 
ferent farms is a variable, since it may differ widely from farm to 
farm. So is the length of time which a falling body takes to reach 
the earth, or the quantity of sugar that can be dissolved in a glass 
of water, or the distance it takes for an automobile to stop after the 
brakes are applied, or the quantity of milk that one cow will produce 
in a year, or the profit that a farm will pay in a year, or the length of 
time it takes a person to memorize a quotation. In contrast to these • 
vanables there are other numerical values called constants, because 
they never change. Thus one foot always contains 12 inches; one 
dollar always is equal to 100 cents; and a stone alwaijs falls 16 feet 
in the first second (under certain specified conditions).* Science, of 
any sort, ultimately deals with the relation between variable factors 
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and with the determination, where possible, of the constants which 
describe exactly what those relationships are. 

The variables which have been mentioned may be used to illus- 
trate the way in which changes in one variable can be related to 
changes in another. Thus the length of time which a falling body 
takes to reach the earth varies with — that is, is related to — the distance 
through which the body has to fall. The quantity of sugar which 
can be dissolved in a glass of water varies both with the size of the 
glass and the temperature of the water. The distance it takes for an 
automobile to stop after the brakes are applied varies with the speed 
with which the car is traveling when the brakes are applied, the area 
of braking surface on the drums, the area of tire surface on the road, 
how tightly the brakes are applied, how much the car weighs, the 
kind of road, and so on. 

• Then when we come to variables like the production of milk or 
the income on a given farm, or the time to memorize a quotation, 
we find the situation still more complicated. How much milk a cow 
will produce varies with her age, breed, inherent ability, and the 
richness of the milk, and with the kind, quality, amount, and com- 
position of the feed she receives, the way she is stabled and cared 
for, and many other similar factors. Similarly the variables which 
may affect the income on a farm — the size, the equipment, the crops 
grown, the livestock kept, the methods followed, the costs paid, the 
prices received, the rainfall — are so numerous that it would take an 
entire book merely to list and discuss the different factors affecting 
this one single variable. The time it takes to memorize a quotation 
may be affected by its length, the subject’s age, sex, training, fatigue 
or freshness, his familiarity with the material discussed, and his interest 
in the topic. 

Yet it is precisely with relations between complex variables that 
many statistical studies must deal. The statistical methods which may 
be used to handle such problems can best be understood if presented 
first for the simplest cases, and then expanded to cover the more com- 
plicated ones. 

Suppose a physicist, knowing nothing about the exact nature of 
the relation between the distance a body has to fall and the length of 
time it takes, made some experiments to determine the matter and 
obtained the results shown in Table 9. 

Looking over these figures we see that there is some sort of general 
relation between the two. As the distance increases, the time increases 
also. But that is not uniformly true. In one case the distance in- 



36 


THE MEANING OF FUNCTION 


creased without there being any increase in the recorded time; in some 
other cases the recorded time was not the same even though the dis- 
tance was unchanged. 

TABLE 9 


Relation between Distance a Marble Drops and Time It Takes to Fall 


Distance traveled 

Time elapsed 

Distance traveled 

Time elapsed 

Feet 

Seconds 

Feet 

Seconds 

5 

0.6 

20 

1.1 

5 

0.5 

20 

1.1 

5 

0.6 

20- 

1.2 

10 

0.9 

20 

1.1 

10 

0.8 

25 

1.2 

10 

0.7 

25 

1.3 

15 

1.0 

25 

1.2 

15 

0.9 

25 

1.3 

15 

1.0 




Graphic representation of relation between two variables. We 

can get a better idea of just exactly what the relation is if we “plot” 
it on cross-section paper, so that we can see graphically just how 
the time does change with the distance. Figure 2 illustrates the way 


Trme_g lapsed 
Seconds 



Fh;. 2. Method of constructing a dot chart. Time elapsed is the dependent 

variable, and the distance is the independent variable. 


this is usually done. The units of one variable, in this case the distance 
to be traversed, are measured off from the left, starting with zero in 
the lower left-hand corner and counting over toward the right. The 
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units of the other variable, in this case the time elapsed, are measured 
off from the bottom, starting with zero and counting up toward the 
top. If negative values are present, then the counting is started with 
the largest negative value, decreasing from left to right or from bottom 
to top, until zero is reached and the positive values begin to appear. 

Where one variable may be regarded as the cause and the other 
variable as the result, it is customary to put the causal variable along 
the bottom. In this case it may be said that the differences in distance 
traversed cause the differences in time elapsed. Distance, therefore, 
is measured in the horizontal direction, and time in the vertical. Theie 
is no particular reason for plotting data just this way except that this 
is the customary way of doing it and so it is most readily understood 
by other persons. Some relations of this sort can be reveised, so 
that either may be regarded as cause and either as effect. 1 ^ 

Having laid off the chart in the way indicated, we next “plot” the 
individual observations. The way this is done is illustrated in Figuie 2. 
The first observation was that it took 0.6 second for the marble to 
fall 5 feet. This is indicated on the chart by counting over to the 
5-foot line from the left of the chart, and then counting up along that 
line until 0.6. second is reached. A dot is placed on the chart at that 
point. As indicated, this dot is at the intersection of the line starting 
from the “0.6 second” at the left of the chart and extending parallel to 
the “0-second” line, with the other line starting from “5 feet” at the 
bottom of the chart and extending parallel to the “0-foot” line. Simi- 
larly, the last observation, 25 feet in 1.3 seconds, is indicated by a dot 
where the horizontal line representing 1.3 seconds crosses the vertical 

line representing 25 feet. 

Entering a dot for each individual observation in the same way, 
we get the chart shown in Figure 3. This figure now gives a visual 
representation of the way in which the length of time changes as the 
distance traversed changes. Such a chart is known as a ‘ dot chart 
or a “scatter diagram.” 

But even this figure does not show the exact relation between the 
distance and the time. Both the first and the second trials were for 
exactly the same distance, yet the time was slightly different. Obvi- 
ously that difference in time could not have been due to the difference 
in distance between the two, because there was no difference. The 
investigator must therefore assume that some outside cause, perhaps 
the accuracy with which the time was measured, may have been 

1 For a more extended discussion of this point, see pp. 50 and 51. 
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responsible for these slight differences. It will be noted, too, that when 
the different observations are plotted as in Figure 3, they come 
close to all lying along a continuous curve. We also see that the 
individual cases do not adhere absolutely to a continuous curve. If 
we are willing to assume that all the differences between the different 
observations at the same point along the curve are due solely to 
extraneous factors, we can estimate the true effect of the distance, 
by itself, by averaging together the several observations as to time 
taken for each of the several tests for the same length of fall. A 

Time_elapsed ' - 

Seconds 

1.2 i 


1.0 


03 


0.6 


0.4- 


0.2 


0 5 10 15 20 25 30 

Distance fallen -in feet 

Fia. 3. Relation of distance a marble falls to time elapsed in falling, as shown by 

individual observations and curve of average time. 
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continuous curve drawn through these averages would then indicate 
the way in which the duration of fall varied with the distance, on the 
a vo age of the cases studied. Although it might not hold true for 
any one individual case, as we have just seen, still it does indicate 
about what the time will be. For practical purposes we may say that 

under given conditions the time a. body takes to fall is determined 
by the distance which it has to fall. 

The average time for each distance is indicated by the small circles 
in Figure 3. It is evident that all these averages lie very close to the 
smooth freehand curve which has been drawn on the chart. 


7 . :“n ' i. 

ii‘ r *‘*‘ * • 

. 

■; .» *s • ' 

EXPRESSING A FUNCTIONAL RELATION MATHEMATICALLY 39 

Expressing a functional relation mathematically. The relation 
shown by the curve in Figure 3 is what mathematicians call a junc- 
tional relationship; the time.it takes a body to fall is a function of the 
distance which it has to traverse. 2 All that this means is that for any 
particular distance-fallen, there is some corresponding time-required. 
The term “function” means that there is some definite relation be- 
tween the two variables, number of feet and number of seconds, but 
it does not at all tell just what that relationship is. When, however, 
it is said that time is a function of distance according to the curve 
shown in the figure, then the statement has been made perfectly defi- 
nite. The curve shows, for any given distance, exactly how long it 
will take a body to fall, on the average of a series of trials. 

In this particular case the function is defined only by the graphic 
curve. It may also be stated as a mathematical expression 

Y = \ Vx 

using X for distance in feet and Y for time in seconds. This equation 
corresponds to the curve in a peculiar way, in that if any value of X is 
substituted in. it, and then the value of Y determined, that will be the 
value of Y — time in seconds — corresponding to that particular value 
of X — distance in feet — as shown by the curve in Figure 3. This 
equation is therefore the equation of the function, since this simple 
mathematical expression tells just as much about the relation between 
the two varying quantities — time and distance — as does the entire 
curve in the figure. 

The way this equation is used may be illustrated by two examples. 
Suppose a marble falls 16 feet; how long should it take to fall? The 
value of X would then be 16; substituting this value in the equation, 
we have 

y = \ Vm 

Y = 4 (4) 

y = i 

This gives a value of 1 for Y, which means that it would take 1 
3econd to fall. Suppose again a bomb were dropped from an airplane 

2 Using Y for time and X for distance, we state this mathematically 


y = / m 
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10,000 feet high. How long would it take to reach earth? The value 
of X is then 10,000; substituting this value in the equation, we have 


Y = \ Vl0,000 

Y = J(100) 

Y = 25 

The result Y = 25 means that it would take 25 seconds for the 
bomb to fall. 3 

It is evident that the equation goes much further than does the 
graph of the curve. The latter gives the relation between distance 
and time only for the distances which are shown on the chart. The 
equation, on the other hand, gives the relation for any distance 
whatever, no matter what it may be. It is possible to state this 
law of gravity , as it is called, in an equation only because physicists 
have studied this relation in the past and determined exactly how 
the one quantity varies with the other. Having found that the same 
relation between the two variables held through their entire range of 
observation and having worked out on philosophical grounds a good 
reason why that relation should hold, they have felt safe in coming 
to the conclusion that it will continue to hold even beyond the range 
of the experimental verification. 4 Where only a graph of the function 
is available, on the contrary, only the relation within the stated range 
is known. The graph docs not tell, of and by itself, the direction the 
curve would take if extended beyond the limits determined by the ex- 
periments. 

Now if instead of the relation we have just been discussing we 
consider the relation between the quantity of sugar which can be 
dissolved in a glassful of water and the temperature of the water, we 

3 Outside causes, such as friction with the air, may make the time of fall slightly 
different from the calculated time; therefore with so long a fall as this the time 
might differ quite perceptibly from the theoretical time given by the equation. 
This equation gives the time required ivhcn no influence other than gravity is taken 
into account. Obviously a marble would fall in air much faster than a feather — 
the resistance of the air has very little influence on the speed of the marble and a 
great deal of influence on the speed of the feather. In a vacuum they would fall 
at the same rate. 

4 It should be noted that for very great distances — say 10,000 miles — the formula 
might need to be modified, since then the pull of the earth woidd be less than it is 
at the surface. The equation holds true only for those distances from the earth 
within which its pull is practically a constant. 
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have quite a different problem, and yet one that is similar in many 
aspects. If we start to determine it experimentally, we must first 
make sure that the quantity of water with which we are working is 
the same in every trial; then we must measure accurately both the 
temperature of the water and the amount of sugar which could be 
dissolved in it. Water expands when it is heated, and it also has a 
tendency to evaporate; so we would have to decide whether we wanted 
the same volume of water, irrespective of the fact that at a higher 
temperature there would be actually less water in that volume, or 
whether we wanted the volume of water equivalent to what would 
be the same volume at a given fixed temperature. (This would 
necessitate determining the relation between volume and temperature 
for a given weight of water as a preliminary study, or else using 
weight instead of volume as our criterion.) Many other similar factors 
which might possibly influence the result would have to be considered 
before even the exact plan of the experiment could be drawn up. 

Once the experiment had been run the numerical results would 
probably be somewhat similar in character to those in the gravity 
test. It would be found that about the same quantity of sugar was 
dissolved in a given quantity of water when repeated tests were made 
at the same temperature, but that the quantities varied slightly from 
each other. If the data were plotted on a scatter diagram like 
Figure 3, it would be found that the data fell in the general shape of 
a curve, but that very few of the dots fell exactly on the curve, 
some lying above and some below the continuous line which could be 
drawn about through the center of them. Again we might conclude 
that these slight differences from exact agreement were due to factors 
other than the temperature of the water— to slight experimental errors 
in the quantity or temperature of the water, or to slight errors of 
measurement in determining the quantity of sugar — and be willing to 
conclude that the line drawn through the center of the series of observa- 
tions showed the real effect of. differences in temperature on the quan- 
tity of sugar dissolved, when extraneous influences were removed. This 
again would be a functional relation. The curve would express the 
relation between changes in temperature and changes in quantity of 
sugar, showing for any given temperature exactly how much sugar 
could be dissolved. It might then be possible to determine a type of 
equation which would accurately specify the function by a mathe- 
matical formula, similar to that discussed for the gravity examole if 
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the logical type of relation between the two variables could be worked 
out. 5 

Determining a functional relation statistically. In the two cases 
which have been discussed the relation between the two variables was 
sufficiently close so that by taking proper experimental precautions 
other influences which might affect the result could be largely removed 
and a series of observations obtained sufficiently consistent with each 
other so that the exact nature of the relation could be readily deter- 
mined. In many other types of relations this cannot be done so easily. 
It is with this type of relation that statistical methods really become 
important. 

If we were making a traffic study in a given city, for example, we 
might wish to know what would be the safe speed limits to permit 
on different streets. In that connection we might need to know in 
what distance an automobile could be stopped when traveling at dif- 
ferent speeds, so that by comparing this distance with the width of the 
different streets and the length of view at intersections we could judge 
how fast machines might be able to travel without risk of collisions 
at street intersections. One way to determine what is the relation 
between speed and stopping distance would be to make a number of 
tests in different portions of the city, taking different types of machines 
and different drivers. Let us suppose that as the result of such a series 
of tests we obtained the series of observations shown in Table 10. 

5 Some logical foundation is needed before a mathematical equation to a curve 
can be of any more value than merely the chart which graphs the curve. Thus in 
the gravity example it is evident that the farther a body falls, the faster it falls; in 
every successive instant the speed it has already attained is increased by the effect 
of the continued pull which is added to it. Purely mathematical investigations of 
the relation between such constantly growing magnitudes and the variable with 
which they grow have enabled physicists to determine the general mathematical 
type to which the relation must conform. Then, knowing what the type of the 
curve is, we find it to be relatively easy to determine the constants (such as the 

‘4” of the equation Y=$y/X) which makes the general equation applicable to 
a given specific case. This is done by using experimental results, such as those 
given in Table 9, to calculate the constants for the specific type of curve which has 
been determined upon. 

Not all functional relations can be subjected to this type of logical analysis, 
however, and it is sometimes impossible to tell what sort of equation the results 
should really follow'. In that case any mathematical curve “fitted” to the data has 
no more special meaning than the graphic curve drawn through the center of the 
observations; both are merely empirical descriptions of the relations, and both are 
limited in their interpretation to the range of the particular data upon which they 
are based. This fact will be discussed more fully later on. 
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It is apparent from the table that there are great variations in the 
distances which different cars or different drivers required to stop, 
even-when traveling at the same speed. This is shown even more 
clearly when we make a dot chart of the data in just the same way 
as illustrated in Figure 3. The graphic comparison between speed 

TABLE 10 

Relation between Speed of Automobile and Distance to Stop After Signal, 

as Shown by 50 Individual Observations 


Speed when signal 
is given . 


Miles per hour 

4 

7 
17 

14 

12 

11 

20 

15 

17 
13 

15 

19 

10 

18 
22 
18 

8 
4 

12 

20 

23 

18 

12 

16 
18 


Distance traveled 
after signal 
before stopping* 


Feet 

2 

4 

50 

36 

20 

28 

48 

54 

40 

34 

26 

68 

26 

56 

66 

84 

16 

10 

14 

56 

54 

76 

24 

32 
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Speed when signal 
is given 


Miles per hour 

19 
24 

14 
12 

9 

10 

15 

24 

25 

20 

19 

13 

10 

7 

16 

14 

20 
24 
24 
17 

13 

11 

13 

14 
20 


Distance traveled 
after signal 
before stopping* 


Feet 

46 

93' 

26 

28 

10 

34 

20 

70 

85 

64 

36 

26 

18 

22 

40 

60 

52 

120 

92 

32 

34 

17 

46 

80 

32 


* These observations were made before 4-wheel brakes were common. 
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and distance-to-stop, shown in Figure 4, reveals that there is only a 
general agreement between the different tests. There is certainly some 
relation between the two variables, but it is vague and uncertain in 
comparison with the relatively sharp and clear-cut relations shown in 
Figure 3. 

Distance to stop 
in feet 



Speed of auto — in miles per hour 

Fig. 4. Relation of speed of automobile to distance it takes to stop, as shown by 

individual observations. 

There is no particular difficulty in understanding why the relation 
is not more definite. The data represent a great variety of different 
elements — cars with two-wheel brakes and cars with four-wheel brakes; 
cars with brakes in adjustment and cars with brakes well worn; cars 
nearly empty and cars heavily loaded; cars with balloon tires and 
cars with high-pressure tires. In addition, the drivers differ. Some 
are experienced drivers, some inexperienced; some strong and some 
unable to press the brakes fully down; some with almost instantaneous 
reaction to our signal to stop, some with faltering or lagging response; 
some bright and wide awake, others tired and unobservant; some calm 
and steady, others nervous and erratic. Finally the conditions of the 
tests might be different — some on concrete pavement, others on asphalt; 
some on up-grades, some downhill. 

There are two different ways by which we might go about deciding 
exactly what these varying observations showed. One way would be 
to divide up the data so that the effect of some of the different factors 
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mentioned would be removed from the results. Thus if we separated 
the observations into different groups according to the make of car, 
and then reported each of these groups according to the model or 
the year made, the relation between speed and distance for any 
single group would no longer be affected by differences in braking 
equipment so far as engineering design went. Most of the remaining 
factors, however, would still be present to affect the results, so that 
even within each subdivision the records would still show great 
diversity in the relation. Only if we continued the process of sub- 
division of our sample until we got down to successive observations 
of a single car operated by a single driver at the same place, would we 
be likely to get observations as consistent with each other as those in 
the previous physical and chemical illustrations. Differences in the 
promptness with which the driver responded to the signal, in the pre- 
ciseness with which the speed at the moment of giving the signal was 
observed, and possibly in the force with which the driver applied his 
brakes, all might influence the result, so that even then the results 
might be less consistent — “the curve be less definitely defined’' — 
than in a series of laboratory experiments where all the important 
outside variables could be definitely controlled and so prevented from 
affecting the results obtained. 

Should the entire mass of observations be analyzed as suggested, 
that would give a great number of different sets of relations, each one 
showing how long it took a given car to stop when driven by a given 
driver, when traveling at different speeds. But this great number of 
different curves might not be suitable to answer our question. They 
might be so different from curve to curve that it might seem that there 
was no real general relation between speed and distance. A new car, 
with four-wheel brakes, driven by an experienced driver, might stop 
m its own length at the same speed at which an old car, with brakes 
nearly worn out, and driven by an inexpert driver, might require a 
hundred feet or more. Obviously neither one of these extremes would 
be typical of the general relation; but what would be typical? Even 
the less extreme cases might show great variations among themselves, 
so that it would be almost impossible to pick from the great diversity 
of curves one or a few that would serve as a basis of judgment for our 

problem. 

A second way of going about it would be to try to determine some 
sort of average relation between speed and distance. In that case we 
should admit that there were great differences from the average in 
individual cases, yet should feel that the average would serve as a 
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general indication of what the relation was, even though we were aware 
it would not be true in every, or perhaps even in any, individual 
case. If we knew nothing about a car except the speed at which it 
was moving, that average relation, however, would serve to give us 
the best guess we could make as to how far it would take it to stop. 
Since we should have to make our speed limits the same for all pas- 
senger cars, that might give us the best basis of judgment as to how 
high it was safe to place it. Of course we should also need to know 
something about how much more than the average time exceptional 
cars or drivers might require and how far above the average any large 
proportion of them fell, so as to decide how much leeway to allow; 
but even so, the average relation would be the first interest and the 
point of departure in reaching our decision. 

Where the relation between two variables is clear and reasonably 
sharply defined, as in the experimental case discussed, it is not difficult 
to determine the average relationship, since the relation for individual 
cases and the average relation for all cases are nearly identical. Where 
the relation is not so well defined, however, and where many other 
relations are involved in addition to the particular one which is being 
studied, it is by no means so easy to determine exactly what the 
true relationship is. A considerable body of statistical methods has 
therefore been developed to treat this particular problem. Since this 
problem pertains to the relation between variables, it has become 
known as the problem of eo-relation, or “correlation. ” Just how 
statistical technique may be applied to the solution of the traffic prob- 
lem which has just been presented will be considered in detail in the 
next chapter. 

Summary. A statement of the change in one variable which ac- 
companies specified changes in another is known as a statement of 
a functional relation. A functional relation may be stated either 
graphically by a curve or algebraically by a definite equation. Al- 
though functional relations may be readily determined from experi- 
mental conclusions where all influences except the one being studied 
are held constant, many problems cannot be studied by such methods. 
1 he statistical methods of correlation analysis may be used to study 
functional relations where experimental methods are not satisfactory. 



CHAPTER 4 


DETERMINING THE WAY ONE VARIABLE CHANGES WHEN 

ANOTHER CHANGES: (1) BY THE USE OF AVERAGES 

The problem stated in the previous chapter was to determine how 
many feet automobiles traveling at a given speed require to stop. It 
involves determining the average extent to which one variable changes 
when another variable changes. Stated mathematically, the problem is 
to find the functional relation between speed and distance — the prob- 
able distance required to stop with any given initial speed. Of the 
many different ways of doing this, the simplest, and the one which 
would suggest itself most naturally, would be to classify the records 
into groups, placing all of one speed in one group, all of another speed 
m another group, making as many groups as there are different rates 
of speed recorded, and then averaging the different distances for all 
the cases in each group. This would then give an average distance 
to stop for each given rate of speed in the series of records. Table 11 
shows this operation carried out. 

Where there were only single observations, this fact has been 
indicated by placing the average — the single report — in parentheses. 

The averages in the last column of Table 11 show quite specifically 
how the distance required to stop tends to increase with the speed a 
machine is traveling. The machines which were tested at 12 miles 
per hour stopped at an average distance of 21.5 feet, those at 15 miles 
per hour at 33.3 feet on the average, and those at 20 miles per hour at 
50.4 feet. But the increase is not uniform. The cars at 10 miles 
per hour averaged a greater distance than those at either 11 or 12, 
and the cars at 19, a shorter distance than those at 18. 

If the successive averages from Table 11 are plotted and con- 
nected by lines, both the general increasing tendency and the irregular 
change from group to group are easily seen. Figure 5 shows this 
comparison (see page 49). 

Do these differences between the different group averages have any 
real significance? Is there any reason to think that this very jagged 
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line is the true average relation between speed and distance? We 
can consider that from two points of view; the logic of the relation 
and the statistical basis of the differences. Logically the differences 
are quite nonsensical. If a given machine can stop in 22 feet when 
it is going 11 miles an hour, of course it can stop in at least the same 
distance when going 10 miles per hour, and probably something less. 


TABLE 11 

Computation of Average Distance to Stop after Signal, for Different 

Initial Speeds 


Speed when sig- 
nal is given 

Different distances 
noted for that speed* 

Average distance 
for that speed 

Miles per hour 

Feet 

Feet 

4 

2, 10 

6.0 

7 

4, 22 

13.0 

8 

16 

(16) 

9 

10 

GO) 

10 

26, 34, 18 

26.0 

11 

28, 17 

22.5 

12 

20, 24,28, 14 

21.5 

13 

34, 26, 34, 46 

35.0 

14 

36, 26, 60, 80 

50.5 

15 

54, 26, 20 

33.3 

16 

32, 40 

36.0 

17 

50, 40, 32 

40.7 

18 

56, 84, 76, 42 

64.5 

19 

68, 46, 36 

50.0 

20 

48, 56, 64, 52, 32 

50.4 

22 

66 

(66) 

23 

54 

(54) 

24 

93, 70, 120, 92 

93.75 

25 

85 

(85) 


* Data taken from Table 10. 


It certainly would not take 26 feet, as the table shows. Then from 
the statistical point of view the groups are entirely too small to show 
very definitely how far on the average it takes to stop at any one 
speed. Even the largest group, at 20 miles per hour, has only 5 cases, 
whereas we have seen in Chapter 2 that 10 to 25 cases may be required 
as a minimum to give an average of much reliability. Computing the 
standard error for the average from the 20-mile group of reports, it 
comes out 5.3 feet. With only 5 reports, however, Figure A (in Ap- 
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pendix 3) shows that we have to take a range of 1.1 times the standard 
error to make the observed value come within that range of the true 
value in 2 samples out of 3. We may say that the standard error of the 
average, taking this into account, is 5.83 feet. 1 The average for this 
group of records may therefore be written 50.4 zb 5.8 feet. When we 
say that the average distance required to stop when traveling 20 miles 
per hour (for all automobiles in town, say) is between 44.6 feet and 
56.2 feet, we are likely to be wrong in 1 out of 3 such statements, on 


Distance to stap 
m feet 



Fio. 5. Relation of speed of automobile to distance it takes to stop, as shown by 

averages of small groups. 

the average. With the average from the largest group showing as 
little reliability as this, it is quite clear that the zigzag variation 
from average to average has no real meaning. So few cases are 
included in each group that the averages are not statistically reliable 
to anything like the individual differences. All the irregular differ- 
ences from group to -group can therefore be accounted for by purely 
chance variations in sampling. It is quite possible that they are due 
solely to the small number of cases. As they have no statistical 
significance there is therefore no need to be worried about them. 

Does that mean that in spite of the relationship w r e can see in 

1 The standard error is computed from the standard deviation of the five re- 
ports at 20 miles, using equation (7.1). This gives a value of 5.3. Figure A. in 
Appendix 3, shows that for five reports a range of 1.1 times the computed standard 
error must be taken to secure a reliability of .67 (or probability of .33 for the 
specified departure), so the final standard error is (5.3) (1.1), or 5.83. 
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Figure 5 that we can get no accurate statistical measurement of the 
relation? That is overstating the case a little; all that we have 
determined so far is that the line of averages, the irregular function 
shown in Figure 5, has but little statistical meaning, just as it stands 
now. 

We might be able to make the results more accurate by basing 
our averages on a larger number of reports. As we have seen previ- 
ously, the more cases there are in a group the more reliable the 
average of that group is likely to be. One way of doing that would 
be to go out and get more records, so that we should have enough 
cases in each group to make the averages reliable within small enough 
limits to suit our needs. But that would be a long and expensive 
process. Isn’t there some way we can find out something more just 
from the records we have? 

Another way of making the conclusions more stable would be by 
combining the records so as to give fewer groups, but with more cases 
in each group. So far we have been working with 19 different groups, 
one for each of the 19 different speeds measured. If instead we group 
them into a few groups — say four or five — we shall have considerably 
larger groups to work with. 

Independent and dependent variables. The question might be 
asked whether the groups should be made on the basis of the rate 
of speed or of the distance to stop. (In preparing Table 11 we used 
the rate of speed without discussing the matter.) That comes back 
to the question of what we really want to find out. Do we want to 
know the average speed at which machines were traveling when it 
took them, say, 20 feet to stop; or do we want to know the average 
distance machines took to stop when they are traveling at a given 
speed? Obviously, the thing we are going to set is the speed limit, and 
we are merely interested in the distances to stop as one factor to guide 
us in deciding what the speed limit should be. We therefore want to 
know the effect of speed upon average distance, and not the reverse. 
I* or that reason we shall classify our records on the basis of speed, 
and then average together all the different distances for the cars 
traveling at that speed. 

The same question is met with in nearly all problems where the 
relation between two variables is to be dealt with. It is always neces- 
sary to think over the problem carefully, and decide which variable we 
are going to regard as the independent or causal variable, and which 
one as the dependent, or resultant. Thus if we were relating varia- 
tions in tobacco yields to applications of fertilizer, obviously the 
differences in fertilizer would be the cause and the differences in 



GROUPS OF LARGER SIZE 


51 


yield the result, so we would sort our records according to the differ- 
ences in fertilizer. Other relations may not be so clear cut. If the 
size of stores were being related to profits, it might be as logical in 
some situations to consider that the more successful men were able to 
afford the largest stores as to consider that the larger stores returned 
the greater profits. Careful consideration of the facts in each given 
case is necessary to clarify exactly what is the particular relation in- 
volved. 

As shown later (pages 113 to 121 and 450 to 451), it is frequently 
impossible to say which variable is the cause and which is the effect. 
All that can be definitely established is that the two vary together. 
Yet one may wish to regard one variable as the one whose values are 
given or known. It is then called the independent variable and 
plotted as the abscissa. The second variable will then be regarded as 
the one whose values are to be related to, or estimated from, the values 
of the known variable. It is then called the dependent variable, since 
it is treated as depending upon the given values of the independent 
variable. It is sometimes desirable in particular problems to consider 
first one variable as the independent variable and then the other one 
as independent. 

TABLE 12 


Average Relation between Speed of Car and Distance to Stop, as 

Shown by Records Thrown into Groups 


• 

Speed when signal is 
given* 

Number of 
reports 

Average speed 

Average distance, 
to stop 

Miles per hour 


Miles per hour 

Feet 

Under 4.5 

2 

4.0 

6.0 

4. 5 to 9.5 

4 

7.8 

13.0 

9. 5 to 14.5 

17 

12.2 

32.4 

14. 5 to 19.5 

15 

17.1 

46.8 

19.5 and over 

12 

22.2 

69.3 


* 4.5 to 9.5 means 4.5 and up to, but not including, 9.5. 


Groups of larger size. To return to our automobile problem. Since 
the speeds varied up to 25 miles per hour, and we have 50 reports to 
deal with, we might try breaking them up into 5 groups and see what 
kind of averages that will give us. Using groups covering a range of 
5 miles per hour each, we can group the records and determine the 
averages for the 5 groups thus formed, getting the results shown in 
Table 12. 
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These averages can then be plotted and connected by straight lines, 
just as were the averages in Figure 5. In constructing Figure 6, which 
shows this process, it is necessary to use the average speed as well as 
the average distance-to-stop in locating each point. This is because 
each of the average distances, as shown in Table 12, represents not one 
speed, but several different speeds thrown together. If we wish to 
compare the average distances, it seems most sensible to compare 
them on the basis of the average of the speeds which they represent. 
The' circles in Figure 6 represent the several group averages plotted 
this way. The first one is located at the intersection of the lines 

Distance 



Fig. 6. Relation of speed of automobile to distance it takes to stop, as shown 

by averages of large groups. 

for 4.0 miles per hour and 6.0 feet; the second at 7.8 miles per hour 
and 13.0 feet; and so on for the remainder. 

When the group averages of Figure 6 are connected by straight 
lines the relation between speed and distance is shown much more 
satisfactorily than it was in Figure 5. The line in the new figure 
shows a continuous relation between speed and distance. It indicates 
that, when the averages are taken from groups large enough to elimi- 
nate the effect of individual cases, the higher the speed the greater 
the distance it takes to stop. 

But on close examination even the relation shown in this last figure 
is not found fully satisfactory. If we compute the change in distance- 
to-stop for each change of 1 mile in speed, we find that the conclusions 
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are somewhat erratic. Between the first two averages, the change in 
speed from 4.0 to 7.8 miles per hour, an increase of 3.8 miles per hour, 
is accompanied by a change in distance from 6.0 to 13.0 feet, or an 
increase of 7.0 feet. Between 4 and 7.8 miles per hour, therefore, 
the distance-to-stop apparently increases 1.8 feet for each increase of 1 
mile per hour in the speed of the machine. Similar computations for 
all the other groups are shown in Table 13, carrying out just the 
same process. 

The results shown in Table 13 reveal that even the averages of 
Figure 6 are not altogether consistent. Between 4 and 8 miles per 

TABLE 13 


Computation of Change in Distance for Each Change of One Mile in Speed, 

For Different Groups of Records 


Speed when 
signal is 
given 

Average 

speed 

Average 
distance to 
stop 

Increase in 
speed 

Increase in 
distance 

Increase in 
distance per 

1 mile 
increase in 
speed 

Miles per hour 
Under 5 

Miles per hour 
4.0 

Feet 

6.0 

Miles per hour 

] 

Feel 

Feet 

5-to 10 

7.8 

13.0 

\ 3.8 

7.0 

1.8 

10 to 15 

12.2 

32.4 

} 4.4 

| 

19.4 

4.4 

15 to 20 

17.1 

46.8 

4.9 

14.4 

2.9 

20 to 25 

22.2 

69.3' 

5.1 

22.5 

4.4 


hour they indicate that the distance-to-stop increases 1.8 feet for 
each increase of 1 mile in the speed of the machine; between 8 and 12 
miles per hour the distance suddenly starts increasing 4.4 feet for 
each 1 mile per hour increase in the speed of the machine; then be- 
tween 12 and 17 miles per hour the effect of further increase on the 
speed becomes less again, averaging only 2.9 feet increase in stopping 
distance for each increase of 1 mile per hour in speed; and then, 
finally, between 17 and 22 miles per hour changes again to 4.4 increase 
in feet to stop for each 1 mile increase in the speed of the auto. 

This same variability in the rate of change can be seen directly 
from Figure 6 by noting the steepness of the several portions of the 
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line. Between 4 and 8 miles per hour, where there is the least average 
change in distance for each change in speed, the line has the least 
slope, that is, is the nearest horizontal. Between 8 and 12 miles, 
where the average distance to stop is much larger, the line tilts up 
abruptly; then between 12* and 17 miles per hour, where the average 
change in distance is less rapid, the line is flatter again, tilting up 
once more for the more rapid rate of change shown by the last group. 
It should be noted, too, that the slope of the line is almost exactly the 
same between the 7- and 12-mile averages, and the 17- and 22-mile 
averages, illustrating the fact that in both these intervals the increase 
in distance was the same for each mile-per-hour increase in speed. 
The irregular and zigzag character of the line in Figure 6 therefore 
shows the same vacillation in the group averages that the computa- 
tions in Table 13 show. Simply by examining this chart closely it 
would have been possible to tell about this unsatisfactory character 
of the conclusions without taking the time to calculate out the exact 
rates. 

Are the irregularities shown in Table 13 and Figure 6 of any 
significance statistically, or are they due simply to the possibilities 
of variation in using so small a sample, just as were the differences 
in Figure 5 and Table 11? Is it really true that an increase in speed 
has a larger effect upon the distance required to stop between 7 and 
12 miles per hour than between 12 and 17? 

Reliability of group averages. The answer to these questions again 
involves a consideration of the statistical basis upon which our con- 
clusions are based. These last results were calculated from the average 
speed and average distance for the several groups of records; obviously 
they can be no more reliable than are those averages themselves. In 
measuring the reliability of those averages by the methods we have 
already discussed, the thing to do is to compute the standard errors 
which will tell us about how much confidence we can have in each 
figure. That means that, by calculating these statistical constants, 
we can judge at least the range within which the true average may fall, 
in two samples out of three, provided the sample is a random sample. 

The next step, therefore, is to calculate the standard error for each 
of the five averages of speed and the five averages of distance. The 
computation, which is exactly the same as that used before, based on 
equation (7.1), is shown in Table 14. 

Comparing the several averages with their respective adjusted 
standard errors, as shown in the last column of Table 14, w r e find that 
there is not a great chance that if we made the same number of ob- 
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servations over again and used the same grouping, we should get 
averages different enough to change the location of the points ma- 
terially. But with regard to the distance required to stop, the averages 
are much less reliable. If we collected enough records to determine 


TABLE 14 

Computation of Standard Errors for the Averages Shown in Table 12 


0 

Group 

Number of 
cases, n 

Standard 
deviation, a 

Computed 

standard 

error 

• 

<J 

y/n 

Range within 
which chances 
are § that 
average will 
fall * 

Average plus 
range for f 
probability f 



For speed 



Miles per hour 


Miles per hour 

Miles per hour 

Miles per hour 

Miles per hour 

Under 5 

2 

0 



4.0 db ? 

5 to 10 

% 

4 

0.83 

0.48 

0.58 

7.8 ±0.6 

10 to 15 

17 

1.39 

0.35 

0.36 

12.2 ±0.4 

15 to 20 

15 

1.41 

0.38 

0.40 

17. 1 ± 0.4 

20 and over 

12 

1.95 

0.59 

0.62 

22.2 ± 0.6 


For distance 



Feet to slop 

Feet to stop 

Feet to stop 

Feet to stop 

Under 5 

2 

4.00 

4.00 

7.20 

6.0 ± 7.2 

6 to 10 

4 

6.71 

3.87 

4.68 

13.0 ±4.7 

10 to 15 

. 17 

16.09 

4.02 

4. 18 

32.4 ± 4.2 

15 to 20 

15 • 

17.62 

4.71 

4.90 

46.8 ±4.9 

20 and over 

12 " 

23.25 

7.00 

7.35 

69. 3 ± 7.4 


♦These values are obtained by adjusting the computed standard error to indicate the range 
for which the probability is only 0.33 that the true average lies outside. By interpolating in Figure 
A, Appendix 3, the necessary adjustments to be applied to the computed standard errors are found 
to be: for 2 observations, times 1.80; for 4, times 1.21; for 15 or 17, times 1.04; and for 12, times 1.05. 

t In addition to the ranges shown here, there is a further margin of uncertainty due to the stand- 
ard error of these estimated standard errors. It ranges from 71 per cent for the smallest group to 
18 per cent for the largest. 

the several averages quite accurately, there is one chance out of three 
that we might find that the true distance for the first group was prac- 
tically nothing, or else more than 14 feet; or for the second group 
was less than 8 feet or more than 18 feet; and so on until for the last 
group it might be under 62 feet or over 77 feet. 2 With this wide pos- 

2 If the standard errors of the estimated standard errors were also taken into 
account, the zones of uncertainty would be even wider. 
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sible variation in the true values, it is quite evident that the real 
facts have not yet been measured accurately enough to justify detailed 
computations of the differences in the slope of different portions of the 
line. By changing any one of the averages as much as has been indi- 
cated, the slope of the line would be very materially changed. 

Range within which true relation may fall. The extent to which 
reliance may be placed in the relationship between the two variables 
as shown by the 50 observations which we have to deal with may be 
judged from Figure 7. Here the actual averages have been plotted, 

Distonce 


to stop 
in feet 



Fig. 7. Relation of speed of automobile to distance it takes to stop, as indicated 
by the range around group averages for which the probability is § that the true 

average is included. 

and lines drawn connecting them, just as before. But, in addition, 
rectangles have been drawn around each average to indicate the zone 
within which the true value would probably be found to lie if enough 
records were taken, using plus or minus the range for two chances 
out of three each way as the distance in laying off the rectangles 
from each average. 3 The corners of these rectangles have then been 

3 As the rectangles have been laid off with regard to both distance and speed, 
only in less than half the samples would the true values fall within the rectangles. 
In two out of three such samples the average speed will not differ from the true 
average speed by more than the stated amount. Similarly, in two out of three 
such samples the observed average distance will not differ from the true average 
by more than the extent calculated. Since § times f equals 5, only in four samples 
out of nine, on the average, would it be likely that both observed speed and dis- 
tance would fall within the calculated ranges frQm the true values at the same time. 
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connected by lines just as were the averages before. The probabilities 
now are that the line showing the true average relationship between 
speed and distance would run somewhere between these upper and 
lower boundaries, even though it might not be the particular irregular 
line of averages we have used so far. 

Figure 7 indicates that there is really a rather wide zone within 
which the true relation might fall, even when we take the zone as 
indicated by statements which will be incorrect one time out of three. 
For example, it indicates that machines traveling 15 miles per hour 
would probably stop in 36 to 46 feet after the brakes were applied, 
whereas those traveling 20 miles an hour would probably stop in 52 to 
68 feet. But this is still a pretty rough measure — would increasing the 
speed from 15 to 20 miles per hour increase the distance from 46 to 52 
feet, only 6 feet; or would it increase it from 36 to 68 feet, 32 feet? 
Of and by themselves, the data do not tell us. AVe do not yet have any 
general statement of the relation between speed and distance. 

We have seen how increasing the number of cases included in a 
single group increased the dependence which •would be placed in that 
group. However, even by reducing our 50 cases to 5 groups we have 
not been able to get a consistent and satisfactory statement of the 
relation. Is it possible that by handling all the data as a single group 
we could get a better result? One way of doing this would be to 
average all the speeds and all the distances together. But that would 
only tell us what was the average distance to stop and the average 
speed. What we want to know is what distance is most likely to be 
required at any given speed, and the treatment just suggested would 
not give us that. 

There is one way, though, of determining the relation while con- 
sidering all the records together. If we are willing to assume that 
an increase of one mile per hour in the rate of speed will increase 
the distance required to stop by exactly the same number of feet, 
no matter how rapidly or how slowly the machine is already moving, 
then we can determine this relation for all the data as a whole. On this 
basis a straight line can be used to represent the relation. All that we 
have to do is to determine a straight line which will come as “near as 
possible to representing the relation as shown by all 50 individual 
observations. 

Summary. The change in one variable with changes in another 
may be approximately determined by grouping the records according 
to the independent variable and determining the corresponding aver- 
ages for the dependent variable. Unless a very large number of 
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observations is available, however, the functional relation shown by 
the successive averages will be irregular and inconsistent, owing 
solely to sampling variability. For that reason some method is needed 
for measuring the functional relation for the group of records as a 
whole. The simplest way in which this can be done is by assuming 
that the relation can be represented by a continuous straight line. 
Methods of determining such a line will be considered in the next 

chapter. 

Note 1, Chapter 4. As already noted earlier in this chapter, it is always pos- 
sible to reverse the dependent and the independent variables. Thus the data 
presented in Figure 3, on page 38, might have been plotted with time as the inde- 
pendent variable and with distance fallen as the dependent. A curve might then 
have been drawn in to show the average distance which a body can traverse for a 
given time of fall. Similarly, the data charted in Figure 4, on page 44, might 
have been charted with distance as the abscissa and speed as the ordinate. The 
data would then be in shape to consider the question, what is the average speed 
of cars which require a given specified distance to stop? The functions which 
express these relations are not exactly the reciprocal of the functions which ex- 
press the reverse relation. That is, when 


and 


Y = /(X) 
X = *(Y) 


f(X) * 


1 

0F 


The reasons for this will be considered subsequently. 



CHAPTER 5 


DETERMINING THE WAY ONE VARIABLE CHANGES WITH 
ANOTHER: (2) ACCORDING TO THE STRAIGHT- 

LINE FUNCTION 


There are a good many ways by which a straight line can be deter- 
mined to show the functional relation between the two variables, 
speed and distance. One way would be simply to place a ruler over the 
chart along the several group averages, or to stretch a black thread 
over them, and draw the line in by eye so as to fall as nearly as pos- 
sible along them. Although no two persons would draw their lines ex- 
actly the same, still this method might give fairly satisfactory results 
where only a rough measure was wanted. In the present case, how- 
ever, in view of the expensive field work necessary to collect the data, 
it would seem worth while to put as much clerical time on analyzing 
those we have as is needed to give the most accurate results. We shall 
therefore use the exact correlation method of determining the straight 
line. 

The equation of a straight line. The determination of what 
this line will be consists in finding the constants for the equation of 
the line. Just as we have already seen (Chapter 3) that the curve 
showing the relation between the distance a body has to fall and the 
time it takes can be expressed by the relation, 

so any straight line can be expressed by the relation 1 


Y = a + bX (8) 

1 Written this way, the equation is a perfectly general one which can be applied 
to the relation between any two variables, by calling one of them Y and the other 
one X. The symbol Y in the equation simply represents the number of units of 
the variable we designate as Y, whatever that may be, acres, dollars, pounds; and 
the symbol X likewise represents the number of units of the variable we designate 
as X. Thus if X is the number of rooms in each of a series of houses, X may be 4 
for the first house, 7 for the next, 6 for the next, and so on. When we write X we 
then mean the number of rooms in each house, no matter how large or how small 
that number may be in any particular case. The particular number which X rep- 
resents in any given case is said to be the value of X. Thus for a house of 5 
rooms, we should say “the value of X is 5.” 
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Figure 8 illustrates the meaning of a and b in this formula. 
When the value of X is 0, b times X is zero, and Y is equal to a. 
This constant, a, therefore, gives the height of the line (in terms of 
V or vertical units) at the point where X is zero. This is indicated 
at the left edge of the chart. 

From the same equation, every time X increases one unit, Y 
increases b times one unit, since Y is computed as a plus b times X. 
The difference of the height of the line (measured in Y units) between 
the point where X is 1 and where X is 2, is therefore b units of F, just 
as indicated on the chart. And this continues to hold true for every 


Value of 



Fio. 8. Graph of the function Y = a -{- bX. 

unit change in X , whether from 1 to 2, or from 0 to 1, or from 
99 to 100. 

The meaning of these constants in the equation of the straight 
line, as equation (8) is known, may be illustrated more concretely 
by taking some actual values for the constants a and 6, and seeing 
how the line would look then. If we take 3 for a, and 2 for b y the 
equation would then read: 

Y = 3 + 2X 

Figure 9 shows the line for which this is the equation. Thus if 
X is taken as zero, the value of Y is found to be 

Y = 3 + (2 times 0) = 3 + 0 = 3 

And 3 is therefore the Y value corresponding to the X value, zero 
Similarly if X is taken as 10, 


Y = 3 + (2 times 10) = 3 + 20 = 23 
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And the Y value corresponding to the X value of 10 is therefore 23. 
All other values of Y which may be computed for values of X within 
the range shown in Figure 9 will similarly be found to lie exactly 
on the same line. 

Figure 9 illustrates again the meaning of the constants a and b. 
When X is zero, the value of Y 
is three units above zero, as in- 
dicated, and for every unit in- 
crease in X (say from 5 to 6) the 
value of Y goes up 2 units. This 
is exactly the same thing as shown 
in Figure 8, except that there no 
definite values were assigned to a 
and b, whereas here they have 
been given exact numerical values. 

To represent the general rela- 
tion between the speed of an auto- 
mobile and the distance it takes 
to stop, therefore, we can use this 

same kind of equation, letting X stand for the speed in miles per 
hour and Y stand for the distance-to-stop in feet. 

Thus when we write the equation: 

Y = a + bX 

we shall be using that as shorthand for 

Feet to stop = a + b (speed in miles per hour) 

But to give this equation definite meaning we must determine the 
numerical values for a and b, just as in our previous illustration we 
had to assume numerical values for these constants before the graph 
had any definite meaning for us. 

The “ observation equations.” One way of finding what the values 
should be is by regarding each one of our original observations (Table 
10) as an algebraic equation itself. Thus the first observation, 2 feet 
to stop at 4 miles per hour, would be written 

2 = a + b (4) 

# 

putting the 2 feet in place of Y in the equation and the 4 miles in 
place of X . 



3 + 2X. 
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Similarly the next observation, 4 feet to stop at 7 miles per hour, 


would be expressed 


4 = a + 6 (7) 


and so on right through to the last observation, 32 feet to stop at 
20 miles per hour, which would be written — 


\ 

Bringing all these 
looking like this: 


32 = a + 6 (20) 
different equations together 

2 = a + 46 
4 = a + 76 


would give a series 


50 = a + 176 


80 = a + 146 
32 = a + 206 

(The middle equations are omitted here to save space.) 

Since we had 50 original observations, we should have 50 different 
equations, each one containing the two unknown constants a and b. 

Now by the rules of simple algebra, any two independent equations 
containing two unknown constants can be solved simultaneously to 
obtain the numerical values for those constants. One way to find 
the values of our unknown a and b would be to pick two of the equa- 
tions representing our observations and solve them simultaneously. 
Suppose we take the first and the last ones; we shall then have: 

a + 46 = 2 

a -f- 206 = 32 

Solving these two equations simultaneously, v> r e find the values 

a = 5 ^ 

6 = 1 | 

But in getting these values we have used only 2 out of .the 50 

observations. Should we have got the same result if we had used 

another pair? Suppose we take the second observation and next to 
the last — 

Then a + 76 = 4 

a + 146 = 80 
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These equations, solved simultaneously, give the values 

a = - 72 
b = lOf 

which are certainly far different from those secured before. Appar- 
ently the values secured by this method would depend upon the 
particular pair of observations selected, perhaps varying with each 

pair. 

If we work out estimated values for Y for given values of X by 
these two solutions, we get estimates as follows: 

According to the first result, 

y = - 5.5 + 1.875X 

when X = 10, Y = 13.25; when X = 20, Y = 32 

According to the second result, 

Y = - 72 + 10.86X 

when X = 10, Y = 36.6; when X = 15, Y = 90.9 

If we should then plot the two calculated points for the first of 
these equations, and connect them by a straight line, we should find 
that that line also passes through the two dots which represent the two 
observations from which the values were calculated. Similarly, if 
we should plot the two computed points for the second equation, and 
pass a straight line through them, that also would pass through the 
two dots which represent the values from which it was calculated. 
Clearly, therefore, fitting a line to two observations is merely deter- 
mining the line that passes through them. We could compute as 
many different lines as there are different pairs of observations not 
lying on the same line. 

Fitting a straight line to two points, as we have done here, is 
simply equivalent to drawing a line to pass through those two points. 
This is evident in Figure 9A. Here the dot chart shown originally as 
Figure 4 has been replotted. The dots used in computing the above 
equations have been designated by crosses. The two lines computed 
have been plotted in. Quite clearly no single line could pass through 
all the different points. If we computed more lines by this process 
of using selected pairs of points, we should just get a larger variety of 
different lines. 
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Fitting the line by “least squares.” If we are going to use a 
mathematically determined straight line at all, what we need is one 
which represents all 50 observations instead of any particular pair 
of them. No one line can exactly fit all 50 observations, for, as we 
have just seen, the line which would agree with the first and the last 
would not agree at all with the second and next to the last. What 
we shall have to find is some compromise line which will come as near 
as possible to agreeing with all the 50 observation equations, even 
though it does not exactly agree with any one. Mathematicians have 
worked out a method of obtaining such a line by the use of what is 


Distance to stop in feet 



Fig. 9A. Data for au'oniobile problem, and straight lines fitted to pairs of 

individual observations. 

known as the “method of least squares.” Although the process of 
determining the values of the constants a and b by this method is 
somewhat complicated, it takes all the observations into account, and 
gives each one of them an equal weight in the process. It is therefore 
of very great value in handling problems of this sort. 

The equations upon which the process is based are derived by 
the use of calculus, and their derivation is given in Note 2, Appendix 2. 
The method itself, however, is very simple and can be used by anyone 
having a knowledge of simple algebra. 

Computing the extensions. The individual observations are first 
listed as shown in Table 15. The speed in miles per hour is placed 
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TABLE 15 


Computation of Values for Determination of Line by Least Squares 


Speed in miles 
per hour, X 

Distance to stop 
in feet, Y 

X 2 

XY 

4 

2 

16 

8 

7 

4 

49 

28 

17 

50 

289 

850 

14 

36 

196 

504 

12 

20 

144 

240 

• 11 

28 

121 

308 

20 

48 

400 

960 

15 

54 

225 

810 

17 

40 

289 

680 

13 

34 

169 

442 

15 

26 

225 

390 

19 

68 

361 

1292 

10 

26 

100 

260 

18 

56 

324 

1008 

22 

66 

484 

1452 

18 

84 

324 

1512 

8 

16 

64 

128 

4 

10 

16 

40 

12 

14 

144 

168 

20 

56 

400 

1120 

23 

54 

529 

1242 

18 

76 

324 

1368 

12 

24 

144 

288 

16 

32 

256 

512 

18 

42 

324 

756 

19 

46 

361 

874 

24 

93 

576 

2232 

14 

26 

196 

364 

• 12 

28 

144 

336 

9 

10 

81 

90 

10 

34 

100 

340 

15 

20 

225 

300 

24 

70 

576 

1680 

25 

85 

625 

2125 

20 

64 

400 

1280 

19 

36 

361 

684 

13 

26 

169 

338 

10 

18 

100 

180 

7 

22 

49 

154 

16 

40 

256 

640 

14 

60 

196 

840 

20 

52 

400 

1040 

24 

120 

576 

2880 

24 

92 

576 

2208 

17 

32 

289 

544 

13 

34 

169 

442 

11 

17 

121 

187 

13 

46 

169 

598 

14 

80 

196 

1120 

20 

32 

400 

640 

Totals, 770 = XX 

2,149 = X Y 

13,228 = X(X*) 

38,482 = Z(A r y) 
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under the heading “X” and the distance-to-stop in feet is placed 
under the heading “Y” Then each X item is squared, and entered 
in the column headed “X 2 ”; and each X item is multiplied by tho 
accompanying Y item, and entered in the column headed “XY” 
Then all the items in each column are summed, giving the totals at 
the foot of each column. Just as before, in computing the standard 
deviation, we shall use the symbols “'EX” to represent the sum of all 
the X items; “EY” to represent the sum of all the Y items; 
“E{X 2 )” to represent the sum of all the X 2 items; and similarly, 
we shall use “2 (XT)” to represent the sum of all the products in 
the XY column. 

Solving the equations. Having obtained these values as indicated 
in Table 15, we can next proceed to find the. values of a and b by 
the aid of the following formulas: 

E(XY) - nM x M v 

E(X 2 ) - n(M x ) 2 1 ; 

a = M v — bM x * (10) 

In using these formulas the value of b is determined first, then 
it is used in the next formula to determine the value of a. 2 



15.4 



2149 

50 


42.98 


2 It should be noted that if both X and Y had been stated in terms of deviation 
from their mean values (just as was done when the standard deviation, a, was com- 
puted in Table 6), they would have been denoted by the symbols small x and small 
y. If the product shown in the fourth column of Table 15 had then been obtained 
by multiplying together these two values, it would have been designated xy, and 
its sum, ’Z(xy). The correction factors used in the first part of the formula (9) 
just given are used simply to change the product sum of the original observations, 
2(A r K), to what it would have been if it had been computed from the deviations 
of the mean instead. That is to say, 

2(XF) - c M Z M V = 2(xy) (11) 

Similarly, 2(X 2 ) - n(M x ) 2 = Sfx 2 ) 

Hence b = 2( xy)/2(x 2) 

Equations (9) and (10) are only another way of stating the “normal equations/ 



FITTING THE LINE BY “LEAST SQUARES" 


67 


Using the values for 2X, 27, 2(X 2 ), and 2X7 given in Table 
15, in equations 9 and 10, we find the values of 6 and a to be : 

h = 2(X7) - nM x M v _ 38,482 - 50(15.4) (42.98) 5,387.4 

2(X 2 ) - n{M x f 13,228 - 50(15.4) (15.4) “ 1,370 = 3 ' 93 

a = M y - bM x = 42.98 - (3.93)(15.4) = - 17.54 

The equation for the straight line, as thus determined by all the 
observations, is therefore 

Y = - 17.54 -t- 3.93X 

(For an exercise, plot this line in on the dot chart shown in Figure 4, 
on page 44.) 

This line is called the line of best fit, since it is the line which 
gives, for all the 50 observed values of X, values of Y which come 
as near as possible to agreeing with all the different Y values observed. 
While some equations, such as the two computed from 2 observations 
each, would come closer than would this one for some individual cases, 
they would be much farther off for other cases; this one comes closer 
to agreeing with all the cases than any other straight line. 3 

Estimating Y from X. We can see just how the equation for 
this line works by taking any given value for X we wish and working 
out what the estimated value for Y would be. That is, we can take 

which can be solved simultaneously to give the values for a and b. These equations 
are 

na -f (2X) b = 2T 
(ZX)a + (ZX 2 )b ~ 'ZXY 

These two equations can be solved simultaneously to get the values for a and 
b which will best fit all the equations, in the same way that the previous paired 
observations were put into simultaneous equations and solved simultaneously to 
get the values which would exactly fit the two observations. 

The method by which this line is fitted rests upon the assumption that the 
scatter of the individual observations around the fitted line will approximate a 
normal distribution. If one or two observations are exceedingly erratic as com- 
pared to the others, so that the scatter of the observations around the line will 
be very skew, this method of fitting may be unsatisfactory. 

8 The way in which this equation gives the best fit may be explained mathe- 
matically. If the differences between each of the actual observations and the 
estimated values given by this equation are computed, squared, and summed, 
that sum will be smaller than it would be if any other straight line were used. 
Since this method determines the line with the smallest possible squared devia- 
tions, the line is known as the “least-squares” line, and the method of com- 
puting it is known as the “method of least squares.” 
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any initial speed we wish and compute from the equation what would 
be the most probable distance required to stop, on the basis of the 
straight-line relationship. 

If 14 miles per hour is taken, X will be 14. Substituting this 
value in the equation gives the estimated value of Y. 

Y = - 17.54 + 3.93 (14) 

= - 17.54 + 55.02 

= 37.48 

So the number of feet which would probably be required to stop, 
when traveling at 14 miles per hour, would be about 37.5 feet. Com- 
paring this with the original observations, we see that the 4 cars 
recorded at this speed stopped in 36, 26, 60, and 80 feet, respectively. 
At 23 miles per hour the singlb car observed took 54 feet to stop. 
What estimate will the equation give for that speed? Let us see: 

Y = - 17.54 + 3.93 (23) 

= - 17.54 + 90.39 

= 72.85 

This is much higher than the single observation. But referring 
to Figure 4 we see that that observation fell far below the general 
trend of the other observations. The straight-line equation, based 
on all the observations, thus seems to give a more reliable estimate 
of the distance which is most likely to be required to stop at any 
given speed than does any one individual observation. 

But how far is it true that the straight line gives the most accurate 
estimate? Will it hold true for a speed of 1 mile per hour or for 
a speed of 50? Let us see. 

For 1 mile per hour the equation becomes: 

Y = - 17.54 + 3.93 (1) 

= - 17.54 -f 3.93 

= - 13.61 

For 50 miles per hour it gives: 

Y = — 17.54 + 3.93 (50) 

= - 17.54 + 196.5 

= 178.96 
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Of these two results, only the latter sounds at all sensible. To 
say that a machine moving 1 mile per hour stops in minus 13.61 feet 
is saying that it stopped 13.61 feet back of where the brakes were 
applied, which is certainly nonsense. On the other hand, to say that 
a machine traveling 50 miles per hour would stop in about 179 feet 
after the brakes were applied might be quite reasonable — if we had 
any direct evidence for machines traveling at that speed. But that we 
do not have. All that we have are observations on 50 machines travel- 
ing at rates varying from 4 to 25 miles per hour. Since we have no 
observations for speeds below 4 miles per hour, we cannot expect 
our equation to be of any reliability below that point; and, since we 
have no observations of speeds above 25 miles per hour, we cannot 
be sure that our equation will give good estimates beyond that point. 

Only within the range covered by the original observations can an 
estimating equation of this type be used. 

Of the 50 observations, there were 6 below 10 miles per hour and 

only one above 24, so 43 out of the 50 were between 10 and 24 miles 

per hour. For that reason no great reliance can be put in the equation 

below 10 miles per hour and above 24 miles per hour. Only within 

those limits where the bulk of the observations fell can the equation 

really be trusted. 4 For that reason the final equation, showing the 

average relation between speed and distance for automobiles, should 
be written: 

Y = — 17.54 -f- 3.93 ( X ), for values of X between 10 and 24 

Then the application of the equation is limited to the range given, 
and there is no danger of its being used to give absurd values for 
speeds too low or untested values for speeds too high. 

Now that the limits of the line have been considered, it may be 
well to compare it to the group averages used before, to see how this 
single line, based on all the observations, compares with the irregular 
line obtained when the observations were grouped. This can be done 
conveniently by drawing in the line on Figure 7, which showed not 
°nly the line of averages but also the limits within which those aver- 
ages were probably correct. This comparison is shown in Figure 10. 
he straight line determined by the least-squares solution has been 

See pages 113 to 121 for a discussion of the type of problem in which a formula 
be used to make estimates beyond the range covered by the data. See also 
a pter 18 for formulas for estimating the standard errors for a and b. 
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drawn in solidly for the range of speed in which most of the observa- 
tions fell and has been dotted in for the remainder of the range. 5 

Comparing the straight line with the group averages and the error 
limits within which they probably would fall, we see that the line 
does fall within those limits in every case but one, and in that case 
it just barely misses it. That shows that, so far as indicated by the 
number of observations we have on which to base the results, the 

Distance 

to stop 

in feet 

100 

60 

60 

4-0 

20 

0 

0 5 10 15 20 25 

Speed of auto — in miles per hour 

Fig. 10. Relation of speed of automobile to distance-to-stop as indicated by 
ranges around group averages and by least-squares straight line. 

straight line may serve as a more reliable indication of the general 
relation than does the irregular line of the group averages. 

The estimated distance required to stop, for each speed considered, 
is shown by the corresponding ordinate of the line in Figure 10. The 
estimated values may also be obtained by substituting the X value 
in the equation, just as has been done for the observations at 14 miles 
and at 23 miles. Carrying out this computation gives the estimated 
values shown in Table 16. Subtracting the estimated distances from 
the actual distances gives the residuals, or the difference between the 

5 This line is drawn in according to the equation by determining the Y values 
for any two convenient values of X, and then drawing a straight line connecting 
them. Thus if the values at the end of the bulk of the observations, 10 and 24, are 
taken for X, the accompanying values for Y are found to be 21.8 and 76.8. These 
Y values are then plotted opposite 10 and 24 for X; a straight line drawn connect- 
ing them ; and extended as a dotted line to cover the rest of the range. 
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two values. The symbol z is used in the table to designate these differ- 
ences. The average of these differences, taken without regard to sign, 
is 11.6 feet; their standard deviation is 15.07 feet. 6 

TABLE 16 


Speed of Atjto, Distance to Stop, and Distance Estimated from Speed 

by Linear Equation 


Miles 
per hour, 
X 

Actual 1 
distance, 
Y 

Estimated 

distance, 

Y' 

Residual 

(V-Y') t 

z 

Miles 
per hour, 
X 

Actual 

distance, 

Y 

Estimated 
distan e, 
Y' 

Residual 

(r-n, 

z 

4 

2 

-1.8 

3.8 

19 

46 

• 

57.1 

-11.1 

7 

4 


-6.0 

24 

93 

76.8 

16.2 

17 

50 

49.3 

0.7 

14 

26 

37.5 

-11.5 

11 

36 

37.5 

-1.5 

12 

28 

29.6 

-1.6 

12 

20 

29.6 

-9.6 

9 

10 

17.8 

-7.8 

11 

28 

25.7 


10 

34 

21.8 

12.2 

20 

48 

61.1 

-13.1 

15 

20 

41.4 

-21.4 

16 

54 

41.4 

12.6 

24 

70 

76.8 

-6.8 

17 

40 

49.3 

-9.3 

25 

85 

80.7 

4.3 

13 

34 

33.6 

0.4 

20 

64 

61.1 

2.9 

15 

26 

41.4 

' -15.4 

19 

36 

57.1 

-21.1 

19 

68 

57.1 

10.9 

13 

26 

33.6 

-7.6 

10 

26 

21.8 

4.2 

10 

18 

21.8 

-3.8 

18 

56 

53.2 

2.8 

7 

22 

10.0 

12.0 

22 

66 

68.9 

-2.9 

16 

40 

45.3 

-5.3 

18 

84 

53.2 

30.8 

14 

60 

37.5 

22.5 

8 

16 

13.9 

2.1 

20 

52 

61.1 

-9.1 

4 

10 

-1.8 

11.8 

24 

120 

76.8 

43.2 

12 

14 

29.6 

-15.6 

24 

92 

76.8 

15.2 

20 

56 

61.1 

-5.1 

17 

32 

49.3 

-17.3 

23 

54 

72.9 

-18.9 

13 

34 

33.6 

0.4 

18 

76 

53.2 

22.8 

11 

17 

25.7 

-8.7 

12 

24 

29.6 

-5.6 

13 

46 

33.6 

12.4 

16 

32 

45.3 

-13.3 

14 

80 

37.5 

42.5 

18 

42 

53.2 

-11.2 

20 

32 

61.1 

-29.1 


Interpreting the linear equation. Just what does the line of least 
squares tell us, now that we have decided it is a fairly accurate indica- 
tor of stopping distances — at least within the range 10 to 24 miles? 
We can answer that by trying to explain what the constants a and b 


6 The significance of this standard deviation of the residuals is explained on 


pages 129 and 494. 
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of the equation mean — the values —17.54 and 3.93, which we de- 
termined by least squares. 

The first of these constants, a, is merely an empirical value to 
place the height of the line. If observations available and the type 
of equation used were such that they could be expected to give a 
sensible value for the distance to stop when X was zero — that is, 
when the machine was not moving — then a would give that value, 
since when X = 0, Y = a. But, of course, when a machine is not 
moving, it does not take it any distance to stop, so in this case the 
a has no sensible interpretation at that point. But that is to be 
expected — as has been seen, the line as a whole has but little meaning 
below 10 miles per hour, and none at all below 4 miles; which was 
the lowest speed covered by the records. The constant a, therefore, 
has no meaning of and by itself in this particular example, but merely 
serves to place the height of the line as a whole for that range within 
which the line does have some meaning. 

The constant b, on the other hand, is always significant. It shows 
the difference in Y for every difference of one unit in X, on the 
average of all the observations, and within the range covered. In 
this particular problem, the value of 3.93 for b indicates that between 
4 and 24 miles per hour each increase of one unit in X , that is to say, 
each increase of one mile per hour in speed, causes on the average an 
increase of 3.93 units in Y — that is, of 3.93 feet in the distance re- 
quired to stop. This interpretation of b can always be made, and 
is one of the most significant results secured by determining the con- 
stants for the straight line. In comparison with the values shown in 
Table 13, ranging from 1.8 feet to 4.4 feet increase in stopping distance 
for each one mile increase in speed, this figure of 3.93 feet per mile 
increase in speed is seen as a sort of weighted average, averaging 
together all the different possible sorts of comparisons like those in 
Table 13. 7 

7 The value determined for b, like the value previously determined for the 
mean yield of corn, is not the true value for all the cars in the city studied, but 
is only the estimate of that value as determined from the cars included in the 
sample. Just as the sample mean may vary from the true mean for the universe, 
so the b computed from the sample may vary from the true b for the universe. 
Likewise, the possible extent of that variation may be indicated by estimating its 
standard error. The increase in distance-to-stop for each additional mile in speed 
should be stated as 

3.93 feet — (standard error of b) 

Pages 312 to 315 show how to calculate the standard error of b and explain its 
moaning more fully. 
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It should be noted that even though the straight line does fall 
within the standard error limits of most of the averages, as it does 
in this case, that by itself is no proof that the straight-line formula 
really expresses the true underlying relation between the speed of a 
machine and the distance that it takes it to stop in this example. 
It is a purely arbitrary method of describing relation, which ap- 
parently expresses the observed relation fairly well; but that is all. 
It is, after all, only an empirical expression of the relationship; and 
because it happens to agree fairly well is no proof that it expresses 
the true nature of the relation. In fact, there is as yet no proof that 
it is even the best empirical description of the observed relation that 
can be obtained; further tests, to be described in the next chapter, 
are necessary. 

But whether or not the straight line is the best function in this 
particular example, it is a type of relation of very great importance 
and usefulness. It is one of the simplest functions to fit and to ex- 
plain, and for that reason it is very widely used. The equations used 
in determining the constants of the equation (equations [9] and [10], 
page 66) are therefore of great importance. The student of analytical 
statistics should become thoroughly familiar with the methods of de- 
termining the constants of the equation and should understand thor- 
oughly both the meaning and the limitations of this type of analysis. 

Determining the constants for the linear equation for a given set 
of observations is called “ ‘fitting’ the equation to the data.” Because 
the linear equation is one of the simplest of all equations to “fit,” it is 
widely and frequently used. In many cases, no other possible relation 
is even considered. Actually, however, the linear equation is very 
limited in its logical meaning. By its very nature, it can represent 
only a situation where the change in the dependent variable, for a 
unit change in the independent variable, would be expected to be 
just the same regardless of how large or how small the independent 
variable was. This is a very precise and narrow relation. In many 
sets of relationship, the relation which theoretically would be ex- 
pected would be a changing relationship as the value of the inde- 
pendent variable changed, instead of this unchanging relationship. 
Unless there is a good logical reason to expect the linear equation to 
represent truly the situation present, fitting a straight line can be re- 
garded only as an empirical exercise, with no meaning to the constants 
obtained beyond the purely formal one of specifying the straight 
line that most nearly represents the data, 
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Summary. To express a functional relationship by a straight 
line, the constants may be determined arithmetically by the “method 
of least squares.” Such a line gives the “line of best fit” under the 
assumptions of that method: a normal distribution of the observa- 
tions around the line and the reduction of the squared residuals to a 
minimum. Estimates of the dependent variable may be made accord- 
ing to the linear function for any value of the independent variable. 
Only within the range which includes the bulk of the independent 
values does this estimate have meaning, however; and only then if 
the straight line gives a satisfactory expression of the observed rela- 
tion, either empirically or logically. 


Note 1, Chapter 5. Just as a straight line can be fitted to show the average 
distance-to-stop for each given rate of speed, so another straight line can be fitted 
if the variables are reversed. In that case the speed, miles per hour, could be 
regarded as the dependent or Y variable, and the distance-to-stop, feet, would be 
regarded as the independent or X variable. Working out the values of a and b 
for this reverse statement of the problem will be left as an exercise for the stu- 
dent. In line with the note to Chapter 4, it will be found that the value of this 


new b is not equal to ^ as previously determined, but will differ slightly from it.. 

0 



CHAPTER 6 


DETERMINING THE WAY ONE VARIABLE CHANGES WHEN 
ANOTHER CHANGES: (3) FOR CURVILINEAR FUNCTIONS 

A straight-line equation is frequently a fairly good empirical state- 
ment of the relation between two variables even when the true rela- 

* 

tion is more complex than the straight line can portray. Yet it may 
be just as important to know the exact or approximate nature of the 
relationship as it is to have an empirical statement of it. For that 
reason it is necessary to consider other ways of expressing a relation- 
ship than the straight line. 

In the automobile-stopping case we have been using as example, 
Figures 4 and 10 showed that the straight line agreed fairly well 
with the averages from the observations. Closer examination of the 
figures, however, reveals that for speeds below 10 miles per hour the 
actual stopping distance was usually greater than is indicated by the 
line; for speeds 10 to about 17 miles per hour the average stopping 
distance was about the same as indicated by the line; above 20 miles 
per hour the stopping distance was frequently much greater than 
is indicated by the straight line. These considerations rob the line 
of much of its usefulness for the purpose for which the study was 
started — to serve as a basis for establishing speed limits. The linear 
relation between speed and stopping distance is apparently not accurate 
above 20 miles per hour, tending to underestimate the distance required 
at higher speeds. Since that might be the very range within which 
it was desired to set the speed, the conclusions most needed for that 
particular purpose would be lacking. 

The real difficulty involved is in the assumption that the straight- 
line function applies. We have assumed that an increase of one mile 
in the speed of the car increases the distance required to stop by 
the same number of feet, no matter how fast the car is already travel- 
ing. When we examine Figures 5 and 10 closely, we see that this is 
not correct; the line of averages slants up slowly at first, then tends 
to rise more steeply as the speed is increased, until it has the steepest 
slope at the highest speed. It is therefore incorrect to assume that 
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we can express the relation by determining the average increase in 
stopping distance for an increase of one mile in the rate of speed; 
for the increase in stopping distance is not the same regardless of 
the rate of speed , but tends to become greater as the rate of speed 
increases. Only if our expression of the relation can express that fact 
too will it sum up all our observations with sufficient accuracy. 

What is needed is some general way of stating the relation between 
speed and distance, similar to the general relation expressed in the 
straight-line formula, yet expressing a changing relationship instead 
of the uniform linear relation shown by the straight line. 

Different types of equations. In the same way that it is pos- 
sible to represent relations mathematically by a straight line, it is 
possible to represent them by curves of various types. We have seen 
how the equation Y = a + bX can be used to represent any straight 
line by determining the proper values to be assigned to the constants 
a and b. There is practically no limit to the different kinds of curves 
which can be similarly described by mathematical equations. The 
equations of a number of curves which are useful in statistical analysis 
of the relations between variables are: 


Y = a + bX + cX 2 

(a) 

log Y = a + bX 

(6) 

log Y = a + b log X 

• 

(c) 

Y = a -f- 6 log X 

(d) 

Y = - 

a + bX 

(«) 

Y = a + bX + cX 2 + dX 3 

(/) 

Y = a bX + c f— ) 

G 9 ) 


Each of these equations can be used to represent a certain type 
of curve. Thus type («) is the equation of a parabola. If we take 
certain values for the unknown constants a, b, and c, substitute them 
in the formula, work out the values of Y for various values of X , and 
plot them the same as we did before, we will see the sort of curve 
this equation can be used to express. Thus if we take 1 for a, 0.5 
for 6, and — 0.1 for c, the equation will read: 

T = 1 + 0.5X - 0.1X 2 
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When the value of X is 0, Y will be 1, obviously. When X is 1, Y 
will be 

Y = 1 + 0.5 (1) - 0.1 (l 2 ) 



When X is 2, Y will be 

Y = 1 + 0,5 (2) - 0.1 (2 2 ) 
= 1 + 1 - 0.4 
= 1.6 


Similarly, when X is 3 

Y = 1 + 0.5 (3) - 0.1 (3 2 ) 
= 1 + 1.5 - 0.9 

= 1.6 

For X equal to 4 

Y = 1 + 0.5 (4) - 0.1 (4 2 ) 


and for X = 5 


and for X = 6 


= 1.4 

Y = 1 + 0.5 (5) - 0.1 (5 2 ) 
= 1 

Y = 1 + 0.5 (6) - 0.1 (6 2 ) 
= 0.4 


Plotting each of these values on cross-section paper and drawing 
a smooth curve through the several points, we get the result shown in 
Figure 11 in the center of the top section. Examination of the figures 
above and of this chart discloses one characteristic of this type of 
curve — the curve is always symmetrical on both sides of the highest 
point — the point where it stops going up and starts to turn down 
(as half way between X = 2 and X = 3 in this case). The value 
of Y when X = 2 is the same as when X = 3. When X = 1 it is the 
same as when X = 4 and, for X = 5, Y is the same as when X = 0. 
As a result the curve could be cut into halves at the point of turning 
downward, one of which would be the reverse of the other. Besides 
this characteristic symmetry, this curve has another peculiarity 
it has one, and only one, change from moving upward to moving down- 
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ward, no matter what values are assigned to a, b, and c, or how far 
it is carried out. For the equation shown, the curve reaches its highest 
point when X = 2.5. As shown in Figure 11, the curve continues 
downward on both sides of this point, no matter how large the positive 
or negative values of X become. Thus if X = 100, 

Y = 1 + 0.5 (100) - 0.1 (100 2 ) 

= 1 + 50 - 1000 


If X = - 100 


= - 949 

y = 1 + 0.5 (-loo) - o.i (-loo 2 ?) 

= 1 - 50 - 1000 
= - 1049 


If the value of b were negative and of c were positive, the curve 
would then be concave from above instead of convex and would be 
symmetrical with respect to its lowest point. 

Because of the characteristics mentioned, this type of curve is not 
very satisfactory to represent many types of relations. It does have 
great flexibility, in that many differently shaped curves can be repre- 
sented by some particular segment of the parabola; but on the other 
hand the parabolic shape itself is so simple that many times the real 
relation between the variables cannot be represented by a parabola. 

The characteristics of a number of other types of simple curves 
are also illustrated in Figure 11. In each case an equation of the 
type indicated has been assumed, and the values of Y corresponding 
to values of X have been computed as has just been done for the 
simple parabola. Then plotting these computed values gives the 
curves shown. Thus type (/), the cubic parabola, is seen to have one 
maximum point and one minimum point and one point of inflection 
(the point where the curve changes from concave from above to con- 
vex, or vice versa). No matter what values are assigned the constants 
in this equation, it can have only the single inflection and the two 
points of maxima and minima. Of course the- particular data to be 
represented might fall anywhere along the entire course of the curve 
if only a single change from positive to negative slope were required, 
the point of inflection in the cubic parabola might lie beyond the 
extremes of the data, and so not show at all when the fitted curve 
was plotted for the range covered by the data. 

Figure 11 also illustrates curves of types (6) to (e), as well as 
some others not given special type designations. In each case where 
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the log of Y is used in place of Y y it is evident that the previous 
curve has been modified as if by compressing the ordinates nearest 
zero and stretching out the ordinates farthest away from zero, stretch- 
ing them more and more as they depart more and more from zero. 
This process transforms the straight lines of Y — a bX to a curve 
concave from above when log Y = a + bX is used instead ; or, when log 



Fig. 11. Curves illustrating a number of different types of mathematical functions. 


Y — a + bX + cX 2 is substituted for Y = a 4- bX 4- cX 2 , it lengthens 
out the top of the bend if b is positive, or flattens out the bottom of the 
dip if b is negative. Similar results are found with the cubic parabola. 

Similarly, when log X is used in place of X, the previous curves 
are modified as if the abscissas were compressed near zero, and 
stretched out in the higher values. This changes the straight line 
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of y = a + bX to a curve for Y = a 4- b log X, convex from above 
when b is positive and concave from above when b is negative. The 
parabolas are similarly transformed, making the slopes different on 
each side of the bend in the simple parabola or on each side of the 
inflection in the cubic. The effect is to move the “hump” or “dip” 
in nearer to the zero abscissa and to stretch out the remainder of 
the curve (including the second bend, in the case of the cubic 
parabola). 

When logarithms are used for both X and Y, the effect is to modify 
both sets of coordinates in the manner previously described. The 
curve log Y = a + b (log X) may have either a concave or convex 
bend if b is positive, but is always concave from above if b is negative. 
Similar modifications are noted in the case of the simple parabola. 

In any event it should be noted that the curves whose equations 
contain logarithms retain some of the same characteristics as those 
with similar equations without logarithms. Thus the linear equa- 
tions (with only a and b) never change from a positive to a negative 
slope; the simple parabola always has one such change, if carried out 
far enough; and the cubic parabola always has two such changes. 
In addition, it should be noted that a variable can be stated in terms 
of logarithms only if it has no negative values. Whereas the other 
functions can express negative values as readily as positive ones, the 
logarithmic curves always become asymptotic as they approach zero — 
that is, they tend to flatten out and to run almost parallel with the axis. 
This is because a logarithm cannot be obtained for a negative number. 
No matter how small a logarithm becomes, the corresponding anti- 
logarithm is still positive, even if only a very small decimal fraction. 

The hyperbola (type [e]) shown just below the center of Figure 
11 also is peculiar in that it can become asymptotic as it approaches 
both the X axis and the Y axis, even if one or both of the variables 
are in negative values. 1 However, the values of X and Y which it ap- 

1 There are three types of simple hyperbolas which are frequently useful in 
curve fitting: 


Y = is an equilateral hyperbola, asymptotic to a line parallel to the X axis; 

a -f- bX 

Y = a + & is an equilateral hyperbola asymptotic to a line parallel to the 

Y axis; 

y r = a + b is an equilateral hyperbola asymptotic tc lines parallel to both 


axes. 
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proaches are not the zero values, as with the logarithmic curves, but 
special values which vary in each particular case and depend upon 
the value of the constants a and b in the equation. Still more complex 
curves of the same hyperbolic type may be obtained by including 
higher powers of X , such as 


a + 6X.+ cX 2 

Still other curves may be represented by hybrid equations, which 
combine two or more of the simple types described thus far. Thus 
type (g) is a compound of a simple linear equation and a simple 
hyperbola. This is sometimes useful to represent curves which cannot 
be represented by the simpler types. The choice of an equation to 
represent a particular set of data, however, depends upon logical 
analysis as well as upon the empirical ability of a given equation to 
represent the relation found. This matter is discussed at length sub- 
sequently on pages 113 to 125. 

The equations discussed to this point all have one characteristic in 
common. They can all be fitted to the data by relatively elementary 
arithmetic operations, as will be shown subsequently. There are many 
other types of more complicated equations which cannot be fitted so 

4 

readily. These can reproduce curves with recurrent or periodic oscilla- 
tions, growth curves, and other complicated biological or physical 
phenomena. Discussion of the use and fitting of such complicated 
curves lies outside the scope of this book. 2 

The ina'bility of any one equation to represent many simple curves 
• may be illustrated by taking a different example from the automobile- 
stopping case we have been considering previously. Table 17 shows a 
series of observations of two variables — the protein content of dif- 
ferent samples of wheat, as determined by chemical analysis, and the 
proportion of “hard, dark, vitreous kernels” in each sample, as de- 
termined by visual examination with the naked eye. The relation here 
is quite different from the one we have been considering so far. There 
is no causal connection between these two variables in the sense of 
one’s being caused by the other. Instead, they are merely two differ- 
ent ways of measuring the character of the wheat. It is a short, 
rapid process, however, to examine the samples by eye and determine 

2 For examples of such complicated curves and methods of fitting thorn, see 
Frederick E. Croxton and Dudley J. Cowden, Applied General Statistics, pp. 540- 
571, 441-462, New York, Henry Holt and Co., 1940. 
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the percentage of hard, dark, vitreous kernels, whereas it is a long and 
expensive process to run a chemical test on each lot. For that reason 
it is of importance to know whether it is possible to estimate the 
protein content from the percentage of vitreous kernels, and, if so, 

TABLE 17 

Protein Content and Proportion of Vitreous Kernels for Each of a Number 

of Samples of Wheat* 


Sample number 

Protein content 

Proportion of 
vitreous kernels 


Per cent 

Per cent 

1 


6 

2 

12.2 

75 

3 

14.5 

87 

4 

11.1 

55 

5 

10.9 

34 

6 

18.1 

98 

7 

14.0 

91 

8 

10.8 

45 

9 

11.4 

51 

10 

11.0 

17 

11 

10.2 

36 

12 

17.0 

97 

13 

13.8 

74 

14 

10.1 

24 

15 

14.4 

85 

16 

15.8 

96 

17 

15.6 

92 

18 

15.0 

94 

19 

13.3 

84 

20 

19.0 

99 


* These values arc actual items, picked so as to show the relationship more clearly. Actually, 
the correlation is not so high as is shown by these selected cases. 


how closely. So even though the vitreous kernels do not cause the 
differences in protein, we can still regard the proportion of vitreous 
kernels as the independent variable and the percentage of protein 
as the dependent variable. That means only that we are going to try 
to estimate the dependent (protein) from the independent (percentage 
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of vitreous kernels) even though there is no direct cause-and-effect 
relation present. 

The relation between the proportion of vitreous kernels and the 
per Cent of protein may be seen more readily if a dot chart is made, 
showing the two variables for each’ of these individual observations. 
According to the previous discussion, we shall regard the proportion 
of kernels vitreous as X, the independent variable ; and the percentage 
of protein as the dependent variable, Y. In preparing the dot chart, 
shown in Figure 12, we shall therefore plot the X values, or percentage 



O 20 40 60 80 100 

X -Vitreous kernels, in percent 

Fig. 12. Dot chart showing relation of proportion of vitreous kernels to 

protein content of wheat. 

of vitreous kernels, along the horizontal axis and the Y values, the pro- 
portion of protein, along the vertical axis. 

It is quite obvious from an inspection of the figure that a straight 
line would not do to represent the change in protein with change in 
vitreous kernels. Some type of curve is necessary. Let us see if the 
simple parabola is the proper type of curve. 

“Fitting” a simple parabola. To represent the relationship be- 
tween the two variables according to the formula 

Y = a + bX + cX 2 (12) 

we shall have to determine from the 20 observations the values to assign 
to the constants a, b, and c, just as before for the straight line we 
had to determine values for a and b. (Of course the a and b for 
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the parabola will not be the same as the values for the straight 
line — unless c happens to be zero, which would make the equation 
for the parabola give a straight line instead.) The values for these 
constants are determined by constructing and solving the following 
equations: 3 

(2 x 2 )b -f- (2 xu)c = 2 xy 
(2 xu)b -f- (2 u 2 )c — Xuy 

and 

a = M v - b(M x ) - c(M u ) (14) 

The values necessary in constructing equations (13) and (14) are 
derived as follows: 

Use U to represent the X 2 values of equation (12) . 4 

Then 

M x 

2* 2 
2 xu 
2 u 2 
2 xy 
2uy 

After computing these values, the two equations (13) are solved 
simultaneously to obtain the values for b and c, and then these 
values are substituted in equation (14) to obtain the value for a. 

Table 18, following, shows the form of computation in the first 
step to obtain these values for the data of Table 17. 

3 An alternative method is to solve the following three equations simultane- 
ously. The clerical work is about the same in both methods. 

no + (2 X)b + (2U)c = 2T 
(2A> + (2 X 2 )b + (2 UX)c = 2 XY 
(2 U)a + (2UX)b + (2U 2 )c = 2 YU 

These equations are derived by the process explained in Note 2, Appendix 2. 

4 If U is made equal to A' 2 divided by some convenient number, say 1,000, the 
volume of necessary arithmetic can be materially reduced, without affecting the 
accuracy of the result. See Note 3, Appendix 2, for proof. 
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TABLE 18 


Computation, for Wheat Problem, of Values Needed to Determine 

Constants of the Simple Parabola 


Per cent 
vitreous 
kernels 

X 

Per cent 
protein 
(minus 10)* 
Y 

X 2 and U 

XU 

U 2 

XY 

UY 

6 

am 

6.3 

36 

216 

1,296 

1.8 


10.8 

75 

2.2 

5,625 

421,875 

31,640,625 

165.0 


12,375.0 

87 

4.5 

7,569 

658,503 

57,289,761 

391.5 


34,060.5 

55 

1.1 

3,025 

166,375 

9,150,625 

60.5 


3,327.5 

34 

0.9 

1,156 

39,304 

1,336,336 

30.6 


1,040.4 

98 

8.1 

9,604 

941,192 

92,236,816 

793.8 


77,792.4 

91 

4.0 

8,281 

753,571 

68,574,961 

364.0 


33,124.0 

45 

0.8 

2,025 

91,125 

4,100,625 

36.0 


1,620.0 

51 

1.4 

2,601 

132,651 

6,765,201 

71.4 


3,641.4 

17 

1.0 

289 

4,913 

83,521 

17.0 


289.0 

36 

0.2 

1,296 

46,656 

1,679,616 

7.2 


259.2 

97 

7.0 

9,409 

912,673 

88,529,281 

679.0 


65,863.0 

74 

3.8 

5,476 

405,224 

29,986,576 

281.2 


20,808.8 

24 

0.1 

576 

13,824 

331,776 

2.4 


57.6 

85 

4.4 

7,225 

614,125 

52,200,625 

374.0 


31,790.0 

96 

5.8 

9,216 

884,736 

84,934,656 

556.8 


53,452.8 

92 

5.6 

8,464 

778,688 

71,639,296 

515.2 


47,398.4 

94 . 

5.0 

8,836 

830,584 

78,074,896 

470.0 


44,180.0 

84 

3.3 

7,056 

592,704 

49,787,136 

277.2 


23,284.8 

99 

9.0 

9,801 

970,299 

96,059,601 

891.0 


88,209.0 

1,340 

68.5 

107,566 

9,259,238 

524,403,226 

5,985.6 

542,584.6 


/o *Z° 8implify the following calculations, 10.0 has been subtracted from each protein reading 
(See Note 3, Appendix 2.) 


The values at the foot of the table give the values called for in 
equations (15). Substituting the values as computed for those shown 
symbolically, the arithmetic appears as follows: 


M x 

My 

M u 


XX 

1,340 

n 

20 

XY 

68.5 

n 

20 

XU 

107,566 

n 

20 


= 5,378.3 
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ZX 2 - nMl = 107,566 - 20(67) 2 = 17,786 

.ZXU - nM x M u = 9,259,238 - 20(67) (5,378.3) = 2,052,316 
ZU 2 - nMl = 824,403,226 - 20(5,378.3) 2 = 245,881,008 
ZXY - nM x M y = 5,985.6 - 20(67)(3.425) = 1,396.1 
ZUY - nM u My = 542,584.6 - 20(5,378.3) (3.425) = 174,171.05 

These calculations give the values needed in equations (13), which 
are to be solved simultaneously to obtain the values of' b and c. Sub- 
stituting the values just computed in the equations gives the two equa- 
tions to be solved as follows: 

(A) (2 x 2 )b+(Zxu)c = Zxy f 17,7866+ 2,052,316c = 1,396.1 

(B) (Zxu)b+(Zu 2 )c = (Zuy)\ |2, 052, 3166+245, 881, 008c= 174,171.05 

The simplest way to solve these is by the Doolittle method, as indi- 
cated in Appendix I, page 464. 

Solving the equations simultaneously gives b = — 0.0879, c = 
0.001442. These values are then substituted in equation (14) to obtain 
the value for a. 

a = M y - b(M x ) - c(M u ) 

= 3.425 - (-0.0879) (67) + (0.001442) (5,378.3) 

= +1.56 

With our values for a, b, and c, we can now write out the equation 
for the parabola, Y = a + bX + cX 2 (12), for this particular case as 
follows: 

y = 1.56 - 0.088X + 0.00144X 2 

Since 10 was subtracted from the percentage of protein before calcu- 
lating the equation, 5 to estimate the actual percentage 10 must be added 
back in, making the equation read 

Y = 11.56 - 0.088X + 0.00144X 2 

This then is the equation of the simple parabola which comes ' 
nearest to describing the relationships between Y and X. From it 
the percentage of protein in a given sample of wheat may be estimated 
from the percentage of hard, dark, vitreous kernels in that sample. 

5 Sec Note 3, Appendix 2, for proof that this does not affect the values obtained 
for Z(x 2 ),Z(xy), etc. 
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We can see how the estimates are made by working them out for 
some of the samples. If we take the values of X for the first five 
samples in Table 18 — 6, 75, 87, 55, and 34, for example — and substitute 
them in equation (I) above, we obtain estimated values for Y as 
follows : 

When X = 6 

Y = 11.56 - 0.088(6) + 0.00144(36) = 11.08 

When X = 75 

Y = 11.56 - 0.088(75) + 0.00144(5625) = 13.06 
When X = 87 

Y = 11.56 - 0.088(87) + 0.00144(7569) = 14.80 
When X — 55 

Y = 11.56 - 0.088(55) + 0.00144(3025) = 11.08] 

When X = 34 

Y = 11.56 - 0.088(34) + 0.00144(1156) = 10.23 

Substituting each of the values of X in the formula in turn in 
a similar manner, we obtain estimated values for Y as shown in Table 
19. So as to distinguish between the actual values of Y, and the 
values for Y estimated from X according to the equation of the 
parabola, we shall designate the latter as Y' values. 

It is quite apparent from the table that the actual and the esti- 
mated values generally fall rather near each other, the estimates part 
of the time being too high and part of the time too low. We can 
get a better idea of the relation between the estimated and actual 
values by plotting both on a dot chart (Figure 13), similar to the way 
we did in Figure 12, using dots as before to represent the values of Y 
originally observed and crosses to represent the estimated values, Y'. 
Since the Y' values are all computed from the formula, the crosses all 
lie on a continuous smooth curve, which we can sketch in freehand, as 
indicated by the dotted line in the figure. Now if we want to estimate 
the protein for a sample with a proportion of vitreous kernels not 
included in our problem, say 65 for example, we can determine it 
either by substituting 65 for X in equation (I) , and computing it out, 
or by reading from our smooth curve the Y value corresponding to 
an X value of 65. Of course this graphic interpolation, as it is called, 
will not be quite so exact as will the actual computation, but for many 
purposes the result will be sufficiently accurate. 


88 


SIMPLE CURVILINEAR REGRESSION 


Let us now examine Figure 13 and decide whether the formula 
for the parabola gives a satisfactory “fit” in this case — whether the 
estimated values do agree fairly well with the actual. We see at 
once that the curved line of the estimates does come closer to agreeing 
with the actual values than any straight line could. But on the other 


TABLE 19 

Comparison, for Wheat Problem, of Actual Protein Content with Protein 
Content Estimated From Per Cent of Vitreous Kernels on Basis of 

the Simple Parabola 


Per cent vitreous 
kernels, X 

Per cent protein 
(minus 10), Y 

Estimated per cent 
protein (minus 10), 
Y' 

Difference between 
actual and esti- 
mated protein, 

(Y - Y') 

6 

0.3 

1.08 

-0.78 

75 

2.2 

3.06 

-0.86 

87 

4.5 

4.80 

-0.30 

55 

1.1 

1.08 

+0.02 

34 

0.9 

0.23 

+0.67 

98 

8.1 

6.79 

+ 1.31 

91 

4.0 

5.50 

-1.50 

45 

0.8 

0.52 

+0.28 

51 

1.4 

0.83 

. +0.57 

17 

1.0 

0.48 

+0.52 

36 

0.2 

0.26 

-0.06 

97 

7.0 

6.60 

+0.40 

74 

3.8 

2.95 

+0.85 

24 

0.1 

0.28 


85 

4.4 

4.51 

-0.11 

96 

5.8 

6.41 

-0.61 

92 

5.6 

5.68 

-0.08 

94 

5.0 

6.04 

-1.04 

84 

3.3 

4.35 

-1.05 

99 

9.0 

6.99 

+2.01 


hand we see that the general shape of the parabolic curve and the 
general trend of the actual relationship is rather different. For low 
proportions of vitreous kernels, the estimated values are generally 
too low; for the highest proportions, they are also generally too low; 
whereas for proportions of vitreous kernels ranging from 70 to 95 
per cent, the estimates are too high. 
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Apparently the equation of the simple parabola is not adequate to 
describe this particular relationship. Especially for high proportions 
of vitreous kernels, the estimates are quite inaccurate. For 99 per 
cent vitreous, the parabola would estimate 17.0 per cent protein, 
whereas both samples over 97 per cent vitreous kernels had over 18 
per cent protein. The failure of this curve to give a satisfactory 
“fit” is not due to any error in the computations but merely to the 
fact that this formula cannot give the proper-shaped curve to fit the 
relationship in this case. The mathematical properties of the equa- 
tion itself are such that, no matter what constants are used for a, b, 


protein content 
in percent 



0 20 4-0 60 80 100 

X” Vitreous kernels, in percent 

Fio. 13. Dot chart showing relation of vitreous kernels to protein content of 

wheat, and parabolic curve fitted to same. 

and c, it cannot come any closer to describing the true relation. The 
method just used in computing a, b, and c gives the best values for 
this case; any other three values substituted in the same formula 
would do even less well in “fitting” this particular set of observations. 

“Fitting” a cubic parabola. The cubic parabola, type (/) of 
the equations on page 76, might be tried to see if it would describe 
this particular relationship more closely. 

The equation of the cubic parabola, 

Y = a + bX + cX 2 -f dX 3 (16) 

has four constants a, b, c, and d to be computed. Here again, of 
course, a, b, and c will be different from those we have computed 
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previously, unless the d value comes out zero. The values b, c, and 
d are computed by the simultaneous solution of the following three 
equations: 6 

Use U to represent the X 2 of equation (16) and V to represent 
the X 3 . 


(Zx 2 )b + (Zxu)c + (2 xv)d = 2 xy 
(2 xu)b + (2u 2 )c + (2 uv)d = 2 uy 
(2 xv)b + (2nv)c + (2i; 2 )a = 2 vy 



The value for a is then computed from the following equation: 


a = M v - b(M x ) - c(M u ) - d(M v ) (18) 

The values for 2.t 2 , Hxu, Xxy, 2u 2 , and 'Zuy are com- 

# 

puted as shown previously, equations (15). The additional values 
required in equation (17) are computed as follows: 


M v = 
'Zuv = 

2xi; = 
2y 2 = 
2 vy = 


2U 

n 

2 UV 
2XF 
2 V 2 - ?iM 
2 VY 


nM u M v 

nM x M v 


— nM v M v 



It should be noted that among the values required to “fit” this 
cubic parabola, that is, to determine the constants a, b, c, and d, are 
such values as 2U 2 and 2 UV. Remembering that V = X 3 , and 
U = X 2 , we need to calculate X 3 and X 3 . For X = 10, X<* = 1,000,000, 
so for values of X such as those in Table 17, ranging from 6 to 99, it 
would take a tremendous volume of computation to compute the 
values required in equations (17), (18), and (19). This may be 
reduced by letting U = X 2 /100, and V = X r 3/10,000. The computa- 


6 The alternative method here involves the simultaneous solution of 4 equa- 
tions, as follows: 

na + (2 X)b + (2 U)c + &V)d = 2F 
&X)a + (2X2)6 + (2 XU)c + (ZXV)d = 2 XY 
(2U)a + Z(UX)b + (2 lT-)c + (2 UV)d = 2C/X 
(2F)a + (2l'A')6 + (2 UV)c + (XV 2 )d = ZVY 
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tion is not shown here in detail. It follows the general form of that 
given in Table 18; and the solution of the equations (17), starting in 
just as shown on page 200, may be most conveniently carried through 
by the method shown subsequently on page 464. 

Even when the cubic parabola is “fitted” to the data given, how- 
ever, it does not give a satisfactory “fit.” Thus Figure 14 shows 
the cubic parabola fitted to the data, worked out as just described. 
The values found gave the equation 

Y - 0.35 + 0.0345X - 0.1397(X 2 /100) + 0.1788(X 3 /10,000) 
or, clearing of fractions, 7 

Y = 0.35 + 0.0345X - 0.0014X 2 + 0.000018X 3 

Adding in the 10 which was subtracted from Y before making the com- 
putations, the equation becomes 

Y = 10.35 + 0.0345X - 0.0014X 2 + 0.000018X 3 

In Figure 14, the original observations are represented by dots, the 
estimated values from the cubic parabola are represented by stars, 
and the curve of the simple parabola is also shown. A curve has been 
drawn through the stars to show the general shape of the cubic 
parabola. 

The last curve comes milch closer than the previous curve to 
describing the relationship which actually exists. Even so, however, 
it is not entirely satisfactory, for it gives estimates which are still too 
low at the very highest percentage of vitreous kernels. Except for 
this portion, and the downturn at the beginning, it seems quite 
satisfactory. 

There are still other types of curves, however, some of which might 
give better fits than the ones we have tried. For instance the fourth- 
order parabola, 

Y = a + bX + cX 2 + dX 3 -f cX 4 

can be fitted by an extension of the methods just described, as can 
parabolas with even more terms. Those are rarely useful, however, as 
the greater the number of terms, the greater the tendency becomes for 
the curve to “wiggle.” In addition, the volume of arithmetic required 
becomes extremely burdensome — the computations for the fourth- 
order parabolas involving powers of X up to X 8 . 

7 See Note 3, Appendix 2, for proof of this step. 
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Furthermore, there are only a limited number of observations, 
20 in all. If a parabola were fitted with 20 constants, for example, 
it would simply twist and turn so as to pass through every observa- 
tion. Since it would simply reproduce these 20 observations, it would 
be of no value at all in indicating the relation which probably holds 
true in the universe from which the observations in the sample are 
drawn. (See Chapters 18 and 22 for further discussion and mathe- 


Protein content 
in per cent* 



0 20 4-0 60 00 100 

X - Vitreous kernels, in percent 

Fio. 14. Dot chart, with parabola and cubic parabola. 

matical measures of this question of the sampling significance of a 
fitted curve.) 

Fitting lines or parabolas to time series. In studying time series, 
it is sometimes desirable to fit a straight line or a curve to the suc- 
cessive observations as a means of determining the long-time trend. 
The techniques of time-series analysis lie outside the scope of this book, 
and therefore are not given especial consideration here. 8 Fitting a 
mathematical trend to a time series involves regarding the succes- 
sive months or years as values of the X, or independent, variable. 
The fact that these values are regularly spaced, 1, 2, 3, 4, etc., and 

% 

8 An excellent discussion of the methods and meaning of time-series analysis is 
given by Frederick C. Mills in his textbook, Statistical Methods, Chapters VII, 
VIII, and XI, revised edition, Henry Holt and Co., New York, 1938. See also 
Max Sasuly, Trend Analysis of Statistics, The Brookings Institution, Washington, 
1934. 
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that the same succession reoccurs in many problems, makes possible 
special methods and special tables, which greatly reduce the labor 
of fitting the equations. This method of computation, known as 
orthogonal polynomials, should be used in determining lines or para- 
bolic curves for such data. 9 

“Fitting” a logarithmic curve. Some of the other types of curves 
mentioned on page 76, particularly types b, c, and d, involving 
logarithms, and type e , using reciprocals, may be fitted with relatively 
little computation. The methods of fitting one of each of these types 
may be shown for the present case, even though they may fail to give 
any better fit than the curves which have already been computed. 

The three simple types of logarithmic curves, b, c, and d , may all 
be fitted by exactly the same method previously used in fitting a 
straight line, except that the logarithms of X, of Y, or of both together 
are employed where otherwise the values of the variables themselves 
are used. Comparison of the straight-line formula with the logarithmic 
formula indicates how this is done. 

If we use Y to represent the logarithms of the Y values, and X to 
represent the logarithms of the X values, our equations will change as 
follows: _ 

(6) log Y — a - \- bX , to Y = a + bX 

(c) log Y — a b log X, to Y = a + bX 

( d) Y = a 6 log X, to Y = a -f bX 

' In each case it is evident that the new equation is identical in form 

with the simple straight-line equation, 

Y = a -f- bX 


and the same methods may therefore be used in determining the con- 
stants a and b as were used earlier in equations (8) to (11). 

Some indication as to which one of the three logarithmic formulas 
will come nearest to fitting a given set of data can be obtained by con- 
verting both the X and Y values to logarithms, variables X and Y, and 
then making dot charts of Y against X , of Y against X, and of 1 against 
X. If one chart shows the dots falling in substantially a straight line 

®For methods of fitting orthogonal polynomials, see Frederick E. Croxton and 
Dudley J. Cowden, Applied General Statistics, pp. 433-35, Prentice-Hall, Inc., New 
York, 1940, and R. A. Fisher, Statistical Methods for Research Workers, seventh 
edition, Oliver and Boyd, Edinburgh and London, 1938, pp. 148-155. 
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the equation corresponding to that chart will give the most satisfactory 
fit. 10 

The first step in applying any one of the three logarithmic equa- 
tions to the data of the wheat example is to work out the logarithms 

TABLE 20 

Variables in Wheat Problem and Logarithms of Values 


Per cent protein 

Y 

Per cent vitreous 
kernels 

X 

Logarithms of Variables:* 

Protein 

Y 

Vitreous kernels 

X 

10.3 

6 

1.013 

0.778 

12.2 

75 

1.086 

1.875 

14.5 

87 

1.161 

1.940 

11.1 

55 



10.9 

34 


1.531 

18.1 

98 

1.258 

1.991 

14.0 

91 

1.146 

1.959 

10.8 

45 

1.033 

1.653 

11.4 

51 

1.057 


11.0 

17 

1.041 


10.2 

36 

1.009 

1.556 

17.0 

97 

1.230 

1.987 

13.8 

74 

1.140 

1.869 

10. 1 

24 

1.004 

1.380 

14.4 

85 

1.158 

•1.929 

15.8 

96 

1.199 

1.982 

15.6 

92 

1.193 

1.964 

15.0 

94 

1.176 

1 . 973 

13.3 

84 

1.124 

1.924 

19.0 

99 

1.279 

1.996 


* Logarithms to base 10. 


and construct the three dot charts, to indicate which formula to use. 
The form of computation is shown in Table 20. 


10 This is strictly true only if the “goodness of fit” is measured in terms of the 
logarithms used. t 

Logarithms may also be used with parabola of higher orders, such as: 

Log Y = a + bX + cX- 

Such involved curves will not be considered at length in this book, however. 
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It should be noted that in working out the logarithms nothing can 
be added or subtracted from any of the variables (except for round- 
ing off decimals). 11 In all the previous work the protein had been 
stated as protein in excess of 10 per cent, but now the original per- 
centage figures are used once more. That is because logarithms deal 
with relative values, and the relation of 1 to 2 is quite different from the 
relation of 11 to 12. All the previous equations have dealt with abso- 
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Fig. 15 . Dot charts illustrating log Y = f(X); F = /( log X) ; log F = /(log A') 


lute values or differences from the average; and the absolute difference 
between 1 and 2 is of course just the same as that between 11 and 12. 

Figure 15 gives the three dot charts in which the three different 
ways of combining the logarithmic and actual values are shown. 
None of the three gives a very close linear relation, but the one where 

Y and X are plotted seems to come nearest. The equation 

log Y = a + bX, or Y = a -f bX 
will therefore be used. 

11 After the logarithms are once computed, however, they can be “coded by 
subtracting a constant or by division, just as other variables have been treated 
formerly, with the same effect on the final constants obtained. 
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The values necessary to determine a and b are as follows, using 
equations (9) and (10) : 


2XF, M Xi 2X 2 


Table 21 shows in full the computation of these values from the 
original values of the two variables. 


TABLE 21 


Computation, for Wheat Problem, of Values Needed to Determine 

Constants for Logarithmic Curve 


Per cent 
protein 

Y 

Per cent 

vitreous 

kernels 

X 

Logarithms of 

Y 

Y 

Ext 

X 2 

-ensions 

XY 

10.3 

6 

1.013 

36 

6.078 

12.2 

75 

1.086 

5,625 

81.450 

14.5 

87 

1.161 

7,569 

101.007 

11.1 

55 

1.045 

3,025 

57.475 

10.9 

34 

1.037 

1,156 

35.258 

18.1 

98 

1.258 

9,604 

123.284 

14.0 

91 

1.146 

8,281 

104.286 

10.8 

45 

1.033 

2,025 

46.485 

11.4 

51 

1.057 

2,601 

53.907 

11.0 

17 

1.041 

289 

17.697 

10.2 

36 

1.009 

1,296 

36.324 

17.0 

97 

1.230 

9,409 

119.310 

13.8 

74 

1.140 

5,476 

84.360 

10.1 

24 

1.004 

576 

24.096 

14.4 

85 

1.158 

7,225 

98.430 

15.8 

96 

1.199 

9,216 

115.104 

15.0 

92 

1.193 

8,464 

109.756 

15.0 

94 

1.176 

8,836 

110.544 

13.3 

84 

1.124 

7,056 

94.416 

19.0 

99 

1.279 

9,801 

126.621 

Sums 

2AT = 1,340 

LK = 22.389 

ZX 2 = 107,566 

ZXY = 1,545.888 


This computation gives the values necessary to compute a and b 
by formulas (9) and (10). 
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The averages of X and Y of course are: 

„ 2X 1,340 
M x = = — — — = 67.0 


n 


20 


= 2F _ 2Z389 = LU945 


n 


20 


Then 


b = 


XX Y - nM x Mz 1,545.888 - 20(67) (1.1 1945) 


XX 2 - nMl 


107,566 - 20(67) 


= 0.002576 


and 


a = My- b(M x ) = 1.11945 - (0.002576) (67) = 0.9469 


In terms of the variable, the equation required is therefore 


or 


Y = a + bX = 0.9469 + 0.002576X 
log Y = a + bX = 0.9469 + 0.002576X 


The percentage of protein can now be estimated from the propor- 
tion of vitreous kernels observed for any sample of wheat, by sub- 
stituting the percentage of vitreous kernels (the X values) in this equa- 
tion and working it out. Thus for the first example, with 6 per cent 
of vitreous kernels, it would work out as follows: 

log y = a + bX = 0.9469 + 0.0026(6) 
log 7 = 0.9624 

Using a table of logarithms we find that the number corresponding to 
the logarithm 0.9624 (that is to say, its antilogarithm) is 9.17. The 
estimated proportion of protein is therefore 9.17 per cent. 

Similarly if the proportion of vitreous kernels in the second sample, 
75, is substituted in the equation, the work to calculate the estimated 

proportion of protein is: 

log Y = a + bX — 0.9469 + 0.002576(75) 
log Y = 1.1401 
antilog 1.1401 = 13.81 

The estimated proportion of protein is therefore 13.81 per cent. 
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Table 22 shows this computation carried through for each of the 
20 observations. 


TABLE 22 


Computation, for Wheat Problem, of Estimated Protein Content from 
Per Cent of Vitreous Kernels on the Basis of a Logarithmic Curve 

(Log Y = 0.9469 + 0.00258 X) 


Per cent 
vitreous 
kernels 

X 

Estimated per cent protein 

Actual 
per cent 
protein 

Y 

Percentage errors in 
estimating protein 
proportion 

ioo(|, - 1 . 00 ) 

Estimated 

logarithm 

Y' 

Antilog of 
estimate 

Y' 

6 

0.9624 

9.2 

10.3 

+12.0 

. 75 


13.8 

12.2 

-11.6 

87 

1.1710 

14.8 

14.5 

- 2.0 . 

55 

1.0888 

12.3 

11.1 

- 9.8 

34 

1.0343 

10.8 

10.9 

+ 0.9 

98 

1.1993 

15.8 

18.1 

' +14.6 

91 

1.1813 

15.2 

14.0 

- 7.9 

45 

1 .0628 

11.6 

10.8 

- 6.9 

51 

1.0783 

12.0 

11.4 

- 5.0 

17 

0.9907 

9.8 

11.0 

+12.2 

36 

1.0396 

11.0 

10.2 

- 7.3 

97 

1.1968 

15.7 

17.0 

+ 8.3 

74 

1.1375 

13.7 

13.8 

+ 0.7 

24 

1 .0087 

10.2 

10.1 

- 1.0 

85 

1.1659 

14.7 

14.4 

- 2.0 

96 

1.1942 

15.6 

15.8 

+ 1.3 

92 

1.1839 

15.3 

15.6 

+ 2.0 

94 

1.1890 

15.5 

15.0 

- 3.2 

84 

1.1633 

14.6 

13.3 

- 8.9 

99 

1.2019 

15.9 

19.0 

+19.5 


It should be noted in this table that errors made in estimating the 
proportion of protein are stated as relative errors rather than absolute 
errors. That is done because the thing that is really estimated is the 

logarithm of the percentages of protein, or Y f and the errors are 
really the differences between the actual logarithms and the estimated 
logarithms. If 2 is used to stand for the error, in this case z is really 
in terms of logarithms, that is: 

z = log Y — estimated log Y f or Y — Y r 
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or in terms of natural numbers : 


anti-log z = 


antilog Y 
antilog Y' 


actual Y 
estimated Y 


Subtracting the constant 1.00 and multiplying by 100 changes this 
relative figure to the percentage which the observed value is above 
or below the estimate. 12 

Where log Y is taken as the dependent variable, as has been done 
here, fitting the equation by the methods just shown involves making 
the square of the logarithmic residuals' around the line as small as 
possible. That means that instead of minimizing the sum of the 
absolute errors, squared, as heretofore, we now minimize the sum of the 
percentage errors, squared. In some cases it may be desired to use 
the logarithmic curve, yet to continue to minimize the absolute errors. 
-Relatively simple methods are available to accomplish that result. 13 

12 The reason for making this distinction will be seen later on, when the ques- 
tion of measuring the accuracy of the estimate is taken up. 

13 To fit the equation 

log y = a +6(logX) 

under the conditions that the sum of the squares of the absolute departures of the 
estimated values, y', from the actual values, Y , will be as small as possible, deter- 
mine the values of a and b by solving the equations 

2(Y*)a + 2 (Y 2 X)b - 2 Y 2 Y 
S(F*X)a + 2 (Y*X 2 )b = 2 Y*XY 


where Y = log Y , and X = log X, as above. 

To compute the several sums involved in these equations, the following orm 

may be used: 


X 

Y 

y 2 

X 

Y 

y 2 x 

y 2 x y 

Y 2 Y 

Y 2 X 2 

6 

75 

• • 

• • 

10.3 

12.2 

106.09 

148.84 

0.778 

1.875 

1.013 

1.086 

82.54 
279 . 08 

83.61 
303 . 08 

107.47 

161.64 

64.21 

523.27 

Sums 

— 

2y2 

— 


XY*X 

s y*xy 

zy 2 F 

ZY 2 X 2 


The two sim ultaneous equations can be solved conveniently by the same pro 

cedure described in Appendix 1, page 464. 

For the derivation of these equations, see W. Edwards Deming, Some A oles on 
Least Squares, pp. 136-141, U. S. Department of Agriculture Graduate School, 

Washington, 1938. 
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Loq 

Y(Y) 

1.2 


1.1 
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• 

LogY'o+b 
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In Figures 16 and 17 the actual proportions of protein, shown as 
dots, are compared with the estimated values as worked out by the 

logarithmic relation. In the first of these fig- 
ures the actual and estimated values are both 
stated in terms of the logarithms. It is quite 
apparent here that this equation assumes a 
straight-line relation between the proportion of 
vitreous kernels and the logarithms of the pro- 
portion of protein; since they were computed 
by a straight-line equation (log Y = a 4- bX) 
the estimated values all lie along the continu- 
x ous straight line indicated. The next figure, 

Fig. 16. Dot chart show- however, compares the actual proportion of 

ing obscrvaDons and prote i n with the estimated, both stated in 
fitted line for equation , , , TT , , 

]og Y — a + bX, in lo g a- actual terms. Here the continuous curve 

rithms of Y. which the logarithms produce in the esti- 

mated actual values is clearly shown. The re- 
lation between the proportion of vitreous kernels and the percentage 
of protein, as shown by this curve, does not agree with the actual 
relation as shown by the original observa- 
tions even as closely as did the previous 
curves computed by means of parabolic equa- 
tions. 

Before discussing other ways of express- 
ing the curvilinear relation it might be well 
to discuss the procedure to determine the 
constants a and b if either of the other two 
forms of simple logarithmic equations were 
used. 

If the equation F_= a -f- b log X is employed, 
the form Y = a + bX is used. 


20 


15 




- M . 

• 

i 

• 

x J 

J" • 


50 

X 


100 


The values which must be computed are 
M ~ 


U> 




xyx, xx 


'2 


Fio. 17. Dot chart show- 
ing observations and 
fitted line for equation 

K=10 a *‘ Y , in natural 
values of Y. 


and the constants are determined from the equations 


, XYX - nM v M x 


a — M v — bMz 
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Since the equation is in terms of Y itself, the estimated values, com- 
puted from the logarithms of X, will be directly in values of Y, and will 
not have to be converted to the antilogarithms. 

If the equation log Y = a + b log X is to be fitted, the form 
Y = a + bX is used. 

The values which will have to be computed are: 

My, M- X) 2FX, SX 2 , 

and the constants are determined from the equations 

Z7X - nM- v M x 

2X 2 - nM\ 
a = My — bM x 


In this case the equation is in terms of Y , the logarithms of Y , 
and the estimated values will therefore have to be converted from 
logarithms into natural numbers to show just what the relationship is, 
just as was done in the case that was worked out in detail earlier. 

It is evident that no matter which one of the three logarithmic . 
curves is employed, the arithmetic is exactly the same as in deter- 
mining the simple straight line, with the exception of computing the 
logarithms and of substituting the appropriate logarithms where the 
actual values would otherwise be employed. 

In cases where other modifications of the straight-line equation, 
such as type (e) , are to be used, the process is to transform the equa- 
tion to a linear form, then compute the constants just as before. 

Thus the type 


a + bX 

can be converted to the form 

~ = a + bX 

or, letting ~ = Q, 

Q = a, -f- bX 

The computation can then be carried out in the usual way, and 
after the estimated values of Q, Q', are worked, converted back into 


Y values by the equation Y' = — • 
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Limitations of equations in describing relationships. Up to this 
point an expression of the relation between the proportion of vitreous 
kernels and the proportion of protein in each sample has been worked 
out on the basis of a number of different mathematical formulas. 
Each different equation has given a different curve. Some, such as 
the cubic parabola or the logarithmic curve, have given curves com- 
ing somewhere near to the relationship shown by the actual observa- 
tions themselves; others, such as the simple straight line, have entirely 
failed to describe the relation. Yet the exact slope or shape of each 
curve was determined from the same set of observations; the con- 
stants of each curve were determined by “fitting” the same data. The 

Protein content 



Fig. 18. Original observations, and several different types of fitted curves. 

diversity in the shape of the different curves is strikingly shown in 
Figure 18, where the several different curves are all drawn on one 
scale, and the original observations are shown as well. It is quite 
apparent that the differences in the shapes of the several curves are 
due solely to the particular form of equation used in computing them. 
There are certain types of relations which can be accurately repre- > 
sented by each of these equations. When it is “fitted” to data where 
that type of relation is really present, it can give a curve which 
accurately represents the true relation shown by the data. When, 
however, as in the present case, an attempt is made to represent a 
relation by an equation which does not truly express the nature of 
the relation, the resulting curve gives only a distorted representation 
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of the true relation — it shows the relation only insofar as it is possible 
to do so within the limits of the particular equation used. 

So far there has been no attempt to show what there is in the 
“nature” of relations which may make them of the type to be repre- 
sented accurately by one type of equation or by another. Instead, 
the purely empirical test of the way each one fits has been relied 
upon. If, as judged by the eye, the relation shown by the fitted 
curve looked like the relation shown by the original observations, we 
have said it gave a satisfactory fit; if it has not looked like it, we 
have said it did not give a satisfactory fit. And in this particular 
case, none of the computed curves has been really fully satisfactory — 
we can readily see that there might be some other smooth continuous 
curve which would come. much closer to the actual observations than 
does any of the curves so far computed. 

Of course we might continue the process, using more and more 
complex equations, until finally we found one which did satisfactorily 
describe the relation. Or we might find that no ordinary mathematical 
expression would describe the relation. It might be that the under- 
lying curve was so complex that it could not be represented in 
elementary algebraic terms. But even if we could describe the rela- 
tion satisfactorily by some type of equation, the only advantage 
would be that then we would have some way of estimating values 
of the dependent variable (percentages of protein) from the inde- 
pendent variable (proportion of vitreous kernels) such as would 
agree reasonably well with the values actually observed. So long 
as the equation had been derived merely by the “cut-and-try” 
method described, it would have no meaning beyond serving as a 
simple device for estimating values of the one variable from known 
values of the other and would throw no particular light upon the 
real or inherent nature of the relation. For if we could find, by 
• enough trying, one equation which would represent the relation satis- 
factorily, it might be that we could also find another. As a matter 
of fact, sometimes it is found that two different types of equations 
may each give exactly the identical curve when figured out . 14 Which 
one expresses the “true” nature of the relation? Merely because a 
given equation can reproduce a certain relation is no proof that it 
really “expresses” the nature of the relation. Something more must 


14 An example of this type may be seen in the bulletin. Wh.it makes flu- price 
of oats, by Hugh Killough, U. S. Depart meat Agriculture Hath Ini Idol, p-'gi- 8. 
Here equations of two different types were found to yield almost identical curves, 
within the range covered by the observations studied. 


104 


SIMPLE CURVILINEAR REGRESSION 


be known than merely that it can express the relation. What that 
something is will be taken up in a later section. 

If, however, it is not desired to determine what the “real nature” 
of the relationship is, but it is merely desired to express it suffi- 
ciently well so that values of one variable (such as protein content) can 
be estimated from known values of another (such as the proportion 
of vitreous kernels), it does not make any difference what type of 
equation is used, so long as it represents the observed relationship 
adequately. As a matter of fact, it is not really necessary to have 
an equation at all. If we have only a graph of the curve, or a table 
of values for one variable corresponding to values of another, from 
which we can construct a graph, that is all that is really necessary. 
For if we have a graph of the curve we can very readily estimate the 
value for one variable from corresponding known values for another 
by simply reading it from the curve. Thus in Figure 13 the curve 
for the equation 

Y = a + bX + cX 2 

is shown. If we wish to estimate the percentage of protein for a sample 
having, say 50 per cent of vitreous kernels, we need only to run up 
the line for X = 50 and note the value of Y corresponding to that 
point on the curve. In this case it is apparently about 10.8 per cent. 
Similarly, the estimates of the percentage of protein corresponding to 
any other percentage of vitreous kernels within the range covered by 
the curve may be read off directly from the curve. Further, by 
enlarging the chart and making the scale sufficiently detailed, we may 
read off the estimated values to any degree of accuracy that is desired 
— much more accurately, as a matter of fact, than our ability to de- 
termine the real relation usually justifies, as will be evident later on. 

In many cases — perhaps in the great majority of cases — simply 
the working expression of the relation may be all that is either needed 
or desirable. The “true relation” between the variables may be so 
involved that a very complex mathematical expression would be re- 
quired to represent it properly. Even simple types of physical rela- 
tions may require rather complex curves to represent them. In 
many cases, too, the knowledge of the causes of the relation may be 
so undeveloped that there is no real basis for expressing the relation- 
ship mathematically. The relation between vitreous kernels and 
percentage of protein would be an example of this type — very complex 
details of chemical content and physical and biological structure are 
probably responsible, so complex as to be quite beyond satisfactory 
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reduction to mathematical expression. Yet the original observations 
undeniably indicate that there is some sort of definite relation. For 
many practical purposes it may be entirely satisfactory merely to 
know what the relationship is, without bothering at all with what 
it really means. Even in scientific study that may frequently be 
satisfactory as a first step, since in many cases it is essential to know 
what are the facts before trying to work out the reasons why they 
are as they are. 

When the expression of the relation is not to be used except as 
an empirical basis for estimating values of the dependent variable 
from the independent, or for showing just what the relationship is, 
the elaborate technique of determining the constants of a mathe- 
matical equation and working out the estimated values by the use of 
that equation becomes largely unnecessary. In many cases a curve 
can be determined with only a small fraction of the effort required in 
fitting” a mathematical equation, yet it fits the data quite as well 
as any mathematical curve. In such cases the curve may afford quite 
as satisfactory a description of the relation and a basis for estimating 
one variable from the other as if elaborate computations had been 
made. This method is known as freehand smoothing. 

Expressing a curvilinear relation by a freehand curve. The 
process of determining a freehand curve may be very simply illus- 
trated. In fact, it has already been suggested in much of the previous 
discussion. The very simplest way to do it would be to plot the 
original observations on coordinate paper, just as has been shown 
so many times before, and then draw a continuous smooth curve 
through them by eye in such a way as to pass approximately through 
the center of the .observations all along its course. Where the nature 
of the relation is indicated quite as closely by the original observations 
as it ia in the wheat problem which we have been discussing, this 
might yield quite a satisfactory expression of the relation. In other 
cases, however, the observations might be more widely scattered, 
and the underlying relation might be more difficult to determine, so 
that different persons, drawing in the curves freehand, might draw 
m rather different curves. Some method is therefore needed to give 
a greater degree of precision to the result, and to insure that the 
same data would yield substantially the same result even in the 
hands of different investigators. 

This stability of result can be secured by a relatively minor ex- 
tension of the methods already discussed in the first illustration of 
a two-variable relationship — the automobile-stopping problem. There 
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it was found that by classifying the observations in appropriate 
groups, the general nature of the relation could be expressed by 
an irregular line connecting the several group averages. All that is 
needed is some method of deriving a continuous smooth curve from 

TABLE 23 


Computation of Averages to Use in Fitting Freehand Curve, for Wheat- 

Protein Problem 



Vitreous kernels 

Vitreous kernels 

Vitreous kernels 

Vitreous kernels 


below 25 per cent 

25 to 49 per cent 

50 to 74 per cent 

75 to 100 per cent 


Per cent 


Per cent 


Per cent 


Per cent 



vitreous 

Per cent 

vitreous 

Per cent 

vitreous 

Per cent 

vitreous 

Per cent 


kernels 

protein 

kernels 

protein 

kernels 

protein 

kernels 

protein 


6 

10.3 

34 

10.9 

55 

11.1 

75 

12.2 


17 

11.0 

45 

10.8 

51 

11.4 

87 

14.5 


24 

10.1 

36 

10.2 

74 

13.8 

98 

18.1 
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Totals 

47 

31.4 

115 

31.9 

180 

36.3 

998 

168.9 

No. cases. 

3 


3 


3 


11 


Averages . 

15.67 

10.47 

38.33 

10.63 

60.00 

12.1 

90.73 

15.35 


that irregular line. Smoothing out that irregular line, freehand, is 
a very evident and simple method. At the same time, starting with 
the irregular line of group averages gives a certain stability to the 
process and insures that different persons would draw in the curve 
with about the same position and shape. 

Applying the process to the wheat problem, the first step is to 
classify the data into appropriate groups according to the values 
of the independent variable, the proportion of vitreous kernels, and 
to determine the average percentage of vitreous kernels and of protein 
content for the observations falling into each group. The discussion 
of the automobile problem has shown that, for the differences in 
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averages to be significant, it is necessary for the groups to be large 
enough so that the averages would not vary erratically from group to 
group. . In some cases a little ' experimenting might be necessary to 
determine what this size would be. In the present case,- inspection of 
the dot chart showing the original observations (Figure 12, page 83) 
indicates that a class interval of 25 per cent of vitreous kernels will 

give groups large enough to make the averages of protein content 
fairly stable from group to group. 

The form of computation most convenient to obtain the group 
averages, using groups of the size suggested, is shown in Table 23. 

The averages for the several groups are shown in Figure 19, indi- 

Prpicm content 



Fro. 19. Original observations and averages of protein content, and freehand curve. 

cated by hollow circles, whereas original observations are again shown 
by solid dots. A smooth continuous dashed curve has been drawn 
through the series of group averages, ignoring the individual ob- 
servations and following only the general trend shown by the averages. 
This smooth curve comes quite near to representing the relation shown 
by the individual observations through most of its extent ; but beyond 
95 per cent of vitreous kernels it fails to follow the individual obser- 
vations — through that portion of the range the protein content rises 
much faster than is indicated by the average for the whole range 
from 75 through 100 per cent vitreous kernels. 

Because over half of all the observations fall in this upper portion 
of the range, it would seem reasonable to classify them into smaller 
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groups so as to give a better basis for determining this portion of 
the curve. Let us try splitting the observations above 50 into four 
groups, each with about the same number of observations — say 50 to 
69, 70 to 84, 85 to 94, and 95 to 100. The computation of the new 
averages is shown in Table 24. 


TABLE 24 

Computation of Sub-averages for Last Groups in Wheat Problem, for Fitting 

Freehand Curve 



Vitreous kernels 

Vitreous kernels 

Vitreous kernels 

Vitreous kernels 


50 to 69 per cent 

70 to 84 per cent 

85 to 94 per cent 

95 to 100 per cent 


Per cent 
vitreous 
kernels 

Per cent 
protein 

Per cent 
vitreous 
kernels 

Per cent 
protein 

Per cent 
vitreous 
kernels 

Percent 

protein 

Per cent 
vitreous 
kernels 

Per cent 
protein 


55 

11.1 

75 

12.2 

87 

14.5 

98 

. 18.1 


51 

11.4 

74 

13.8 

91 

14.0 

97 





84 

13.3 

85 

14.4 

96 

15.8 




92 

15.6 

99 







94 

15.0 





• •••••• 


• ••••#• 



Totals 

106 

22.5 

233 

39.3 

449 

73.5 

390 

69.9 

No. cases. 
Averages . 

2 


3 


5 


4 

* 

53 

11.25 

77.67 

13.1 

89.8 

14.7 

97.5 

17.48 


These new averages, together with the previous ones for the lower 
groups, are also plotted in Figure 19, and the number of cases that 
each represents is indicated next to it, to aid in judging what weight 
to assign to that average. Finally, a smooth continuous curve has 
been drawn in, to pass as near as possible to the different averages 
without making illogical twists or turns. As is evident in the figure, 
it has been possible to draw the line with no point of inflection in it, 
yet so that it passes quite near to all the group averages and ap- 
proximately through the middle of the individual observations. Fur- 
ther, the general course of the line is sufficiently well defined by the 
several group averages so that if it were redrawn, either by the same 
person or another person, it could have only minor differences from 
the line actually shown. Making the chart over two or three times, 
and drawing a separate curve on each trial, then averaging the two or 
three curves together, is one method of reducing the variation due to 
individual judgment in drawing the curve. 
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Cautions in freehand fitting. In drawing in the freehand curve 
no attempt ha$ been made to have the curve follow all the twists and 
turns- of, the irregular line of averages. As was shown previously 
with the automobile illustration, these irregular differences from group 
to group may very readily be due to chance fluctuations in sampling 
where the groups are small. Not unless the groups included a very 
much larger number of cases than these do here would one be justified 
in bending the curve because of the position of a single group average, 
and not even then unless there was some logical basis for a curve of that 
shape. In doubtful cases breaking up a particular group into smaller 
groups, as was just done in the wheat example, or reclassifying the 
observations into somewhat different groups, will help to determine 
whether or not the data positively indicate that an extra inflection 
is needed. It is also necessary to see if some single observation is 
responsible for the abnormality; if it is, it is better to disregard it 
and draw the curve without the extra twist. 

In drawing in a freehand curve, it is desirable to place certain 
logical limitations on the shape of the curve rather than to have it be 
purely an empirical representation of the data. To do this, it is 
necessary to decide before the curve is drawn what those limitations 
should be. The limitations should be based upon a logical analysis 
of the relation under examination, in the light of all the information 
available to the investigator. In this case, for example, a considera- 
tion of the biological structure of the kernels, of the portions which 
run high in protein content, and of the appearance and size of those 
portions might lead one to the following conclusions: 

(a) An increase in the proportion of vitreous kernels might be 
associated with no change in the proportion of protein, or with an 
increase in the proportion, but never with a decrease in the proportion. 

(b) The relation between vitreous kernels and protein should be 
a progressive one, consistently changing throughout the range of 
variation, rather than fluctuating back and forth. 

(c) The maximum proportion of protein would be found with the 
largest proportion of vitreous kernels. 

These three logical expectations might then be expressed in the 
following limitations to be placed on the shape of the curve to be 
drawn : 

(1) The curve should have no negative slope throughout its length. 

(2) The curve should have no points of inflection, but should 
change shape continuously and progressively. 

(3) The maximum should be reached at the end of the curve. 
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These three logical limitations are all fulfilled by both the curves 
shown in Figure 19, yet they would exclude other types of curves 
which might be drawn. For example, they would rule out a curve 
with a hump or twist in it, or one which sloped down and then up. 15 

In some cases, examination of the data by the method of successive 
group averages, even after all the tests suggested above, will show the 
presence of a relation which cannot be expressed within the logical 
limitations imposed on the shape of the curve. In that case, the rea- 
soning underlying the logical analysis should be reexamined, to see 
if some step requires restatement and if the limitations themselves 
should be changed. (For a further discussion of this interaction of 
induction and deduction, see pages 443 to 452 of Chapter 24.) For 
a curve to have real meaning, it must be consistent with a careful 
logical analysis, no matter whether the curve is obtained mathe- 
matically or freehand, or whether the logical limitations are expressed 
in a mathematical equation or in a set of limitations placed on the 
shape of the curve drawn by freehand fitting. 10 

Interpreting the fitted curve. It is evident that the freehand curve 
comes closer to agreeing with all the original observations than did 
any of the mathematically determined curves. So far as can be 
judged by eye alone, it “fits” the relation actually observed quite 
satisfactorily. So far as giving a definite statement of the relation, 
and serving as a basis for estimating values of one variable from known 
values of the other, this curve, obtained by the very simple process 
shown, is more satisfactory than any of the curves obtained by the 
mathematical computations. 

The use of the freehand curve in estimating values of the dependent 
variable, percentage of protein, from known values of the independent 
variable, proportion of vitreous kernels, may be readily illustrated. 
Taking the first observation, with 6 per cent of vitreous kernels, and 
reading off the corresponding proportion of protein from the curve 

15 This use of logical analysis in stating the limitations on a freehand curve 
may he compared with the use of logic in deciding on the type of mathematical 
equation to employ. Note the subsequent section in this chapter on “The logical 
significance of mathematical functions.” 

16 For a more detailed discussion of the pros and cons of freehand versus mathe- 
matical fitting, see W. Malenbaum and J. D. Black. The use of the short-cut 
graphic method of multiple correlation. Quarterly Journal of Economics, Vol. LII, 
November, 1937, and The use of the short-cut graphic method of multiple correla- 
tion: comment, by Louis Bean, and Further comment, by Mordecai Ezekiel, and 
Rejoinder and concluding remarks, by Malenbaum and Black, Quarterly Journal 
of Economics, February, 1940. 
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in Figure 19, we get 10.4 per cent as the estimated protein content. 
Similarly for the second observation, 75 per cent vitreous kernels, 
the curve indicates 12.9 per cent as the proportion of protein. Reading 

off the estimated protein for each of the 20 observations we get the 
estimates shown in Table 25. 

Even though in using the freehand curve we do not have an 


TABLE 25 


Actual Per Cent of Protein and Proportion Estimated on Basis of Freehand 

Curve 


Proportion of 
vitreous kernels 

X 


6 

75 

87 

55 

34 

98 

91 
45 
51 
17 
36 
97 
74 
24 
85 
96 

92 
94 
84 

99 


Actual proportion 
of protein 

Y 


10.3 
12.2 

14.5 
11.1 
10.9 
18.1 

14.0 
10.8 

11.4 

11.0 
10.2 

17.0 

13.8 

10.1 

14.4 

15.8 

15.6 

15.0 
13.3 

19.0 


Proportion of 
protein estimated 
from vitreous 
kernels 

Y' = f(X) 


10.4 

12.9 

14.5 

11.4 

10.7 

17.4 

15.2 
11.1 

10.3 

10.5 

10.8 

17.0 
12.8 

10.6 
14.2 
16.7 
15.5 

15.9 

14.0 

18.0 


Difference between 
actual and estimate 

Y - Y' 


- 0.1 

-0.7 

0 

-0.3 

0.2 

0.7 

- 1.2 

-0.3 

1.1 

0.5 

- 0.6 

0 

1.0 
-0.5 
0.2 
-0.9 
0. 1 
-0.9 
-0.7 
1.0 


equation stating the relation between X and Y, we still have a mathe- 
matical expression of the relation between them. For we can write 

Y' = f(X) 

which simply means that the estimates, or Y' values, are a function 
of X \ that is, for every X value there is some corresponding Y' 
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value. Of course, we can find what this corresponding value is only 
by reading it off the curve; yet that is enough. We have a graphic 
statement of the functional relation; if we had a definite formula 
to represent the curve, we would have an analytical statement of the 
relation as well. 

Although we do not have a definite equation to represent the free- 
hand curve, it is still possible to state the relation shown by the 
curve other than in graphic form. This can be done by constructing 
a table showing, for whatever values of the independent variable may 
be selected, the corresponding estimated values of the dependent vari- 
able. Such a tabular statement of the relation may be more readily 
comprehended by readers not accustomed to graphic presentation. 
Further, it provides a basis for reconstructing the curve on any scale 
desired for the purpose of making further estimates. Table 26 illus- 
trates this method of stating the relation. 


TABLE 26 

Per Cent of Protein Corresponding to Various Proportions of Vitreous 
Kernels in Samples of Wheat, as Indicated by 20 Observations 


Proportion of 
vitreous kernels 

Corresponding 
proportion of 
protein 

Proportion of 
vitreous kernels 

Corresponding 
proportion of 
protein 

Per cent 

Per cent 

Per cent 

Per cent 

10 

10.4 

70 

12.4 

20 

10.5 

80 

13.5 

30 

10.7 

90 

15.0 

40 

10.9 

95 

16.2 

50 

11.2 

99 


GO 

11.7 




In the range where the curve is rising most steeply the readings 
are taken more closely together, to provide for .reproducing that por- 
tion of the curve more accurately. In addition, no readings are taken 
beyond the range covered by the original observations, nor are any 
shown for the extreme ends where the observations are few. This 
raises the whole question of how curves like this can serve as a basis 
for estimating when measurements are made of the independent vari- 
able, such as proportion of vitreous kernels, in cases other than those 
used in determining the relation. This problem will be taken up at 
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the end of this chapter. But first the question of whether to use 
freehand or analytical curves will’ be discussed. 

The logical significance of mathematical functions. There has 
been frequent reference previously to the question whether an equa- 
tion did or did not express “the real nature” of a relationship, with 
little explicit attempt to explain exactly what that meant. To know 
when we are justified in using the simple freehand curve, and when 
we should go to the additional work of determining an equation for 
the curve,, we must understand the logical bases for different types 
of equations, so that we can judge whether or not any particular type 
of curve can logically be expected to express the relation in any given 
set of observations. 

The linear equation. Many relations are so simple that ordinarily 
we would not think of expressing them mathematically. Thus, if a 
train is traveling 45 miles an hour, the distance traveled is equal to 
the time multiplied by the speed. Using t for the time in hours, d 
for distance, and $ for speed, the relation is obviously 



This is a simple straight-line relation. Now, if, in addition, the 
train were a miles away from a given station at the beginning, after 
t hours of additional travel away from the station it would be D miles 
away, where 

D = a-\-d = a-\-st 

This is now expressed in the usual form for the straight-line 
equation, Y = a + bX. This equation is therefore the one to be 
used when it can logically be expected that each unit change in X 
causes a corresponding change in Y, regardless of the size of X. Thus 
in computing the distance the train has traveled we are assuming 
that it continued to travel at a definite rate, say 45 miles an hour, 
the whole way, and traveled the 200th mile just as fast as the first 
mile. Now if we were dealing with something where the change in 
Y was not the same for different values of X, the equation would no 
longer be satisfactory. For example, an airplane on a long-distance 
flight has to carry a heavy load of gasoline at the start and hence 
cannot attain full speed; the farther it goes the lighter its load be- 
comes and the higher speed it can make. In such a case the straight- 
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line formula would not be applicable, since the speed of the plane 
would increase with the distance it had gone. If the straight-line 
formula were used, it would indicate that it would take just as long 
to travel the first hundred miles as the last hundred, whereas actually 
it would take longer than that to travel the first hundred and less 
than that to travel the final hundred. Only an equation which in- 
cluded some value that properly took into account the change in speed 
with the change in distance could satisfactorily represent this relation. 

The quadratic equation. Another case in which the rate at which 
Y increases changes as the value of X increases is that of a weight 
falling to the ground. Since the attraction of the earth is for prac- 
tical purposes a constant, it exercises a constant pull on a falling 
body. Thus, the farther a body falls, the faster it travels. It is just 
as if, in throwing a ball, a boy did not let go the ball for it to travel 
by its momentum but was able to keep shoving against it, adding 
more and more speed to the momentum it already had. Physicists 
express this relation by saying that the velocity with which an object 
falls is accelerated at a constant rate. This equation, therefore, is: 

V = gt 

where g is a constant measuring the force of gravity, V is velocity in 
feet per second, and t is time in seconds. 

\\ ith regard to the distance a body will fall in any given time, 
therefore, the case is much the same as with our airplane. The 
velocity, or speed, is increasing with every passing moment, and there- 
fore the distance traveled in each succeeding second will be greater 
than the distance traveled in the previous second. 

If we assume that the value of g in the equation is already known 
to be 32, the equation 

V= gt 

can then be written 

V = 32* 


W e can then estimate the distance traversed by a falling body in 
each successive second by a process of approximation like this: 

Let us figure that the average speed for each 2 seconds is the same 
as at the midpoint (which may not be exactly right) and then let us 
estimate the distance traversed in those 2 seconds by multiplying this 
average speed by the time. Then by adding all the distances together 
we can get an approximation of the total distance. 
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First we need to calculate the average speed for each period, using 
the last equation, V = 32 1: 

End of 1st second, speed = 32(1) = 32 = average speed for 1st two seconds 

End of 3d second, speed = 32(3) — 96 = average speed for 2d two seconds 

End of 5th second, speed = 32(5) = 160 = average speed for 3d two seconds 

End of 7th second, speed = 32(7) = 224 = average speed for 4th two seconds 

End of 9th second, speed = 32(9) = 288 = average speed for 5th two seconds 


Then we can estimate the distance traveled in each 2-second period, 
as follows: 


Period 

Average speed, feet 

Distance in that 


per second 

period, feet 

1st 

32 

64 

2d 

96 

192 

3d 

160 

320 

f 4th 

224 

448 

6th 

288 

576 

Estimated total distance 

1600 


. Another estimate could be obtained by estimating the distance for 
each second separately, for there might be less error in assuming that 
the speed at the middle of each second would represent the average for 
that second. On this basis the problem would work out. 


Speed at middle of 1st second = 32 (§) = 

Speed at middle of 2d second = 32(1 1) = 

Speed at middle of 3d second = 32 (2 J) = 

Speed at middle of 4th second = 32 (3 J) = 

Speed at middle of 5th second = 32 (4?) = 

Speed at middle of 6th second = 32 (5 J) = 

Speed at middle of 7th second = 32(6§) = 

Speed at middle of 8th second = 32(7 J) = 

Speed at middle of 9th second = 32 (8 1) = 

Speed at middle of 10th second = 32 (9§) = 

In 10 seconds, total distance traversed . 


16; distance in that second = 16 

48; distance in that second = 48 

80; distance in that second = 80 

112; distance in that second = 112 

144; distance in that second = 144 

176; distance in that second = 176 

208; distance in that second = 208 

240; distance in that second = 240 

272; distance in that second = 272 

304; distance in that second = 304 

= 1,600 


This comes out. exactly the same as before. On reflection, it is 
evident that this is to be expected. Since the velocity increases at 
a uniform rate for each moment of time, the true average rate of speed 
for any period will be just half way between the speed at the be- 
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ginning and at the end. 17 If we consider our 10 seconds as a whole, 
the velocity at the beginning is equal to 

V = 32(0 = 32(0) = 0 

that is, the initial velocity is zero; whereas the velocity at the end is 

V = 32(0 = 32(10) = 320 
The average speed for the period, therefore, is 

^-° = 160 
2 

which is exactly the same as the speed at which the body is falling at 
the middle of the period, at the end of the fifth second, which is 

V = 32(0 = 32(5) = 160 

Computing the total distance traversed by multiplying the total 
time by this average speed, we have 


d = (160)(10) = 1,600 


giving exactly the same answer as our earlier computation. 

The average speed during any period of t seconds is therefore 32t/2. 
The total distance traversed in the t seconds can therefore be deter- 
mined by multiplying the average speed, 32£/2, by the total number of 
seconds, t. This gives 



or 




So far, we have assumed that we know the acceleration, or rate of 
increase in velocity per second. Suppose instead we had not known it 
to begin with. How could we have found it out? 

If we had used the symbol g to represent this value, we could have 
carried out all the previous calculations, except that we should have 
used “g” where instead we have used “32.” 

17 This would not be true of all types of relations. If, for example, velocity 
increased at a changing rate, the smaller the units taken the more accurate would 
be the result. 
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Our last formula then would have been 


or 




If we let ^ = 6 , the equation then would read 

d = bt 2 


We could readily, determine the value for b by observing the 
distance a given body falls in 1 second, in 2 seconds, in 3 seconds, etc., 
and then working out the probable value for the constant, just as has 
been done before. 

After we had made measurements of several distances d in the 
several periods t, we could determine b most readily for the straight- 
line equation by using T for t 2 . Then 

d — bT 


(which is the same form as Y = a -f bX). 


Since we may assume a — 0, it follows, from equation (10). 


that 

Hence 

and 




bM x 


bM x = My 

■ = My = XY 

M x ZX 


or, in the terms of this particular example, 


b M t 

which gives a basis for determining g , the acceleration clue to gravity in 
feet per second, simply by making observations of the time for bodies 
to fall varying distances. 

Substituting an observation of 64 feet in 2 seconds in this equation 
gives b — — 16; hence g — 32. 
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In this case it should be noted that the formula 



is derived on the assumption that the attraction of gravity is a con- 
stant, tending to increase velocity at a uniform rate per second, or 
other unit of time. Only if this assumption is correct can the equation 
be used. The equation is directly based upon this assumption; the 
reasoning used in deriving the equation also serves to explain what 
the constants obtained really represent. On the basis of this reasoning 
the equation determined is not a mere empirical expression of the 
relation between time falling and distance traversed. Instead, it is a 
fundamental measurement of why that distance is what it is, and 
relates it in a logical manner to the attraction of the earth. 


Time -t 

Fig. 20. The trajectory of a projectile, illustrating the equation 

Y=a+bX-\-cX2. 

Although it would be quite possible in this particular case to draw 
a freehand curve expressing the relation between time and distance, 
it would not be so satisfactory as the mathematical equation. The 
curve would merely state what the relation was; the equation, in 
addition, explains why it is, in the terms of a particular hypothesis. 

The parabolic equation. Another physical case in which a definite 
relationship may be established logically, and then measured statis- 
tically, is the firing of a projectile from a gun. 

Disregarding the resistance of the air, there are three elements 
which will determine the height the projectile will have reached at any 
given instant after it leaves the muzzle of the gun. The simplest 
of these elements is the height of the muzzle of the gun itself, repre- 
sented by a in Figure 20. All the subsequent changes in elevation will 
obviously have to be added to that. 

The second element is the rate at which the projectile is moving up- 
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ward at the instant it leaves the muzzle. That is dependent, of course, 
on the angle at which the gun is elevated and the muzzle velocity. If 
the gun were elevated 1 per cent from the horizontal and the muzzle 
velocity were 1,000 feet per second, the projectile would leave 
the muzzle moving upward at the rate of 10 feet per second. If there 
were no resistance of the air, and if there were no force of gravity 
to pull the projectile off its course, its momentum would carry it on 
in this direction to infinity, as illustrated by the straight line in the 
picture. Here b represents the increase in elevation the projectile 
would attain for each additional second of flight, and a and bt the ele- 
vation it would attain if gravity did not influence it. 

But gravity is at work too. As we have already seen, as soon as a 
body is released, the pull of gravity tends to move it downward at 
ever-increasing speed. Even if it is headed upward as when shot 
from a gun, the pull of gravity starts tending to pull it down. The 
diagram illustrates what happens, with C used to represent the distance 
the body would have fallen if it had no upward velocity. At first the 
gain in height from its upward momentum is more than enough to 
offset the tendency to lose height because of the pull of gravity, and 
the projectile moves upward along the curved course indicated. But 
finally the loss due to gravity becomes greater than the gain from its 
original upward momentum and the trajectory gradually turns down- 
ward, until the projectile finally comes to rest in the earth or on its 
target. 

The height that the projectile reaches at any moment is the sum 
of these three components — the original height, the upward course, and 
the loss by gravity. Its height, then, can be expressed by adding 
together the three elements. 

a remains the same, regardless of the time elapsed. 

B, the height due solely to the original momentum, depends on 
the time, increasing as the time increases. If we let b represent the 
initial rate of gain in elevation per second of time, B can then be 
stated : 

B — bt 


Finally, C depends on the time elapsed, and, as we have just seen, 
- varies with the square of time. With the same notation as in our 
falling-stone problem, but with C substituted for distance fallen 


c = _ £ e = d 2 

£ 
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Adding these three elements together, we obtain the equation for 
the height of the projectile at any instant, letting H represent height 
in feet. 

// = a + bt -f- ct 2 

It will be seen that this equation is exactly identical in form with 
the equation for a parabola 

Y = a + bX + cX 2 

Measurements of the height of the projectile at various given times 
after firing the charge, made for a given gun, firing the same charge 
at the same elevation of the gun, would give a series of X and Y values 
which could be used in computing the constants a, b, and c, even if all 
were unknown to start with. 

If the equation were actually worked out, it would tell much more 
than merely the graph of the relation. For if the reasoning on which 
the several different constants were included in the equation was 
correct, then the equation would furnish a real explanation of why the 
projectile moved as it did, in terms of the laws of motion and of 
gravity upon which all such movements depend. 

Reasoning such as this, carried out to much greater lengths, has 
formed the basis for the scientific “laws” which have been discovered 
in physics and chemistry and expressed in definite equations. The 
methods for determining the constants in such equations, as presented 
earlier in the chapter, were devised to serve in determining such types 
of relations. But when the same methods are applied to biological, 
economic, educational, or other relationships in the natural or social 
sciences, their value is much more limited. Only rarely is there real 
basis for expecting a particular mathematical relationship such as 
can be expressed in a given type of equation. In many cases our 
knowledge of the reasons for the relationship are altogether too 
limited to enable us to say why the relationship is; and even where 
we can establish the reasons, they are frequently too complicated or 
too involved — or even too biological — to admit of mathematical treat- 
ment. If we express a given relation by a formula, merely on the 
basis that that formula seems to describe the observed relation satis- 
factorily, we do not have any greater knowledge of the relation than 
if we merely drew in a freehand curve. The equation is simply an 
empirical description of the relation; of and by itself, it offers no 
clue a6 to what the relation means. 

When to fit a mathematical equation. From this discussion, the 
following tentative conclusion may be reached; Only when there is 
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some good logical basis for expecting a certain type of relation to hold 
should mathematical curves be employed in describing the relation- 
ship. When there is a logical basis for using a given formula, the 
constants of the equation serve as an explanation of the real nature 
of the relationship. In all other cases the mathematical curve has 
no more significance than the freehand curve; the latter may there- 
fore be employed to describe the nature of the relation, and can be 
determined with much less expenditure of effort. That does not mean 
that a mathematical curve, based on adequate logical analysis, is of no 
additional value. If it can be shown that such a curve does fit the 
data, that may verify an hypothesis and so provide a “law” to state 
the nature of the relationship, which may be of far more value than 
the mere empirical statement of what the relationship is observed 
to be. If, however, there is no logical basis for anything except the 
empirical statement of the observed relation, the freehand curve 
is just as valuable as one fitted by aid of a mathematical equation. 

Where the logical expectations do not lead to a relation which can 
be formally expressed in a simple equation, they may, as has already 
been shown, still be sufficient to state a set of limiting conditions 
to be used in fitting a freehand curve. 

A mathematical equation used in an economic problem. Econo- 
mists sometimes use the hypothesis that for any one commodity there 
will tend to be a constant relation between the rate of change in the 
quantity consumers would buy and the rate of change in price. That 
is, if an increase of, say, 1 per cent in price would cause a 2 per cent de- 
crease in consumption when prices were low, a similar increase of 1 per 
cent in price would still cause a decrease of 2 per cent in consumption 
even when prices were high and consumption was already low. 

This economic hypothesis can be stated in definite mathematical 
terms quite as readily as the various physical hypotheses which have 
been mentioned; for it makes certain definite assumptions as to the 
precise way the two variables (price and consumption) are related. 

If C is used for quantity consumed and P for price, the statement 
says that the relation 

c = m 

that is, that the quantity consumed depends upon and varies with 
price, is a function of the type 

C = kP b 
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The reason for its being that type can be seen by stating the last 
equation in logarithmic form: 

log C = a + b log P 

This says now that a given change in the logarithm of P is always 
accompanied by a change of b times as much in the logarithm of C. 
Remembering that the same absolute change in the logarithm of a 
number always means a constant 'percentage change in its actual 
value, we can see that this equation states the economic hypothesis 
that a given proportional change in price is always accompanied, on 
the average, by a constant proportional change in consumption, no 
matter whether price was high or low to start with. 

The practical application of the logarithmic demand equation may 
be illustrated by a concrete case. Table 27 shows the slaughter of 
hogs (under federal inspection) in the United States during the years 
1922 to 1927 and the average price paid by packers during those years. 
If we assume that all the meat and other products from these hogs was 
consumed and ignore any possible shifts in the levels of demand during 
that period, we may ask whether the relation between the annual 

TABLE 27 


Slaughter of Hogs, and Average Price, and Computation of 

Logarithmic Curve 

(log C = a -f b log P) 


Year* 

Weight of 
hogs 

slaughtered t 

(O 

Price of 
hogsj 

(P) 

Logarithms of data 

Extensions 

Slaughter 

Price 

CP 

P 2 

1922-23 

Billion 

pounds 

11.66 

Dollars 
per cwt. 
7.62 

C 

1 . 0667 

P 

0.8820 

0 . 94083 

0.77792 

1 923-24 

11.83 • 

7.61 

1 . 0730 

0.8814 

0 . 94574 

0.77687 

1924-25 


10.71 

1.0107 

1 . 0298 

1 . 04082 

1 . 06049 

1925-26 

9.66 

12.16 

0 . 9850 

1 . 0849 

1 . 06863 

1.17701 

1926-27 


10.84 

1.0017 

1.0350 

1 . 03676 

1.07123 

1927-28 

10.99 

9.20 

1.0410 

0 . 9638 

1 . 00332 

0.92891 

Sums 



6. 1781 

5.8769 

6.03610 

5.79243 


* From November to October, inclusive, 
t I-ive weight of hogs slaughtered under federal inspection. 

X Average costs to packers, at live weight. Adjusted for differences in price level, to 1928levcL 
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average price and the consumption of hog products in the United States 
during this period agrees with the hypothesis that a given propor- 
tional fall in price causes a constant proportional rise in consumption. 
We may at least roughly hold constant the effect of changes in price 
level by adjusting the price averages for concurrent changes in the level 
of wholesale prices. 

Accordingly we “fit” the equation 

log C = a + b log P 

(where C = consumption, and P — price) 



to the data by the methods previously discussed. The actual com 
putations are all shown in Table 27. 


M- c = 


2 C 6.1781 


= 1.02968 


Mp 


ZP 5.8769 


= 0.97948 


2 (cp) = 2 (CP) - nM'Mji 

= 6.03610 - 6(1.02968) (0.97948) = - 0.01521 
2(p 2 ) = Z(P 2 ) - nMl = 5.79243 - 6(0.97948) 2 = 0.03614 


br P 


a cp 


2 (cp) _ —0.01521 
2(p 2 ) ~ 0.03614 


= - 0.42086 


= M- c - bM 3 = 1.02968 - (- 0.42086) (0.97948) 
4 ” b^pP 

= 1.4419 - 0.42086P 


log C = 1.4419 - 0.4209 log P 


We may next test how well this equation describes the relation- 
ship by plotting both the original observations and the curve corre- 
sponding to the equation. Figure 21 shows this comparison in terms 
of the logarithmic values used in the computation and with the 
logarithmic values of the function (which, of course, is a straight 
line). It is seen that this straight line seems to fit the original values 
quite closely; they fall very close to it, above and below, in such a 
random fashion that no other type of curve seems necessary. 
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The comparison may also be made in terms of the original values, 
using the estimated values of the curve transformed from logarithms 
back to real numbers. Figure 21 shows the comparison of these values. 
Here again, the demand curve is seen to be a satisfactory “fit” to 
the actual data. 18 

The economic hypothesis as to the relation between price and con- 
sumption would therefore seem to be borne out so far as this par- 
ticular illustration is concerned, and with the assumptions stated. 
The size of the constant, b, — 0.42, indicates that anywhere along the 
curve a 1 per cent increase in the price of hogs is accompanied by 
approximately 0.4 per cent decrease in hog consumption, or vice versa. 19 


Log of 
consumption 



Actual consumption 
Billions, of pounds 


2^-25 



' 25-26 


7 8 9 10 II 12 13 

Actual price, in cents per Jb. 


Fio. 21. The relation of consumption of hog products to hog prices, fitted by a 
logarithmic demand curve, both in logarithms of consumption and price and in 

natural numbers. 


The wheat-protein example, on the other hand, illustrated a case 

where there was no logical basis for the use of any particular equation 

and where a freehand curve was therefore as satisfactory as any other 

type and gave a better fit than any of the analytical types which 

were tried. As has been stated, the great majority of the problems 

in the natural and social sciences are probably of this type, where 

• 

18 Six observations, such as used in this case, are far too few to give stable or 
dependable results in price analysis or any other form of correlation. A curve 
from a sample of six observations is still less reliable than is an average from a 
sample of six observations. The close fit of the line to the observations in this 
case is partly due to the small number of observations utilized. The student can 
check this by recomputing this example including additional data for a longer 
period, say through 1937-1938, as given in Agricultural Statistics, p. 327, U. S. De- 
partment of Agriculture, 1939. 

19 In calculating this simple illustration, no attempt has been made to allow for 
the effect of changes in other factors which might also influence hog prices, such as 
the level of consumer buying power, the supplies or prices of other competing meat 
animals, or the dianges in export demand. Chapter 23 discusses actual price anal- 
yses involving much more elaborate work than this shown here. 
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the relation can be measured even though the specific causes for it 
cannot be stated in mathematical language. Only where the relations 
can be explained on some logical basis which lends itself to mathe- 
matical statement is there justification for a large amount of work 
to “fit” a specific formula; and even then, if it is found that that 
particular formula does not give as good a “fit” as a simple freehand 
curve, there would be question as to whether the hypothesis was in 
agreement with the facts in that particular case. 

Limitations in estimating one variable from known values of an- 
other. The methods shown so far provide a definite technique by which 
an investigator can determine the way in which the values of one 
variable differ as the values of another related variable differ. These 
same operations afford a basis for estimating values of the dependent 
variable from given values of the independent variable, for cases in 
addition to those from which the functional relation was determined. 
Whether such estimated values, for cases not included in the original 
study, can be expected to agree with the true values if they could be 
determined, depends upon two groups of considerations: (a) the de- 
scriptive significance of the curve and ( b ) its representative significance 
when it comes to applying to new observations. 

These two groups of considerations apply (a) to exactly what a 
given curve means, with regard solely to the particular cases from 
which it was determined; and (b) the significance of the curve with 
regard both to the ability of those observations to represent the uni- 
verse (whole group of facts) from which they were drawn and the 
ability of the curve to represent the true relations existing in that 
universe. This second group involves an extension of the points which 
were raised in the first chapter as to the reliability of an average; 
discussion of these questions will be deferred to Chapters 18 and 19. 

Just as an average computed from a sample may differ more or 
less widely from the true average of the universe from which that 
sample was drawn, so a regression line or curve determined from a 
sample may differ more or less widely from the true regression in the 
universe. The following chapter discusses this problem, and Chapter 
18 presents methods of estimating how far the regression line or curve 
from an individual sample may miss the true regression of the uni- 
verse. 

The representative significance of a curve depends upon the num- 
ber of observations from which its shape was determined and how 
closely the curve as determined “fits” those observations. Since the 
number of observations usually differs along the different portions of 
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a curve, it may be much more reliable in its central portions, where 
the bulk of observations occurs, than in the extreme portions where 
the number of observations may be much less. This may be espe- 
cially marked in the case of complex curves fitted by mathematical 
means, where single extreme observations may have a material effect 
upon the shape of the end portions. In any event, only those por- 
tions of the curve where there are enough observations to make its 
shape and position definite should be regarded as statistically de- 
termined; the end portions, when dependent upon a few observations, 
should either not be used at all or else stated as very rough indica- 
tions of the true curve. 

It is particularly to be noted that determination of the line or 
curve of relationship gives no basis for estimating beyond the limits 
of the values of the independent variable actually observed. No mat- 
ter whether a formula has been fitted or not, any attempt to make 
estimates beyond the range of the original data by “extrapolation," 
i.e., by extending the curve beyond the range of the observed data, 
gives a result that is not based on the statistical evidence. In case 
a formula has been used which has a good logical basis, extrapolation 
may give a result which it is logical to expect — but its reasonableness 
rests on the validity of the logic rather than on a statistical basis. 
The statistical analysis indicates only what the relations are within 
the range of the observations which are used in the analysis. 

The “closeness" with which the line or curve fits the original data 
is another criterion of the reliance which can be placed in it. If the 
data all fall quite close to the line, that fact inspires more confidence 
in it than if they differ widely and erratically from it. But there are 
special statistical measures of just what this “closeness" is, and they 
will be given separate considerations in the next chapter. 

As noted earlier, many more cases are required to determine a 
relation with any degree of dependability than were used in the 
hog-consumption example just considered. That example was given 
to illustrate the type of problem where a definite equation might be 
applied but not as an illustration of a real research problem. 

Summary. In some functional relations, the change in the de- 
pendent variable with changes in the independent variable cannot 
be represented by a straight line. Such a relation may be represented 
by a curve showing the value of the dependent variable for each par- 
ticular value of the independent variable. Curves may be fitted 
to given sets of observations either by use of mathematical functions, 
such as parabolas, logarithmic curves, and hyperbolas, or by various 
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processes of freehand smoothing. When there is some logical basis 
for the selection of a particular equation, the equation and the corre- 
sponding curve may provide a definite logical measurement of the 
nature of the relationship., When no such logical basis can be de- 
veloped, a curve fitted by a definite equation yields only an empirical 
statement of the relationship and may fail to show the true relation. 
In such cases a curve fitted freehand by graphic methods, and conform- 
ing to logical limitations on its shape, may be even more valuable as 
a description of the facts of the relationship than a definite equation 
and corresponding curve selected empirically. 

In any event, estimates of the probable value of the dependent 
variable cannot be made with any degree of accuracy for values of 
the independent variable beyond the limits of the cases observed; and 
can be made most accurately only within the range where a consider- 
able number of observations is available. It may be possible to 
extrapolate the curve if its equation is based on a logical analysis 
of the relation as well as on the cases observed; but in that case 
the logical analysis, and not the statistical examination, must bear the 
responsibility for the validity of the procedure. 

Note 1, Chapter 6. The methods described in this chapter have been illus- 
trated by determining the curve expressing the average change of percentage of 
protein with changes in percentage of vitreous kernels. In more geneial terms, that 
is, they have been limited to determining the relation 

Y = f(X) 


Exactly the same methods can be used to determine the reverse regression, which 
would show the average change in percentage of vitreous kernels with a given 
change in percentage of protein. Although this regression is not precisely the recip- 
rocal of the other, it will usually be found that, where a curve rather than a straight 
line is- necessary to represent one regression, a curve will similarly be needed for 
the other regression. It will not necessarily be a curve of the same shape, how- 
ever, or one that can be represented by the same equation 


Note 2, Chapter 6. When an equation is used with the dependent variable 
stated as a logarithm, as types (6) and (c) on page 93, the further assumption is 
involved that the errors to be minimized vary proportionately with the size of 
the dependent variable. The standard error of estimate also must be stated as a 
percentage of the value estimated, rather than as a natural number. For an 
example of a problem where the range of error increases with the size of the 
dependent variable, and where a logarithmic equation would therefore be jiLstificc , 
see Figure 23, on page 154. 
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MEASURING ACCURACY OF ESTIMATE AND DEGREE OF 

CORRELATION 

The methods developed up to this point may be used to estimate 
the values of one variable when the values of another are known or 
given. They also furnish an explicit statement of the average dif- 
ference or change 'in the values of the estimated or dependent variable 
for each particular difference or change in the value of the known or 
independent variable. But that is not enough. In addition it is fre- 
quently desirable to answer three queries: (1) How close can values 
of the dependent variable be estimated from the values of the inde- 
pendent variable? (2) How important is the relation of the dependent 
variable to the independent variable? (3) How far are the regres- 
sion curve and these relations, as shown by the particular sample, 
likely to depart from the true values for the universe from which the 
sample was drawn? Special statistical devices, termed (1) the stand- 
ard error of estimate and (2) the coefficient and index of correlation , 
have been developed to meet the need indicated by the first two 
questions. Error formulas and knowledge of the distributions of 
these coefficients, and standard errors for the regression line or curve, 
provide approximate answers for the third, under the assumption that 
the conditions of sampling are ideal (an assumption rarely valid 
even in experimental work). 


The Closeness of Estimate — Standard Error of Estimate 

Attention has previously been called to the fact that when some 
dependent variable, such as the distance required for an automobile to 
stop after the brake is applied or the protein content in wheat samples, 
is estimated from another variable, such as the speed at which the car 
is moving or the proportion of vitreous kernels in the sample, the 
estimated values in many cases will not be the same as the values 
of the dependent variable that were originally observed. These dif- 
ferences are obviously due to residual causes; that is, to variations 
in the dependent variable which were unrelated to changes in the par- 
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ticular independent variable used in the analysis. For that reason 
the differences between the estimated values and the actual values are 
termed residual differences or, more simply, residuals. 

For linear relations. The meaning of the residuals and their use 
in determining the standard error of estimate and the coefficient and 
index of correlation can best be understood if illustrated by a concrete 
case. Such an illustration is given in Table 28. Here 18 observations 
of the number of days (X) that horses worked on different farms 
and the quantity of grain fed each horse (7) have been fitted by a 
straight line to estimate the quantity of feed from the days of work. 
The estimated quantities, Y\ and the residuals, z , or differences be- 
tween the estimate and the actual, are also shown. 

TABLE 28 


Days Worked by Horses, Grain Fed per Horse, and Grain Estimated from 

Days of Work 


Days worked 

X 

Grain fed, in 
hundred weight 

Y 

Estimated grain 
fed* 

Y* 

Excess of actual 
over estimate 

z 

107 

* 

49 

48.0 

1.0 

70 

28 

40.9 

-12.9 

81 

44 

43.0 

1.0 

57 

36 

38.4 

- 2.4 

87 

58 

44.2 

13.8 

114 

38 

49.4 

-11.4 

73 

49 

41.5 

7.5 

74 

53 

41.7 

11.3 

42 

33 

35.5 

- 2.5 

90 

45 

44.8 

0.2 

100 

59 

46.7 

12.3 

59 

39 

38.8 

0.2 

86 

38 

44.0 

- 6.0 

89 

41 

44.6 

- 3.6 

98 

42 

46.3 

- 4.3 

95 

45 

45.7 

- 0.7 

76 

39 

42.1 

- 3.1 

98 

46 

46.3 

0.3 


•Computed by regression formula Y «=> 27.43 + 0 . 1927 ^. 


The residuals vary from +13.8 to -12.9. If we wish to say how 
large they are on the average, we can ignore the plus and minus signs 
and compute the average deviation. For the 18 residuals in Table 
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28, the average deviation is 5.25, and the standard deviation is 7.13. 

If these residuals are grouped in a frequency distribution, they fall 
as shown in Table 29. 

The standard deviation of z is different from the standard deviations 
previously computed. Instead of showing the standard deviation of 
grain fed from the mean quantity (that is, <r v ), it shows the standard 

TABLE 29 


Frequency Distribution of Residuals in Estimating Grain Fed 


Residual * 

Number of 
times occurring 

Residual * 

Number of 
times occurring 

-16 to -12 

1 

0 to 4- 4 

4 

-12 to - 8 

1 

4~ 4 to + 8 

1 

- 8 to - 4 

2 

+ 8 to +12 

1 

— 4 to 0 

6 

4-12 to 4-16 

2 


* A 8 stated in Chapter 1, —12 to —16 means from —16 up to, but not including, —12; and ao 
on for the other groups. 


deviation around a changing quantity, depending on the number of 
days worked. The a. is thus the standard deviation around the fitted 
line of relation, and may be indicated graphically on a correlation 
chart as a certain area above and below the fitted line. (Note Figure 
22, page 151 of Chapter 8.) 

The standard deviation is 7.13, so we should expect two-thirds of 
the residuals to come between -f-7.13 and —7.13. Of the 18 cases, 
12 came within this range of the line, or 67 per cent of all the cases. 
Similarly, only 5 per cent of the cases would be expected to fall out- 
side the range d=2a, or below —14.3 or above -f-14.3. Actually 
none come outside this range, which is close to the expected propor- 
tion for a normal distribution with this limited number of observations. 

Where the same set of conditions prevails as those under which 
the original data were selected and only the independent variable is 
known, it may be desired to estimate the probable value of the de- 
pendent variable from the known value of the independent. Thus if 
the number of days that hbrses work on other farms in the same area 
is known, it may be desired to estimate the quantity of grain that 
will be needed to feed them. Or in a case where yield of cotton 
with various applications of irrigation water has been determined 
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(note the example in the next chapter) it may be desired to estimate 
the most probable yield on other fields, solely from the amount of 
water applied. In case the estimates were to be made for new observa- 
tions taken from the same “universe” — for example, on the same soil 
type, in the same area, and for the same year — as were the previous 
samples, a knowledge of the standard deviation of the residuals for 
original samples gives a basis for judging how closely the new esti- 
mates are likely to approximate the true, but unknown, yields for the 
new observations. Similarly in the feeding case it is evident that the 
errors of estimate will not often be greater than 14.3 hundred weight 
of grain, and usually will be less than 7.1 hundred weight. 

Since the standard deviation of the residuals does thus serve to 
indicate the closeness with which new estimated values may be ex- 
pected to approximate the true but unknown values, it has been 
named the standard error of estimate } 

The symbol S is used to denote the standard error of estimate. 
S v . x indicates the standard error for estimates of Y made from a linear 
relation to X, by the equation Y = a + bX. Similarly, Sy./( x ) would 
indicate the standard error for estimates of Y made on the basis of a 
freehand curve relation to X, as indicated by the equation Y = f(X). 

The standard error of estimate is therefore defined by the two 

equations : 



( 20 . 1 ) 


The standard error of estimate in estimating grain fed the horses 
from number of days worked, by the linear equation, is therefore 7.13 
hundred weight. 

For curvilinear relations. The calculation of the standard error 
where a curvilinear function is used to express the relation may also 
be illustrated by the horse-feeding data. From a freehand curve, 
fitted by methods already described, estimates of Y from the relation 
F = / {X) were obtained, as shown in Table 30. 

The standard deviation of the new residuals is 6.85. This is then the 
standard error of estimate for estimates based on the curve. 

The standard error of estimate of 6.85 from the curve, compared 

1 Chapter 19 gives more refined measures of the accuracy with which estimates 
may be made for new observations. 
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with that of 7.13 from the straight line, indicates that in both cases the 
amount of feed fed horses in a year can be estimated, for the cases 
included in the sample, from the number of days they work in a year 
with a standard error of between 675 and 725 pounds. It appears 
at this stage that the estimates made on the basis of the curvilinear 
relation are a little more reliable than those based on the linear 
relation. . ' 


TABLE 30 

Days Worked by Horses, Grain Fed per Horse, and Grain Estimated from 

Days of Work, by Freehand Curve 


Days worked 

X 

Grain fed, in 
hundredweight 

Y 

Estimated grain 
fed 

Y" 

FIxcess of actual 
over estimate 
*" 

107 

49 

46.5 

2.5 

70 

28 

41.4 

-13.4 

81 

44 

44.2 

- 0.2 

'57 

36 

37.4 

- 1.4 

87 

58 

45.5 

12.5 

114 

38 

46.5 

- 8.5 

73 

49 

42.2 

6.8 

74 

53 

42.5 

10.5 

42 

33 

32.5 

0.5 

90 

45 

45.9 

- 0.9 

100 

59 

46.5 

12.5 

59 

39 

38.1 

0.9 

86 

38 

45.2 • 

- 7.2 

89 

41 

45.8 

- 4.8 

98 

42 

46.5 

- 4.5 

95 

45 

46.4 

- 1.4 

76 

39 

43.0 

- 4.0 

98 

46 

46.5 

- 0.5 


The standard error of estimate can also be used to indicate the prob- 
able reliability of a series of estimates of the values of the dependent 
variable for new observations when only the values of the inde- 
pendent variable are known, but only where it is definitely known that 
the new cases are drawn at random from exactly the same universe 
— the same set of conditions — as were the observations from which 
the relation was determined. In case they do not represent exactly the 
same conditions — as if, for example, they represent a different period 
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of time 2 — then the standard error of estimate has meaning only with 
respect to the scatter of the residuals around the regression line for the 
cases used in determining the relationship. It measures (when ad- 
justed) what the differences probably would have been in the universe 
from which the observations came but does not give more than a clue 
or a possible indication as to what the differences may be when the 
same relations are applied to data from new or different conditions. 

Adjustment of standard error of estimate for the number of ob- 
servations. The standard deviations of a series of samples drawn from 
any stable universe will vary from one to another, owing to statistical 
fluctuations. The same is true for the standard error of estimate 
computed for a fitted line. The standard deviations, or standard errors 
of estimate, not only vary but on the average also are somewhat 
smaller than the result that would be obtained from a large sample 
from the same universe. Because of this tendency of the standard 
error of estimate from the sample to understate the standard error in 
the universe, an adjustment is necessary. An unbiased estimate of the 
value of the standard error of estimate for the entire universe may be 
calculated from the standard error of estimate for the sample by the 
use of the following equations: 



hence 




Z(* 2 ) 

n - 2 



( 21 . 1 ) 

( 21 . 2 ) 




And for curvilinear functions 


Sy-f(z) — 


hence 


n<r z n 
n — m 


2 (z" 2 ) 


nSl. 


irfir ) 


n — rn 


Sl/u ) = 


n — m 


n 


(7 z n 


n — m 


( 22 . 1 ) 

(22.2) 


In these equations, S v . x is used to indicate the estimated standard 
error of estimate for the universe, just as a was used (in Chapter 2) 
to indicate the estimated standard deviation in the universe from 
which the sample was drawn. 

2 See Chapter 2, page 15, for the other conditions assumed before error formulas 
apply exactly. 
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In equations (21.1) to (22.2), n stands for the number of observa- 
tions. In equations (22.1) and (22.2), m stands for the number 
of constants in the regression equation, such as a, b, and c. In the 
case of a parabola of the second order (type a), m would be 3; for 
a cubic parabola (type /), it would be 4. Where a freehand curve has 
been used, it is necessary to estimate how many constants would be • 
needed to represent the curve mathematically. (See pages 76 to 81 
for the constants needed to represent various shapes of curves.) 

The standard error of estimate in estimating grain fed the horses 
by the linear equation, after the standard deviation of the residuals 
is adjusted by equation (21.1), works out to be: 



18(7. 13 2 ) 
18 - 2 

S y . z = 7.56 


57.19 


The new value indicates that the errors in estimating grain from days 
worked, when the estimate is made for new observations drawn at 
random from the same universe, will run slightly larger than was 
indicated by the residuals for the cases included in the study, as 
tabulated in Table 29. 

When the standard deviation for the curvilinear function is cal- 
culated by equation (22.1), a different result from that before appears. 
If it is assumed that the regression curve used could have been repre- 
sented mathematically by an equation with three constants (such as 
a parabola) then the correction works out to be: 




18(6.85 2 ) 

18-3 


= 56.31 


Sy.f(x) — 7.50 

The adjusted standard error of estimate for the curvilinear rela 


tion, 7.50, is barely smaller than that for the linear equation, 7.56. 
This indicates that when estimates are made for new observations 


from the same universe, the straight line is likely to give about as 
reliable results as is the regression curve. Not unless the adjusted 
standard error for the curve is materially smaller than for the straight 
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line can the curvilinear regression be expected to improve the accuracy 
of estimate. 3 

Units of statement for standard error of estimate. The standard 
error of estimate is necessarily stated in exactly the same kind of 
units that the original dependent variable is stated in. Where the 
dependent variable is stated in feet, as in the automobile problem, 
the standard error of estimate will be in feet; where it is in percentage 
points, as in the wheat problem, the standard error will be in per- 
centage points; and where it is in logarithms, as in Table 27, the 
standard error will be in logarithms. Thus in a case like that shown 
in Table 27, the standard error might be the logarithm 0.038. That 
means that the logarithm of the estimates is likely to agree with the 
logarithm of the true values to within dr 0.038, two-thirds of the time. 
With an estimated logarithm of 1.00, the logarithm of the true value 
would then be between 0.962 and 1.038, two-thirds of the time. In 
terms of anti-logarithms, this gives values of 9.16 and 10.91, or 
between 9.1 per cent above and 8.4 per cent below the value 10. Since 
a given logarithmic difference always means the same percentage 
difference, no matter how large or how small the base to which it is 
applied, when the standard error is thus stated in logarithms it indi- 
cates the range within which the estimates may be expected to be 
reliable, not as absolute quantities such as pounds of grain but as 
percentages. In terms of absolute differences, the estimate might be 
expected to be right within 100 pounds, no matter whether the quantity 
fed was estimated at 1,000 pounds or 4,000 pounds; whereas using 
logarithms, if the estimate was expected to be right within 100 pounds 
for an estimate of 4,000 pounds, it would be expected to be right 
within 25 pounds for an estimate of 1,000 pounds. 

The standard error of estimate is thus computed from the stand- 
ard deviation of the residuals for the cases on which the relation is 
based. It indicates the closeness with which values of the dependent 
variable may be estimated from values of the independent variable. 
Its exact interpretation differs with the particular units in which the 
values of the dependent variable are expressed. 

3 The values of S y . x are subject to errors of sampling, just as the values of o x are 
subject to eiTors of sampling. Accordingly, the values of S v . x must be regarded 
only as estimates of the true values, ,S,, which prevail in the universe from which 
the sample is drawn. Also, it must be remembered that tire adjustment, m, for the 
number of degrees of freedom removed, is only an approximate adjustment in t ho 
case of a freehand curve, and that this introduces a further limitation to the ac- 
curacy of Sy.f(x). 
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The Relative Importance of the Relationship — Correlation 

In certain problems it might be found that every bit of variation in 
one variable could be explained, or accounted for, by associated dif- 
ferences in the value of an accompanying variable. Thus all the varia- 
tion in the volume of a cube can be explained by the corresponding 
difference in the length of one side. No other variable is needed to 
account for the volume of the cube. If we know what the length of 
the side is, we can compute accurately what the volume will be. All 
the variation in volume can therefore be said to be \ explained, or 
accounted for, by the known relation to the length of the side. 

In most problems with which the statistician has to deal, however, 
all the variation cannot be explained by the relation to another 
variable, and residual variation is left over. As has just been pointed 
out, this residual variation can be measured and used as an indica- 
tion as to the errors in estimate. 

It is obvious that if no relation has been found, the independent 
variable considered does not explain any of the observed variation in 
the dependent variable, and so none of the variation can be explained 
as due to, or associated with, the independent variable. If, as in the 
case of the cube, the estimates all agree exactly with the actual values, 
there are no residual elements, and the variation is perfectly ex- 
plained. But between these two extremes lie the cases of partial 
explanation, where a portion of the variation can be explained by the 
independent variable considered, and a portion cannot. In the auto- 
mobile case, part of the variation in stopping distance, but not all, 
was associated with the speed; in the wheat case, part of the varia- 
tion in protein content, but not all, could be estimated from variations 
in the proportion of vitreous kernels; and in the horse-feed case, part 
of the variation in feed fed, but not all, could be accounted for by 
variations in number of days worked. In many problems it is of inter- 
est to determine what proportion of the variation in the dependent 
variable can be explained by the particular independent variable con- 
sidered, according to the relation observed. 

Measurement of the relative importance of the relation between 
two variables calls for a different type of statistical constant than the 
standard error of estimate. The standard error of estimate simply 
indicates the size of the residuals, without regard to the amount of 
variation in the dependent variable as first observed. If the standard 
error of estimate for a cotton-yield problem, for example, were 50 
pounds, that would be the standard error no matter whether the 
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yield of cotton in the original cases varied only between 200 and 400 
pounds or between 50 and 1,200. If the yields varied only between 
200 and 400 pounds, and the standard error was 50, practically all 

the variation in the original yields would still be left in the residuals; 

$ 

whereas if the yields varied between 200 and 1,200 and the standard 
error was 50, only a very small portion of the original variation would 
be left in the residuals. Yet the standard error of estimate would 
be of the same size in both cases. 

What is needed to show the relative importance of the relationship 
is some measure which shows what proportion of the original varia- 
tion has been accounted for. The amount of the variation in the series 
of estimated (7') values shows how much variation has been ac- 
counted for. All that need be done is to compare that variation 
with the variation in the original series to determine what propor- 
tion of the variation has been explained. 

The standard of deviation may be employed for the purpose of 
measuring the amount of variation. The actual values, Y, shown in 
Table 28, have a standard deviation of 7.92. The values estimated 
from the linear regression equation, Y' , have a smaller standard devia- 
tion, 3.47. If we determine how large the latter is compared to the 
former, we get <r v '/a v = 3.47/7.92, or 0.44. This is then a measure of 
the importance of relationship between the two variables — or the 
amount of correlation , as it is termed — according to the particular type 
of curve for which the relationship was determined. 

Linear relations — coefficient of correlaion. Where the relationship 
between the two variables is found or assumed to be a straight line, 
the value of oy/Vy is termed the coefficient of correlation. The symbol 
r is used to represent it. When values of Y are estimated from values of 
X according to a straight-line equation, then the proportion of the 
variation in Y which is so accounted for is indicated by the notation 
r VXy which is read “the coefficient of correlation between Y and X” 

The coefficient of correlation may therefore be defined 


°V 

= — 
<ry 


(23.1) 


This formula gives values of r identical with those given by the 
more usual formula, equation (27), presented subsequently on page 
148, as can be proved by simple algebra (see Note 3a, Appendix 2). 

The method of computing the coefficient of correlation which has 
just been shown demonstrates that the coefficient is simply a measure 
of how large the variation in the estimated values is, in proportion to 
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the variation in the original values. The coefficient of correlation thus 
measures the 'proportion of the variation in one variable which is 
associated with another variable, and therefore is a measure of the 
relative importance of the concomitance of variation in the two factors. 

Curvilinear relations — index of correlation. In case the relation 
has been determined as a curvilinear function instead of a straight 
line, the ratio cy*/ a v is termed the index of correlation , and is repre- 
sented by the symbol p ux . 

The index of correlation may therefore be approximately defined as 


<V' • 

Pyx — 

°V 


(23.2) 


(A more exact value for the index of correlation is given in equation 
(29) on page 156.) 

Computing the index of correlation for the horse-feed case, ay// <r v 
= 3.86/7.92 = 0.49. From this figure, it would appear that the cor- 
relation is definitely higher for the curve than for the straight line. 4 

Characteristics of the measures of correlation. It should be noted 
that in the case of straight-line relations, if the line has a positive slope, 
so that as X increases the values of Y' (the estimated values of 7) 
increase, the correlation is said to be positive, and a plus sign is affixed 
to the correlation coefficient. Similarly, if the line has a negative slope, 
so that as the values of X (the independent variable) are larger, the 
values of Y ' (the estimated values for the dependent variable) become 
smaller, the correlation is said to be negative, and a minus sign is 
affixed to the correlation coefficient. The coefficient of correlation thus 
takes the same sign as the constant b of the corresponding linear 
equation. In the case of the correlation index, the curve may be 
positive in one portion and negative in another, so no sign is used, 
and reference to the curve is necessary to indicate the nature of the 
relationship. 

In a case where the observed relation explains all the variation in 
the dependent variable, the estimated values will be identical with the 
actual values. The standard deviation of Y' will therefore be exactly 
as large as the standard deviation of Y, and the ratio oy/ a v will equal 
1.0. This is termed perfect coiTelation, and is indicated when p = 1.0, 
or when r = 4 1.0 or — 1.0. 


4 In some statistical texts, r VI is used to represent the correlation observed in a 
given sample, and p vx is used to represent the true correlation existing in the uni- 
verse from which that sample was drawn. The student should not confuse that use 
of the Greek rho, p, with the w'ay it is used here. 
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At the other extreme of no relation, no variation can be accounted 
for by the particular independent variable considered, and the estimated 
values Y' are therefore all the same, being merely the average of Y. In 
that case the standard deviation of the estimated values is zero, and the 
ratio <Jy’/<i v =? 0/a v = 0. The case of complete absence of correlation, 
therefore, is indicated by values of 0 for either r or p. 

The possible values of the coefficient of correlation therefore range 
from 0 to + 1.0 or to — 1.0; whereas the values for the index of 
correlation range from 0 to 1.0. Since most problems with which the 
investigator has to deal involve cases that are intermediate, where there 
is some but not perfect correlation, it is these intermediate cases which 
are of most importance. The precise significance of different values 
of r and p will next be considered. 

Where both X and Y are assumed to be built up of simple elements 
of equal variability, all of which are present in Y but some of which are 
lacking in X , it can be proved mathematically that r 2 measures that 
proportion of all the elements in Y which are also present in X. For 
that reason in cases where the dependent variable is known to be 
causally related to the independent variable, r 2 may be called the 
coefficient of determination. It may be said to measure the percentage 
to which the variance in Y is determined by X, since it measures that 
proportion of all the elements of variance in Y which are also present 
in X. 5 The coefficient of determination, d xy , may be defined by the 

equation 

d ly = 4 (24.1) 

Where some elements are present in each variable which occur in the 
other, the coefficient of determination is the product of these joint pro- 
portions. That is, if 2/3 of the elements in X are the same as 2 3 of 
the elements in Y, then the coefficient of determination will be equal 

to 4/9. 

Although the coefficient of correlation was the earliest measure used, 
it can be seen that it may be misinterpreted. Thus if half the variance 
in Y is directly due to X, the coefficient of correlation would be 0.707 

( = y/V'i ) • Yet the coefficient of alienation 0 is also 0.707. If instead 
the coefficient of determination is used, when we know that that is 0.50, 
we know at once that the coefficient of non-determination 0 is also 

w 

6 See Note 4, Appendix 2. 

6 See Note 5, Appendix 2, for a fuller definition of these new terms. 
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0.50; or if the determination is 0.60, the non- determination is 0.40. 
The coefficient of non-determination may be defined. 

d xy = 1 ■ - 4 (24.2) 

Since this is the most direct and unequivocal way of stating the pro- 
portion of the variance in the dependent factor which is associated 
with the independent factor, it may be used in preference to the other 
methods. 

Where curvilinear relations have been used in determining the rela- 
tionship, the term index of determination will be used to denote the 
value of p 2 , thus retaining the same relation to the index of correlation 
that the coefficient of determination bears to r, the coefficient of correla- 
tion. The index of determination, d v . f(x) may be defined 

dyf(x) = P V x (24.3) 

When an expression is used such as “Forty per cent of the variance 
in yield is due to differences in rainfall,” it will be understood that it is 
either the coefficient or the index of determination which is being 
stated. 

Relation of the measures of correlation to the two regression lines . 
Attention has been called in several previous chapters to the fact that 
two regression lines can be fitted to any set of observations. These 
are denoted by the two coefficients b yx and b xv in the two equations 


and 


Y = a vx + b yx X 
X = a xy -f- b xv Y 


Although there are these two regression lines, there is only a sing e 
coefficient of correlation for any one set of observations. In fact, t e 
coefficient of correlation has certain definite relations to the two lines. 
It indicates how closely the two lines approach one another. e 
higher the correlation, the closer the two lines come together, t e 
lower the correlation, the farther they diverge. In perfect correa 
tion (r = ±1) the two lines coincide. When there is no correlation 
(?’ = 0) the two lines will be at right angles to one another. 

This relationship is so exact that the value of the correlation coe 
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ficient can be computed from the slopes of the two lines according to the 
equation 

r yx = V b yx b xy (24.4) 

It follows from this equation that when r = 1 , b yx — — , and therefore 

Oxy 

the two regression lines will coincide. 7 

Although there can be only a single coefficient of correlation for a 
single set of observations, there can be two indexes of correlation. 
This follows from the fact that the curve which expresses the relation 

Y = f(X) 

may be a curve of quite a different type from that which expresses 
the relation 

X = *(7) 

Accordingly, the index of correlation, p yX) which measures the closeness 
of correlation according to the first curve, may be quite different from 
the index of correlation, p xy , which measures the closeness according 
to the second curve. Only in the special case where all the observations 
lie precisely along the curve, so that p = 1, will the two indexes have 
the same value. In that case it will also hold true that the curves 
Y = f(X ) and X = <f>(Y) will be identical with the coordinates re- 
versed. 

There is only one* correlation coefficient, r, however. It measures 
the correlation according to both regression lines. Since r = r ya — r xy} 
either notation can be used interchangeably. 

Adjustments for number of observations. Where the number of 
cases in the sample is not very large, both the coefficient and index 
of correlation require certain adjustments before the values calculated 
from the sample, as given by equations (23.1) and (23.2), can be 
used to indicate the values *which are most probably true for the 

£ f 

universe from which that sample was drawn. Without correction, 

7 This property of the two lines can be used to estimate graphically the close- 
ness of correlation. When the two variables, X and Y, are stated in terms of unit 
standard deviation, X/v z and Y/ff v , by dividing each observation by the standard 
deviation of the series, the coefficient of correlation will then be a precise mathe- 
matical function of the angle between the two lines. By stating the variables in 
this way, plotting them on a dot chart, and drawing in the two lines graphically, a 
fairly close approximation to the coefficient can be obtained. 
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the observed coefficient or index of correlation tends to exceed the true 
correlation. 8 

Denoting the adjusted constants as f vx and J yxy the adjustment 
formulas are: 

4 = 1 - (1 - t * x ) (^~) (25) 

fyr = 1 ~ (1 - Plz) (— ~ ) (26) 

\n — m/ 


If the value to the right of the first “1 — ” in equation (25) or (26) 
exceeds unity, 0 must be taken for the value r or p. 

In these equations, n and m have the same meaning as in equations 
(22.1) and (22.2), presented on page 133. The adjusted value f is the 
value which most probably exists in the universe, if the correlation is 
0.80 or better. In half the samples, the value f will be as large as the 
true value; and in half, it will be smaller than the true value. If, how- 
ever, the correlation is low, 0.60 or less, f is a somewhat more conservar 
tive estimate of the true correlation. 

Applying the correction to the value of r yx previously computed for 
the horse problem, the correlation of grain fed with number of days 
worked is found to be : 



= 1 - 
= 0.38 


[1 - (0.44) 2 ] (18 - 1) 
18-2 


= 0.1432 


The index of correlation is even more likely to be spuriously high 
when based on a small number of cases than is the coefficient of corre- 


8 The value of r calculated from a sample is derived from the standard deviation 
of the estimated values cy and the standard deviation of the dependent variable * v . 
It was noted in Chapter 2 that when standard deviations are computed from a small 
sample, they tend to be less than the true standard deviation of the universe, and this 
applies to <r v . At the same time, ay is determined from a limited number of observa- 
tions. It was already pointed out that a straight line would exactly fit any two 
observations with no residuals at all. When a straight line is fitted to ten observa- 
tions, there are only eight “degrees of freedom” in determining the values a and b, 
as the “freedom” of two of these observations is used up in the determination. As 
a consequence of these conditions, the ay tends to be larger than it should be, and <r v 
tends to be too small. Hence the quotient, oy/o-y tends to be too large, on the 
average. Also, since oy tends to be too large, <r z tends to be too small, and hence 
the observed standard error of estimate also needs correction, as provided in equa- 
tions (21.1) to (22.2^. 
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lation and is even more in need of the adjustment, indicated by 
equation (26) . 9 

Computing the index of correlation for the horse-feed problem, 
with the corrections shown in equation (26) : 

4.-1 = 0.1389 

Pyx = 0.37 


After adjusting, we find that in this case the index of correlation is 
almost the same as the coefficient, agreeing with the conclusion shown 
by the two standard errors of estimate. Just as with the standard 
errors, so it is with the correlation — not unless the index of correla- 
tion is still definitely higher than the coefficient, after they have been 
adjusted by formulas (25) and (26), can it be said that there is 
definite indication of curvilinear correlation rather than of linear. 10 

It should be noted that in any case the adjustment to r or p is 
small compared with its own standard error — that is, the value given 
by the sample may miss the true value in the universe by a margin 
much larger than the difference between the observed value and the 
adjusted value. Chapter 18 discusses methods of estimating the 
probable range of such departures of the observed correlation from 
the true. Even so, the average value from a series of samples always 
tends to have the bias mentioned, and it is worth eliminating this 
average bias as far as possible, even if the adjusted value from an 
individual sample is still subject to a considerable standard ei’ror of 
its own. 

The reliability of the regression line or curve and of the measures 
of correlation. Chapter 2 shows how a series of samples drawn from 
the same universe would yield varying estimates of the true average 
in that universe. It also presented methods of estimating how far the 

9 The adjusted index of correlation p has the same interpretation as the adjusted 
coefficient of correlation— half of the samples will give values of p which will not 
exceed the true value of p in the universe from which the sample was drawn. 

Just as the a and b of the linear equation eliminate two degrees of freedom, a 
curve representing three constants (or more) can be passed exactly through three 
observations (or more) and so may eliminate three (or more) degrees of freedom. 
There is therefore even more tendency for p to be spuriously high than for r, and the 
correction is even more needed. 

10 See Figure F of Appendix 3 for a graphic method of computing adjusted 
coefficients or indexes of correlation from the unadjusted values. 
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average from a single sample might miss the true average in the uni- 
verse. In exactly the same way, if regression lines or curves are de- 
termined for a series of samples from the same universe, they will 
yield regressions which vary among themselves. Similarly, the coef- 
ficients or indexes of correlation and the standard errors of estimate 
will vary from sample to sample. Standard errors of each of these 
measures are available. They provide estimates of the range from 
the true values in the universe within which two-thirds of the values 
from such samples will fall and of the wider range within which larger 
proportions of the samples will fall. These measures of reliability for 
the sample results are much more complicated, both in computation 
and in interpretation, than the standard error of an average. Ac- 
cordingly, their presentation is deferred to a later chapter (Chapter 18). 
In addition, the special problem of the reliability of an individual 
estimate for an individual new observation, from the results shown 
by a sample, is treated in a separate chapter (Chapter 19). The 
methods given in the present chapter and Chapter 8 are sufficient for 
determining the correlation and regression as shown in the individual 
sample. Before a student or research worker uses the results of the 
sample to draw more general conclusions as to the relations which hold 
true in other samples or in the universe as a whole, or before he makes 
estimates for new observations, he should master these later chapters 
and should apply the checks and limitations set forth there in stating 
his general conclusions or in making his estimates. 

Summary. This chapter has pointed out that the closeness of 
relation between two variables may be measured either by the abso- 
lute closeness with which values of one may be estimated from known 
values of the other or on the basis of the proportion of the variation 
in one which can be explained by, or estimated from, the accompany- 
ing values of the other. The absolute accuracy of estimate is measured 
by the standard error of estimate, which indicates the reliability of 
values of the dependent variable estimated from observed values of 
the independent value. 

The relative closeness of the relation is best measured by the coeffi- 
cient of determination, in the case of linear relationship, or by the 
index of determination, in the case of curvilinear relationship. These 
measures show the proportion of the variance in the dependent vari- 
able which is associated with differences in the other variable. In 
the case of variables causally related, they measure the proportion of 
the variance in one which can be said to be due to the other. 
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The best methods of computing the various measures of corre- 
lation will be shown in the next chapter; the methods used in this 
chapter are designed rather to show the significance of the measures 
themselves. 

This chapter has also called attention to the fact that the measures 
of correlation obtained from a sample will vary from the true facts 
of the universe, has referred to later chapters where standard errors 
for estimating such variation are discussed, and has warned against 
drawing general conclusions or making new estimates from a single 
sample unless the precautions described in these subsequent chapters 
are observed. 



CHAPTER 8 


PRACTICAL METHODS FOR WORKING TWO-VARIABLE 

CORRELATION PROBLEMS 


Terms to be used. The preceding discussion has developed the 
means by which values of one variable may be estimated from the 
values of another, according to the functional relation shown in a set 
of paired observations. Simple correlation involves only the means for 
making such estimates, and for measuring how closely those estimates 
conform to, and account for, the original variation in the variable 
which is being estimated, for the given set of observations. 

The regression line is used, in statistical terminology, to designate 
the straight line used to estimate one variable from another by means 

of the equation Y = a bX 


This equation is termed the linear regression equation; and the coeffi- 
cient b, which shows how many units (or fractional parts) Y changes 
for each unit change in X, is termed the coefficient of regression. 

Where a curvilinear function has been determined, either by the 
use of an equation or by graphic methods, the corresponding curve is 
similarly designated as the regression curve. Either the mathematical 
equation or, if none has been computed, the expression 


Y = f(X) 

where the symbol f{X) stands for the relation shown by the graphic 
curve, is termed the regression equation. 

The coefficient of correlation and the index of correlation have 
both been defined as the ratio of the standard deviation of the esti- 
mated values of Y to the standard deviation of the actual values, 
whereas the standard error of estimate has been defined as the stand- 
ard deviation of the residuals from the estimates so made. In the 
case of linear relations, however, the coefficient of correlation and 
the standard error of estimate can both be computed directly from 
the same values as were employed in computing the constants of the 
regression equation. This will be illustrated by the practical example 
which follows. 
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Working out a linear correlation. As was illustrated in Chapter 
5, pages 64 to 71, the values for a and b of the regression equation can 
be determined for any two variables, X and Y, between which it may be 
desired to determine the relation, by working out the values, M X) M v , 
2X 2 and 2 (XT), and then substituting them in the appropriate equa- 
tions. In order to compute directly the coefficient of correlation, r xy , 
and the standard error of. estimate, S VXf it is necessary only to compute 
in addition the value 2Y 2 and substitute it in appropriate formulas. 
The data given in Table 31 illustrate the necessary operations. 

TABLE 31 

Computing the Values Needed to Determine Linear Regression and 

Correlation Coefficients 



Irrigation water 
applied per acre * 
(A) 

Yield of Pima 
cotton per acre * 
(Y) 

A 2 

XY 


Feet 

Units of ten -pounds 




1.8 

26 

3.24 

46.8 


1.9 

37 

3.61 



2.5 

45 

6.25 

112.5 


1.4 

16 

1.96 

22.4 


1.3 

9 

1.69 

11.7 


2.1 

44 

4.41 

92.4 


2.3 

38 

5.29 

87.4 


1.5 

28 

2.25 

42.0 


1.5 

23 

2.25 

34.5 


1.2 

18 

1.44 

21.6 


1.3 

22 

1.69 

28.6 


1.8 

18 

3.24 

32.4 


3.5 

40 

12.25 

140.0 


3.5 

65 

12.25 

227.5 

Total . 

27.6 

429 

61.82 

970.1 

Mean. 

1.97 

30.64 




676 

1,369 

2,025 

256 

81 

1,936 

1,444 

784 

529 

324 

484 

324 

1,600 

4,225 


16,057 


* From James C. Muir and G. E P. Smith, The use and duty of water in the Salt River Valley. 
Agricultural Experiment Station Bulletin 120, University of Arizona, 1927. All the plots were on 
the same type of soil, Maricopa sandy loam. 


The computations shown in this table— squaring both X and Y cal- 
culating the product XY, summing both X, Y, and the three columns 
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of extensions, and dividing the first two sums by the number of cases to 
give the mean of X and Y — provide all the basic data necessary. 1 The 
values a and b for the regression equation may next be computed by 
substituting these extensions in equations (9) and (10), which were 
used previously in Chapter 5, page 66. 



2 (XT) - nM x M y 
W) - n(M x ) 2 


970.1 - 14(1.97) (30.64) 
61.82 - 14(1. 97 2 ) 

125.050 


7.4874 


= 16.701 


a = M y - bM x = 30.64 - 16.701(1.97) = - 2.261 


The regression line, Y — a + bX, therefore is for this case 

Y = — 2.261 + 16.701X 

The unadjusted coefficient of correlation, r xv , may now be computed 
from the following new formula: 


2 (XT) - nM x M y 

V[2(X 2 ) - nM\\ [2(F 2 ) - nM 2 ] 

970.1 - 14(1.97) (30.64) 

[61.82 - 14(1. 97) 2 ] [16,057 - 14(30.64) 2 ] 


= 0.847 



It should be noticed that the numerator of this fraction is the same as 
that in the equation for b and that half of the denominator is the same, 
except that it is under the radical sign. 

Comparison of equations (9) and (27) with equation (5) for the 
standard deviation 

* n 


shows that they may be written more simply 



2 (XY) - nM x M y 
nai 


or 


na\ 



2 (XY) - nM x M y 

no x <j y 


gfa V) 

no x Vy 


(27.1) 

(27.2) 


1 Where the number of cases to be handled is large, various short cuts may be 
used to reduce the volume of computation required in computing the sums of ex- 

tensions 2A r2 , 'S.XY", and 2}’ 2 . The use of these short cuts is developed in Appen- 
dix 1, pages 455 to 463. 
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• * * 

The second form, in each case, uses the notation 2( xy ) for 2 (XT) — 

as discussed on page 66. 2 The forms shown in equations 
(9), (10), and (27), however, are the ones ordinarily used in actual 
computation, and should be kept clearly in mind. 

Once r xy has been computed, the value adjusted for the number of 
cases can then be obtained by equation (25). 



For the present problem, that becomes 




= 1 


[1 - (0.847) 2 ] (14 - 1) 


14-2 


= 0.833 


0.6939 


Knowing f xy , we may next compute the standard error of estimate 
by the following equation : 


\ 




16,057 - 14(30.64*) 
13 


[1 - (0.833) 2 ] 


= V 68.62 = 8.28 



Since this equation includes f xy , already adjusted for the number of 
observations, no further adjustment is necessary. The standard error 
computed by equation (28) is identical with that obtained by equa- 
tion (21.1), or (21.2), given in the previous chapter. 

As noted earlier, though r xy = r yx , b xy is not the same as b yx . The 
former regression, showing the change in X for each unit change in Y 
(that is, regarding the dependent factor as the independent factor 

instead), is obtained by modifying equation (9) to the following form: 3 

% 

2(XF) - nM x M y 
xv 2 (F 2 ) - n(M y ) 2 

2 The value of 2( xy ) is sometimes called the product moment. 

3 When the correlation is perfect, so that r ty = 1, the two regression coefficients 
will have the definite relation b yx =llb, y . Under these conditions the regression 
lines will be identical, no matter which variable is regarded as the independent 
variable and which as the dependent. 
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The new regression coefficient, b xy , shows the average change in 
water applied with each additional unit (ten pounds) of cotton 
harvested. With the quantity of water subject to human control, as 
in this case, this relation appears to have little meaning. However, 
if it is desired to chart it on Figure 22 along with the other regression 
line, it can be charted according to the linear regression equation 


X = a xy + b xy Y 


The value of the new a can be computed by restating equation (10) in 
the form 



— it/x b xy M. y 


Equation (28) completes the computation of all the values needed 4 
except the coefficient of determination, d xyi which is simply That 

IS ! 

d xy = r\ y = (0.833) 2 = 0.694 

Interpreting the results of a linear correlation. The next step is 
to take the several constants which have been computed and see what 
they mean. 

The coefficient of regression of Y on X , b yx = 16.70, shows that on 
the average the acre yield of cotton increases 16.7 ten-pound units, or 
167 pounds, for each additional acre-foot of water applied. The con- 
stant a shows that with no water applied, a yield of — 2.26 ten-pound 
units, — 22.6 pounds, or less than no cotton at all, might be expected. 
Since these results are based on observations extending from 1.2 acre- 
feet of water to 3.5, the relations shown by the regression line do not 
necessarily hold beyond those limits, and it is not certain what the yield 
would be when no water is applied. Extrapolating the regression line 
to that point is only a guess. 

The regression equation 


Y = - 2.26 + 16.7(Y) 
or 

Yield = - 22.6 + 167 (feet of water) 

then gives the yields of cotton estimated as most likely to be obtained 
from the quantity of water applied within the limits of 1.2 to 3.5 feet. 
Figure 22 shows how these estimated values, along the regression line, 
compare with the actual yields observed. 

4 Except also the calculation of measures of reliability, as explained in Chap- 
ters 18 and 19. 
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, The standard error of estimate, 8.28 ten-pound units or 82.8 pounds, 
shows that the (adjusted) standard deviation of the differences be- 
tween the actual and the estimated values is 82.8 pounds of cotton. 
Two lines have been drawn in Figure 22, at 82.8 pounds above and 
below the regression line. It will be seen that of the 14 cases, 9 
fell between these two lines, or in the zone within one standard error on 
either side of the regression line. 



Fia. 22. Relation of yield of cotton to irrigation water applied ; estimated yields 
from a linear regression and zone of probable yields indicated by the standard 

error of estimate. 

The coefficient of correlation, f xy — 0.83, and the coefficient of 
determination, d xy = 0.69, show that about 69 per cent of the variance 
in the yield of this crop in this area, on the farms from which these 
records were obtained, could be accounted for by the differences in the 
quantity of water used in irrigation. Since this leaves only 31 per cent 
of the variance to be accounted for by all other factors, it would appear 
that the quantity of water applied (or other factors associated with it) 
was the most important factor which was associated with the yield of 
cotton on these farms and on this type of soil. 

The fact that 69 per cent of the variance in yield can be explained 
by corresponding differences in the quantity of water applied does 
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not in itself mean that the differences in irrigation caused the differ- 
ences in yield. For example, it might be possible that the quantity 
of water applied was regulated to conform to the fertility of the land 
and that the differences in yield were really due to the differences in 
fertility. The statistical measure merely tells how closely the vari- 
ance in one variable was associated with variance in the other; 
whether that association is due to, or can be taken as evidence of, 
cause-and-effect relation is another matter, and is outside the scope of 
the statistical analysis. (For more extended discussion of this point, 
see the last two chapters of this book.) 

Working out a curvilinear correlation. The next step is to 
consider whether the straight line is adequate to describe the way that 
the yield increases as more water is applied, or whether a curve had 
better be employed. (This step can be taken before any of the linear 
results are worked out, and, if a curve is decided on, the previous 
work can be skipped entirely, if desired.) 

Before fitting the curve, we must consider wha^ type of curve 
it is logical to expect. In most agricultural production problems, 
diminishing returns are experienced. 5 That is, the application of suc- 
cessive increments of fertilizer or other productive aid on the same 
areas will be expected to produce a smaller and smaller increase in 
the product. Also, it is known that if too much of some factors are 
applied, the result may be to produce a decline in output. The decline 
after the point of optimum application is reached may be gradual, or 
it may be sudden, owing to a toxic effect of too much of one substance 
upon the plant or animal. These considerations would lead us to ex- 
pect a curve with the following characteristics: 

1. It should rise steeply at first, and then less and less sharply 
until a maximum is reached. 

2. It might show a decline after the maximum is reached, either 
gradual or sharp. 

3. It would have only the single point of inflection (change of 
direction) at the optimum application. 

These are the conditions we shall apply in fitting the curve. 

Examining Figure 22 more closely, we see that, in the range up 
to 1.8 acre-feet of water, the actual yields lie below the regression 
line four times, and above four times; in the range from 1.9 to 3 acre- 

n William J. Spillman, The Law of Diminishing • Returns , World Book Co, 
Yonkers-on-the-Hudson, New York, and Chicago, 1924. 
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feet, the actual yields lie above in all four observations; and above 3 
acre-feet the one yield below the line is much farther below than is the 
one above. These facts suggest that a curve convex from above, giving 
lower estimated yields than the straight line for the lowest and highest 
applications of water and higher estimated yields for the intermediate 
applications, would more accurately represent the relations in this 
case. (The number of observations is far too low to serve as a very 
accurate indication of the shape of the curve, but it will serve at 
least as a simple illustration of the way the whole problem may be 
worked through.) 

The next step is to group the observations according to the value 
of X (the quantity of water) and average both X and Y, water and 
yield. In view of .this small number of observations, rather large 
groups are taken; were more cases available, the groups might be 
made narrower. 

TABLE 32 

Computation of Group Averages to Indicate Regression Curve — 

Cotton Example 


X (water) 1 to 1.4 

X (water) 1.5 
to 1.9 

X (water) 2.0 
to 2.9 

X (water) 3.0 
to 3.9 

X 

Y 

X 

Y 

X 

Y 

X 

Y 

1.4 

16 

1.8 

26 

2.5 

45 

3.5 

40 

1.3 

9 

1.9 

37 

2.1 

44 

3.5 

65 

1.2 

18 

1.5 

28 

2.3 

38 



1.3 

22 

1.5 

23 







1.8 

18 





Sums. . . 5.2'* 

65 

8.5 

132 

6.9 

127 

7.0 

105 

Means. . 1.3 

16.25 

1.7 

26.4 

2.3 

42.33 

3.5 

52.5 


These averages are then plotted, as shown in Figure 23, an irregu- 
lar line dotted in connecting them and as smooth a curve as possible 
which fulfills the stated conditions drawn in freehand through the 
averages and the broken line, just as discussed in pages 105 to 110, 
Chapter 6. This then gives the regression curve. It is seen to fit 
the data well, and yet to fulfill the logical conditions stated. The 
point of maximum yield, however, apparently lies beyond the limit 
of the observations. 
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Next the estimated yields for each different application of water 
are read off from this curve, and the difference between the actual 
and the estimated yields is determined. These residuals are then 
squared to determine their standard deviation. In case the linear 
correlation has not been previously worked, the yields, or Y values, are 
also squared as shown, so as to determine their standard deviation, 
and so give the basis for measuring the amount of correlation. 

Yield of 



Fig. 23. Relation of yield of cptton to irrigation water applied; estimated yields 
from a curvilinear regression; and zone of probable yields as indicated by the 

standard error of estimate. 

The sum of the Y" values is slightly smaller than the sum of 
the Y values, and the mean of the z" values is therefore not exactly 
zero, but 0.264. That indicates that the curve shown in Figure 23 
should be shifted up 0.264 unit, or 2.64 pounds, to make the esti- 
mated and actual averages agree. 6 Representing this curve by f(X), 

6 In problems with many observations, the sum of the Y values and of the Y" 
values may be determined separately for the several different portions of the curve, 
to see if its position should be shifted in one portion and not in another. This 
process cannot be carried too far, however, for if the divisions are made too small 
the effect will be to make the curve pass through each successive group average, 
without smoothing out the irregularities into a continuous function. 
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the regression equation for the curvilinear correlation may therefore 
be written : 


Y = k+f(X) 

Y = 2.64 + f(X) 

TABLE 33 


Computation of Residuals and Standard Deviation for Curvilinear 

Regression — Cotton Example 


Water 
per acre, X 

Yield, in 
ten-pound 
units, Y 

Yield estimated 
from X , in ten- 
pound units, Y" 

Y—Y”, 

in 

(*") 2 

Y 2 

1.8 

26 

29.0 

- 3.0 

9.00 

676 

1.9 

37 

31.0 

6.0 

36.00 

1,369 

2.5 

45 

42.8 

2.2 

4.84 

2,025 

1.4 

16 

19.2 

- 3.2 

10.24 

256 

1.3 

9 

16.8 

- 7.8 

60.84 

81 

2.1 

44 

35.2 

8.8 

77.44 

1,936 

2.3 

38 

39.5 

- 1.5 

2.25 

1,444 

1.5 

28 

21.9 

6.1 

37.21 

784 

1.5 

23 

21.9 

1.1 

1.21 

529 

1.2 

18 

14.2 

3.8 

14.44 

324 

1.3 

22 

16.8 

5.2 

27.04 

484 

1.8 

18 

29.0 

-11.0 

121.00 

324 

3.5 

40 

54.0 

-14.0 

196.00 

1,600 

3.5 

65 

54.0 

11.0 

121.00 

4,225 

Sums 

429 

425.3 

+ 3.7 

718.51 

16,057 


The values at the foot of Table 33 now give the constants necessary 
to measure the closeness of the correlation. First the standard devia- 
tions of Y and of z " are computed, using the formula 


. /2T 2 - n(Ml) 

Gy = \i = 14.44 

* n 

. fc(*") 2 - n(Mf) ^ /718.51 - 14(0.264 2 ) _ 

<r z " = V = \ — = 7.16 

* n *14 

Then, by equation (22.2), 

£y/(x) = 8-07 
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Here 3 is used for the value of m, since it is judged that a parabolic 
equation of type (o), with 3 constants, would be adequate to reproduce 
the freehand curve. 

The standard error of estimate for the graphic regression curve is 
thus 8.07 ten-pound units, or 80.7 pounds. This is 2.1 pounds smaller 
than the corresponding value in the case of the linear correlation, in- 
dicating how much more closely the curve fits the data than does the 
straight line, even after allowing for its greater flexibility. In Figure 
23 two dotted lines have been drawn in, each 80.7 pounds away from 
the regression curve, indicating the zone of estimate within which 
approximately two-thirds of the cases fall (10 out of 14 in this instance) 
and within which two-thirds of the actual yields may be expected to fall 
if new estimates of yield are made from the water applied for addi- 
tional cases drawn from the same universe. (Note also the discussion, 
in Chapters 18 and 19, of the reliability of such estimates.) 

The index of correlation, p yZf may next be computed by substituting 
the two standard deviations in formula (29) : 



This formula includes the corrections for the number of variables 
and constants. It should always be used in calculating the index of 
correlation where the curve has been determined freehand, as in this 
case, since it gives a more accurate measure of the correlation than 
does equation (23.2), shown previously. 

Where the equation of the curve has been determined by mathe- 
matical means, the standard error of estimate and the index of corre- 
lation may be computed without working out the estimates and 
residuals for each of the individual cases. These methods will be 
described subsequently. 7 

In the example given, the index of correlation works out 


P~V* 



r (7.i6) 2 ] 

'14 - l] 

L (14.44) 2 J! 

L 14 - 3 J 


1 - 0.2905 = 0.7095 


Pux — 0.842 


Since the index of determination is simply pj x , it is 71.0 per cent. 
Comparing these results with those obtained by linear correlation the 
index of determination of 71.0 per cent compares with the coefficient of 


7 See page 412, Chapter 22. 
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.determination of 69.4 per cent. Apparently taking into account the 
curvilinear nature of the relations has increased the proportion of the 
variance in yield accounted for by differences in water application by 
1.6 per cent of the total variance in the yield. 8 (Only the measures of 
determination can be directly compared in this way. If the coefficient 
of correlation, 0.833, were subtracted from the index of correlation, 
0.842, that would give an incorrect idea of the importance of taking 
account of the curvilinear nature of the relation.) 

Interpreting the results of curvilinear correlation. The index 
of determination and the accompanying standard error of estimate 
have been interpreted for the curve in much the same manner as were 
the coefficient of determination and the standard error of estimate for 
the straight line. In the case of the regression curve itself, however, 
a somewhat different method of presentation may be best, since a 
mathematical equation expressing the relation has not been computed. 

TABLE 34 

Yield of Pima Cotton, with Different Applications of Irrigation Water, on 
Maricopa Sandy Loam Soils in the Salt River Valley, Arizona, in 

1913, 1914, and 1915 


Irrigation water 
applied 

Average yield of 
cotton lint 

Acre-feet 

Pounds per acre 

1.25 

150 

1.50 

222 

1.75 

283 

2.00 

335 

2.25 

385 

2.50 

431 


The regression curve just worked out for the cotton problem, for 
example, may be presented either as a curve showing graphically the 
yield to be expected for various applications of water, as is illus- 
trated in Figure 23, or as a table showing the same thing, as in Table 
34. In both instances the constant which has been determined from 
the average of z " is added to the values read from the curve in Figure 
23, /(X), so as to give the final estimates which would be made by 
taking into account this slight shift in the position of the curve. 

8 See Chapter 18, page 319, for tests as to whether this difference is large enough 
to be significant. 
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Similar presentation could be given the regression line in cases of 
linear correlation, if desired, but then the chart would show only a 
straight line and the table would show exactly the same changes in 
the dependent variable for each successive uniform change in the 
independent variable. In preparing the table, the relation is shown 
only for that range of water application within which the bulk of the 
observations fall. Similarly, only this range should be shown by the 
solid line in the chart; a dotted line might be used to indicate the 
relations beyond that up to the extremes observed. Neither the re- 
gression line nor curve should, ordinarily, be carried beyond the 
limits of the observations on which it was based. Also, before general 
conclusions are drawn as to the application of the results to cases 
other than those included in the sample (as, in this instance, to other 
fields in the same area), the standard errors set forth in Chapters 18 
and 19 should be calculated and included in the interpretation. 

Summary. This chapter has illustrated the way in which corre- 
lation analysis may be applied to a specific problem, the manner in 
which linear and curvilinear regressions may be determined most 
simply, and the way in which they may be interpreted. In addition, 
the simplest manner of computing the standard error of estimate and 
the coefficient and the index of correlation have been illustrated, and 
•their significance has been briefly discussed. 









CHAPTER 9 

THREE MEASURES OF CORRELATION— THE MEANING 

AND USE FOR EACH 

So many different statistical coefficients have been introduced in 
the discussion of correlation that there may be some confusion among 
them as to the meaning and use of the different coefficients. Par- 
ticularly in linear correlation, there are three constants which sum- 
marize nearly all that -a correlation analysis reveals. 

First, the standard error of estimate shows how nearly the esti- 
mated values agree with the values actually observed for the variable 
being estimated. This coefficient is stated in the same units as the 
original dependent variable, and its size can be compared directly with 
those values. 

Second, the coefficient of determination (r 2 ) shows what propor- 
tion of the variance in the values of the dependent variable can be 
explained by, or estimated from, the concomitant variation in the 
values of the independent variable. 1 Since this coefficient is a ratio, it 
is a “pure number”; that is, it is an arbitrary mathematical measure, 
whose values fall within a certain limited range, and it can be com- 
pared only with other constants like itself, derived from similar 
problems. 

Finally, the coefficient of regression measures the slope of the 
regression line; that is, it shows the average number of units increase 
or decrease in the dependent variable which occur with each increase 
of a specified unit in the independent variable. Its exact size thus 
depends not only on the relation between the variables but also on the 
units in which each is stated. It can be reduced to another form, 
however, by stating each of the variables in units of their own indi- 
vidual standard deviation. In this form it has been termed /? or 
the “beta” coefficient 2 The relation between beta and the coefficient 

1 These statements are all subject to the error limitations set forth later, in 
Chapters 18 and 19. 

2 See Truman Kelley, Statistical Method, p. 282, The Macmillan Co., New York, 

1924. 
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of regression may be indicated by stating the regression equation in 
both ways: 

F = fl -f kyxX 
- = a' + ft,* (-) 

Oy Vi/ 

yz = byx 





Stated in this way, /? for the cotton-yield problem is 0.845. That 
is, for each increase of one standard deviation (0.73 acre-foot of 
water) in X, the yield of cotton increased 0.845 of one standard 
deviation. Since the standard deviation of Y was 144.3 pounds, that 
is equal to 121.9 pounds of cotton for each 0.73 acre-foot of water. 
This is at the rate of 167 pounds of cotton for each foot of water, 
which is the same thing as was shown by the coefficient of regression. 
However, for comparisons between problems where the standard de- 
viations are much different, the “beta” coefficient may have value. 
It is evident that in simple correlation the value of beta is the same 


as that of r. 

Relation of the different coefficients to each other. Even though 
each of the three coefficients measures certain aspects of the relation 
between variables, it does not follow that all three coefficients vill 
vary together, or that a problem which shows a high coefficient of 
determination will also show a high regression coefficient or a low 
standard error of estimate. That is because they measure different 
aspects of the relation. 

The particular usefulness of each of the three different groups 
of correlation measures is illustrated in Figure 24, which shows three 


sets of simple relationships, with hypothetical data. 

Here the regression coefficient is smaller in A than B. In A an 
additional inch of rain causes an average increase of 2.5 bushels in 
yield, as compared with an increase of 3.1 bushels in B. But in case 

A, a considerable part of the variation in yield is apparently due to 
rainfall, as shown by the high correlation (r = 0.83) and the small 
size of the standard error of estimate (2.2 bushels); whereas in case 

B, factors other than rainfall apparently cause most of the differ- 
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ences in yield, as indicated by the lower correlation (r = 0.71) and 
the larger standard error of estimate (3.8 bushels). In terms of deter- 
mination apparently about 69 per cent of the differences in yield are 
related to differences in rainfall in the first case, and only about 50 
per cent in the second. 

In comparison with A and B , case C has much less variable yields, 
ranging from only about 8 bushels to 12 bushels, compared with a 
range of 8 to 21 in case A and 0 to 20 in case B. Only a small part 
(22 per cent), of the variation in yields is associated with rainfall 
differences, as indicated by the low correlation (0.47). An increase 
of 1 inch in rainfall apparently causes only 0.5 bushel increase in 
yield. Yet in spite of this low relation, it is possible to estimate yields 
more accurately, given the rainfall, in this case than in either of the 



Fig. 24. Hypothetical sets of data, illustrating three types of correlation 

coefficients. 

other two, as is shown by the standard error of estimate of 1.15 
bushels as compared to 2.2 bushels for A and 3.1 for B. The original 
variation in yields is so slight in case C that even the small relation 
shown to rainfall is enough to make it possible to estimate yields more 
accurately than in either of the other cases. 3 

These three cases illustrate the relative place of each of the three 
types of correlation measure. Case B shows the greatest change in 
yield for a given change in rainfall (the regression measure) ; case 
A shows the highest proportion of differences in yields accounted for 
by rainfall (the correlation or determination measure) ; and case C 
shows the greatest accuracy of estimate (the error of estimate mcas- 

8 In calculating the measures for these illustrative cases, the corrections for 
numbers of cases have been ignored, as they would not have affected the particular 
points these examples were set up to illustrate. 
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ure). Which of these measures should have most attention in a par- 
ticular investigation depends upon the phase of the investigation which 
is most important: the amount of change (regression) ; the propor- 
tionate importance (correlation) ; or the accuracy of estimate (standard 
error). All have their place, and none should be entirely overlooked 

or ignored. 


CHAPTER 10 


DETERMINING THE WAY ONE VARIABLE CHANGES WHEN 
TWO OR MORE OTHER VARIABLES CHANGE: (1) BY 

SUCCESSIVE ELIMINATION 

The Problem of Multiple Relations 

The relations studied up to this point have all been of the type 
where the differences in one variable were considered as due to, or 
associated with, the differences in one other variable. But in many 
types of problems the differences in one variable may be due to a 
number of other variables, all acting at the same time. Thus the 
differences in the yield of corn from year to year are the combined 
result of differences in rainfall, temperature, winds, and sunshine, 
month by month or even week by week through the growing season. 
The premiums or discounts at which different lots of wheat sell on 
the same day vary with the protein content, the weight per bushel, 
the amount of dockage or foreign matter, and the moisture content. 
The speed with which a motorist will react to a dangerous situation 
may vary with his keenness of sight, his speed of nervous reaction, his 
intelligence, and his familiarity with such situations. The price at 
which sugar sells at wholesale may depend upon the production of 
that season, the carryover from the previous season, the general le\ cl 
of prices, and the prosperity of consumers. The weight of a child vill 
vary with its age, height, and sex. The volume of a given weight of 
gas varies with the temperature and the barometric pressure. 

The physicist and the biologist use laboratory methods to deal 
with problems of compound or multiple relationship. Under laboratory 
conditions all the variables except the one whose effect is being studied 
may be held constant, and the effect determined of differences in 
the one remaining varying factor upon the dependent variable, while 
effects of differences in the other variables are thus eliminated. In 
the case of a gas, for example, the temperature may be held constant 
while the volume at different barometric pressures is determined 
experimentally, and then the pressure held constant while the volume 
at different temperatures is determined. For many of the problems 
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with which the statistician has to deal, however, such laboratory 
controls cannot be used. Rainfall and temperature and sunshine vary 
constantly, and only their combined effect upon crop yields can be 
noted. Economic conditions are constantly shifting, and only the 
total result of all the factors in the existing situation can be measured 
at any time. And so on through many other types of multiple rela- 
tions similar to those mentioned — the statistician has to deal with facts 
arising from the complex world about him, and frequently has but 
little opportunity to utilize laboratory checks or artificial controls.^ 

Theoretical example. Where a dependent variable is influenced 
not only by a single independent variable, as in the relation of Y to X , 
but also by two or more independent variables, we can represent the 
relation symbolically by the equation 

Xi = a -\- b 2 X 2 4" & 3 X 3 + • • • b n X n (29.1) 

Here X x represents the dependent variable, and X 2 , X 3 , . . . X n 
represent the several independent variables. 

The meaning of the several constants in this equation and the way 
in which it may be interpreted geometrically can be shown by making 
up a simple example. 

Let us assume that in a new irrigation project the farms are all 
alike in quality of land and kinds of buildings and that the price at 
which each one is sold to the settlers is computed as follows: 

Buildings, SI, 000 per farm 

Irrigated land, $100 per acre 

Range (non-irrigated) land, $20 per acre. 

Using X x to represent the selling price per farm in dollars, X 2 to 
represent the number of acres of irrigated land in each farm, and X 3 
to represent the number of acres of range land, we can state the method 
of computing the selling price in the single equation 

Xi = 1,000 + 100 X 2 + 20 X 3 

The relations stated in this equation may be represented graphically 
as shown in Figure 24.1. The representation is broken up into halves. 
The first half shows the relation of farm value to irrigated land for 
farms that have no range land; the second shows the relation of farm 
value to range land for farms that have no irrigated land. This figure 
is constructed exactly the same as was Figure 9 on page 61. Thus in 
the upper section of Figure 24.1, each change of 1 unit in X 2 , as, for 
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example, from 3 to 4, adds 1 unit of b 2 , or $100, to the farm value. 
Similarly, in the lower section of Figure 24.1, each change of 1 unit in 
X 3 , as, for example, from 5 to 6, adds 1 unit of b 3 , or $20, to the farm 
value. In each case, as for zero acres, the line begins with the value 
of a, $1,000, to cover the value of the buildings. 

The equation just shown (29.1) is called the multiple regression 
equation. The term multiple is added to indicate that it explains X l 
in terms of two or more independent variables, X 2t X 3 . . . X n . The 
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Fig. 24.1. Graph of the function Y = 1,000 -j- 100A r 2 + 20AT 3 


coefficients b 2 and b 3 are termed net regression coefficients . The term 
nd is added to indicate that they show the relation of X 1 to X 2 and 
X 3) respectively, excluding, or net of, the associated influences of the 
other independent variable or variables. In contradistinction, the re- 
gression coefficient b yx of equation (8), 


Y = a + b vx X 

may be termed the gross regression coefficient. The term gross is added 
here to indicate that it shows the apparent, or gross, relation between 
Y and X without considering whether that relation is due to X alone, 
or to other independent variables associated with X. 
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# 

The difference between the net and gross regression coefficients may 
be further shown by a simple arithmetic illustration, based on the farm- 
value formula just discussed. 

Let us take a dozen assumed irrigated farms and calculate from 
the pricing equation what their selling prices should be. In setting up 
these illustrative farms, let us assume further that in general the farms 
with large irrigated areas had small range areas and those with little 
irrigated land had larger amounts of range land. Under these condi- 
tions the computation works out as follows: 

TABLE 34.1 


Computation of Estimated Selling Price, with X\ = 1,000 + 100Y 2 + 20X 3 


Observation 

number 

* 2 

0) 

*3 

(2) 

100(X 2 ) 

(3) 

20 (X 3 ) 

(4) 

Calculated values of X\ 
(3) + (4) + 1,000 

1 

8 

5 

800 

100 

1,900 

2 

4 

5 

400 

100 

1,500 

3 

3 

10 

300 

200 

1,500 

4 

7 

8 

700 

1G0 

1,860 

5 

7 

10 

700 

• 

200 

1,900 

0 

8 

15 

800 

300 

2,100 

7 

G 

12 

GOO 

240 

1,840 

8 

1 

15 

100 

300 

1,400 

9 

4 

17 

400 

340 

1,740 

10 

2 

22 

200 ' 

440 

1,640 

11 

4 


400 

400 

1,800 

12 

5 

13 

500 

260 

1,760 


The apparent relation of the values of X l} as just computed, to X 2 
and X 3 may be shown by preparing dot charts of the X t to X 2 relation 
and the X 1 to X 3 relation. These dot charts are shown in Figure 24.2. 

Examining this figure, we find that X x is fairly closely related to 
X 2 but that it has no definite relationship to X 3 . We could calculate 
the regression lines for each of the two relationships shown. The re- 
gression coefficient, b 12 , for the first comparison, would show the 
average change in X x with unit changes in X 2 . The regression coeffi- 
cient, b 13 , for the second comparison, would show the average change 
in X x with unit changes in X 3 . The latter coefficient would come very 
close to zero, to judge visually from the chart. Both these would be 
gross regression coefficients, measuring only the apparent relation be- 
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tween X x and each of the other variables. We know in this case that 
the values of X x are completely determined by the values of X 2 and X 3 . 
If we could hold constant, or eliminate, the true effect of X 2 on X lf 
we should find that the relation of the corrected values of X 1 to X 3 was 
just as close as to X 2 . In spite of the fact that the gross regression, 
bi3> appears to be zero, the net regression, b 3 , is really 20. 

By using the known net regression of on X 2t we can correct the 
X x values to eliminate that part of their variation which is due to X 2 
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Fig. 242. The apparent relation of farm value to acres of irrigated land and to 

range land reveals little of the underlying net relationship. 


and then relate the remaining fluctuation to X 3 . Let us do that by 
subtracting b 2 X 2 from X t . This process is shown in Table 34.2. 

We can now plot the values of X u corrected for X 2 , X x - b 2 X 2 , 
as shown in the sixth column, against the X 3 value, as shown in the 
third column. The resulting dot chart is shown in Figure 24.3. 

. This fi g ure now sh ows the underlying relation between X 1 and X 3 , 
with all the dots falling exactly on.. one straight line. If we now draw 
in the regression line and calculate its slope, we shall find it is exactly 
the same as the line for b 2 which was illustrated in the lower section of 
Figure 24 . 1 . Figure 24.3 illustrates the net regression of X x on X 3 , 
88 contrasted to the gross regression which was represented by the 
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lower section of Figure 24.2. If X x were similarly corrected for X 3 
and the values X x — b 3 X 3 were plotted against X 2 , the net regression 
of X x on X 2 would similarly be shown. (This step is left for the 
student to perform.) 

X,-b 2 X2 


I.SOO 
1,250 
1,000 

Fio. 24.3. After the net influence of irrigated land has been removed, the under- 
lying relation of farm value to acres of range land is very clear. 

If we had not known the underlying relationships as given in this 
case to start with, but merely had the series of observations of X ly X 2 , 
and X 3 shown in Table 34.1 and Figure 24.2, would it be possible to 

TABLE 34.2 


Correction of Computed X\ for Contribution of X* 


Observation 

number 

0 ) 

* 2 

( 2 ) 

* 3 

(3) 

A'i 

(4) 

62 X 2 

(IOOX 2 ) 

(5) 

Xi — 62 X 2 
( 6 ) 

1 

8 

5 

1,900 

800 

1,100 

2 

4 

5 

1,500 

400 

1,100 

3 

3 

10 

1,500 

300 

1,200 

4 

7 

8 

1,860 

700 

1,160 

5 

7 

10 

1,900 

700 

1,200 

6 

8 

15 

2,100 

800 

1,300 

7 

6 

12 

1,840 

600 

1,240 

8 

1 

15 

1,400 

100 

1,300 

9 

4 

17 

1,740 

400 

1,340 

10 

2 

22 

1,640 

200 

1,440 

11 

4 


1,800 

400 

1,400 

12 

5 

13 

1,760 

500 

1,260 
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work out from those observations the underlying, or net, relationships? 
That is the problem which next will be explored. This time we shall 
use a series where we do not know the relationship, and see how we 
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can proceed to work it out. Also, as in most practical cases, we shall 
use an example where all the causes of variation are not known and 
where we must deal with independent variables which explain only 
a part of the variation in the dependent variable. 

Practical example. The problem of multiple relations is illustrated 
by the data in Table 35. These represent 20 farms in one area, with 
varying crop acreages, dairy cows, and incomes. To determine from 
these records what income may be expected, on the average, with a 
given size of farm and with a given number of cows, it is necessary to 
estimate the effect of differences in the number of acres on income 
and also the effect of differences in the number of cows on income. 

TABLE 35 


Acres, Number of Cows, and Incomes, for 20 Farms 



From these data it would seem that both the size of the farm and 
e size of the dairy herd influence farm income, to judge from dot 
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charts showing the relation of income to acres (Figure 25) and of 
income to number of cows (Figure 26). It appears from these charts 


Income 



Acres 


Fig. 25. Correlation chart of acres and 
income on individual farms. 


Income 



Fig. 26. Correlation chart of number of 
cows and income on individual farms. 
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that there may be a slight tendency for the farms with the larger 
acreage in crops to have larger incomes and a rather marked tendency 

for the farms with the larger num- 
ber of cows to have larger incomes. 

Analysis by simple averages not 
adequate. The simple comparison 
alone, however, is not sufficient to 
tell exactly how incomes change 
with acres and with number of 
cows. That is because there is a 
marked relation between the size of 
the farms and the number of cows, 
as is illustrated in Figure 27. There 
is a definite tendency for the larger 
farms to have smaller dairy herds. 
As a result, the difference in in- 
comes in Figure 25, which appeared 
to be due directly to differences in acreages, may be due in part to the 
differences in the sizes of the dairy herds on the farms with different 
acreages in crops. If we make groups of farms of 50 to 99 acres, 100 
to 150 acres, and so on, and average the acres, cows, and income for 
each group, as is shown in Table 36, we find a marked difference in 
the number of cows from group to group, as well as in the number of 
acres and in the incomes. 
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Fig. 27. Correlation chart of number 
of cows and number of acres on indi- 
vidual farms. 
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- ' TABLE 36 

Average Number of Cows and Income, for Farms of Different Sizes 


Size group 


60-99 acres 
100-149 acres 
160-199 acres 
200-249 acres 


Number 
of farms 

Average size 

Average size 
of dairy 

Average income 

5 

Number of acres 
76 1 

N umber of cows 
13.6 

Number of dollars 
838 

6 

111 

9.8 

887 

5 

166 

7.8 

924 

4 

228 

2.8 

828 


The farms of 50 to 99 acres, with an average size of 76 acres, have 
incomes which average $838; the farms of 150 to 199 acres, with an 
average size of 166 acres, show incomes which average $924. Is this 
difference in income due to the difference in size? Before this can 
be definitely answered we must consider that the two groups also 
differ in the average number of cows, with 13.6 in the first group and 
only 7.8 in the second. So far, there is nothing to indicate whether 
the difference in income is due to the difference in the size of the 
farms or in the number of cows; we have shown that both vary from 
group to group, and that is all. 

If, on the other hand, we should attempt to determine how far 
income varied with differences in the number of cows by classifying 
the records with respect to the number of cows, and averaging incomes, 
we should secure the result shown in Table 37. 

TABLE 37 


Average Acres and Income, for Farms with Different Numbers of Cows 


Size of herd 

Number 
of farms 

Average size 
of dairy 

Average size 
of farms 

Average income 

Under 5 cows 

5 

Number of cows 
1.0 

Number of acres 
190 

Number of dollars 

728 

o-9 cows 

6 

6.8 

143 

815 

10-14 cows 

4 

12.5 

135 

980 

15 cows and over 

5 

16.2 

88 

998 


Even though the income is higher on the farms with more cows, 
Table 37 does not indicate how much of that can be credited to the 
cows and how much to other factors. It is evident from the table 
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that as the number of cows goes up, the number of acres goes down; 
are the differences in income associated with changes in number of 
cows, in number of acres, or in part with both? 

Eliminating the approximate influence of one variable. What we 
need to know is how far income varies with size of farm, as between 
farms with the same number of cows ; and how far income varies with 

TABLE 38 


Adjusting Farm Incomes for Differences in Number of Cows 


Size of farm 

- 

Size of dairy 

Income 

Income assumed 
due to cows 

Income adjusted 
to no-cow basis 

Number of acres 

Number of cows 

Dollars 

Number of dollars 

Number of dollars 

60 

18 

960 

362 

598 

220 

0 

830 

0 

830 

180 

14 

1,260 

282 

978 

80 

6 

610 

121 

489 

120 

1 

590 

20 

570 

100 

9 

900 

181 

719 

170 

6 

820 

121 

699 

110 

12 

880 

241 

639 

160 

7 

860 

141 

719 

230 

2 

760 

40 

720 

70 

17 

1,020 

342 

678 

120 

15 

1,080 

302 

778 

240 

7 

960 

141 

819 

160 

0 

700 

0 

700 

90 

12 

800 

241 

559 

110 

16 

1,130 

322 

808 

220 

2 

760 

40 

720 

110 

6 

740 

121 

619 

160 

12 

980 

241 

739 

80 

15 

800 

302 

498 


the number of cows, as between farms of the same size as to acres. 
One way of determining this would be to adjust the income on each 
farm to eliminate the differences due to (or associated with) the 
number of cows, and then compare the adjusted incomes with the size 
of the farm to determine the effect of size on income.. To start this 
process the effect of the number of cows upon incomes is needed. . We 
can secure an approximate measure of this by determining the straight- 
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line equation for estimating incomes from cows — approximate only, 
since the differences in the size of the farms are ignored at this point. 

Determining the straight-line relation according to Chapter 5, we 
find that the relation between cows and income is given by the 
equation : 

Income = $694 4- 20.11 (number of cows) 


According to this equation, farms with no cows averaged about 
$694 income, and these incomes increased $20.11 for each cow added, 
on the average. Knowing this relation, we can adjust the incomes 
on the several farms by deducting that part of the income which 
would be assumed due to the cows, according to this average relation. 

Table 38 illustrates the process of adjusting the incomes to a 
no-cow basis, by subtracting out this approximate effect of cows on 
incomes. The next step is to see what the relation is between the 
acres in the farm and these adjusted incomes. Plotting both on a 
dot chart, Figure 28 shows this relation graphically. Comparing this 
figure with Figure 25, where the relation between the acres and the 
unadjusted incomes was plotted, we see that the relation is much closer 
and more definite for the adjusted incomes than for the unadjusted 
incomes. This is only natural; now that the marked relation of num- 
ber of cows to income has been removed, even if only approximately, 
the underlying relation of size to income can be more clearly seen. 

It is evident from Figure 28 that size has a more marked effect 
upon income than appeared in J , . 

r * Income. adjusted 

Figure 25, where the effect of to no-cow easis 
cows was mixed in also. As was 
pointed out earlier, the fact that 
cows and acres were correlated 
meant that the effects of differ- 
ences in cows were mixed in with 
the effects of differences in acres. 

Now that the effect of cows has 
been at least roughly removed, 

the change in incomes with OQ ^ . .. . . r . , 

. . . Fig. 28. Relation of income, adjusted 

changes in acres can be more ac- {or number of cows> t0 number of acrc ,. 
curately determined. 

Fitting straight lines to the relations shown in Figures 25 and 28, 
to determine the average change in income with changes in acres, 
we obtain regression equations as follows: 

Income = $868.74 -{- (number of acres) $0.0234 

Income, effect of cows removed, =$508.51 + (number of acres) $1.33 
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It is evident that the determination of the effect of acres upon 
income without making some allowance for the effect of the correlated 
variable, number of cows, in this case would have seriously under- 
estimated the effect of acres upon income. Such a determination 
would have shown only $0.02 increase in income for each acre increase 
in size, whereas the later determination shows $1.33 increase in income 
for each acre increase in size. 

The relation now shown between income and acres illustrates the 
extent to which one variable may really influence a second, even 
though its influence is concealed by the presence of a third variable. 
From Figure 25, which indicates that there is practically no correla- 
tion between acres and income, one might conclude that differences 
in income were not at all associated with differences in acreage; yet 
when the variation in income associated with cows is removed, even 
by the rough method shown, a very definite relation of income 
to size is found. For that reason one cannot conclude that, because 
two variables have no correlation, they are not associated with each 
other; the lack of correlation may be due to the compensating influ- 
ence of one or more other variables, concealing the hidden relation. 

Eliminating the approximate influence of both variables. We 
now have two equations, one showing the effect of cows upon income 
and the other the effect of acres: 

(A) Income = $694 -b (number of cows) $20.11 

(B) Income, effect of cows removed, 

= $508.51 (number of acres) $1.33 

These two equations can be combined into a single equation by 
taking that part of the first one which shows the increase in income 
for each cow and adding it to the second one. This gives an equation 
which includes allowances for both factors, as follows: 

(C) Income = $508.51 + (number of acres) $1.33 

+ (number of cows) $20.11 

The last equation gives a basis for indicating the effect of both 
acres and cows on income and for computing the income that might 
be expected, on the average, with a farm of a given size and with a 
given number of cows. For example, for a farm of 120 acres and 
15 cows, the expected income would work out as follows: 

Income = $508.51 + (120) $1.33 (15) $20.11 

= $508.51 + $159.60 + $301.65 = $970 
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If 5 cows were added, making it 120 acres and 20 cows, the esti- 
mated income would be: 

Income = $508.51 + (120) $1.33 + (20) $20.11 
= $1070 

Or if 50 acres were added, making 170 acres and 15 cows, the 
income would be estimated: 

Income = $508.51 + (170) $1.33 + (15) $20.11 

TABLE 39 


Actual Income and Income Estimated from Number of Acres and Cows 


Acres 

Cows 

Computation of < 

Estimate for acres 
$1.33 (acres) 

(A) 

% 

estimated income: 

Estimate for cows 
$20.11 (cows) 

(C) 

Estimated 
income 
(A) + (C) 
+S508.51 

Actual 

income 

Actual 

income 

minus 

estimated 

income 

60 

18 

$ 80 

$362 

$ 950.5 

S 960 

S 9.5 

220 

0 

293 

0 

801.5 

830 

28.5 

180 

14 

239 

282 

1,029.5 

1,260 

230.5 

80 

6 

106 

121 

735.5 

610 

-125.5 

120 

1 

160 

20 

688.5 

590 

- 98.5 

100 

9 

133 

181 

822.5 

900 

77.5 

170 

6 

226 

121 

855.5 

820 

- 35.5 

110 

12 

146 

241 

895.5 

880 . 

- 15.5 

160 

7 

213 

141 

862.5 

860 

- 2.5 

230 

2 

306 

40 

854.5 

760 

- 94.5 

70 

17 

93 

342 

943.5 

1,020 

76.5 

120 

15 

160 

302 

970.5 

1,080 

109.5 

240 

7 

319 

141 

968.5 

960 

- 8.5 

160 

0 

213 

0 

721.5 

700 

- 21.5 

90 

12 

120 

241 

869.5 

800 

- 69.5 

no 

16 

146 

322 

976.5 

1,130 

153.5 

220 

2 

293 

. 40 

841.5 

760 

- 81.5 

110 

6 

146 

121 

775.5 

740 

- 35.5 

160 

12 

213 

241 

962.5 

980 

17.5 

80 

15 

106 

302 

916.5 

800 

-116.5 


Equation (C) can be used as illustrated, to work out what income 
might be expected, on the average, for each of the farms shown in 
Table 39. The estimated income can then be compared with the 
actual income and the difference, if any, determined. 
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As is illustrated in Table 39, the estimated incomes vary somewhat 
from the actual. This is just another way of saying that all the 
differences in income cannot be accounted for by the effect of differ- 
ences in acres and in cows, according to the relations summarized in 
equation (C). This failure of the estimated values to agree exactly 
with the original values is seen graphically in Figure 28 by the fact 
that all the dots do not lie exactly along the regression line. Sub- 
tracting the estimated values from the actual values gives the residual 
differences of the actual income above or below the income estimated 

from the two factors, acres and cows. 

Correcting results by successive elimination. It may now be 
recalled that, even though the incomes were adjusted to eliminate the 
effects of cows upon income before determining the relation between 
income and acres, the determination of the relation between income and 
cows was made without making any allowance for the concurrent effect 
of acres. Since we now have an approximate measure of the effect 
of acres determined while eliminating to some extent the effect of 
cows, we can use that new measure, equation (B), to adjust the in- 
comes for the effect of the acres and then get a more accurate measure 
of the true effect of cows alone upon incomes. This process is shown 
in Table 40. Here estimates of income are worked out by equation 
(B) on the basis of acres, showing what the incomes might be ex- 
pected to average if all the farms had no cows. The difference 
between these estimates and the actual incomes may then be con- 
sidered to be the part due to cows alone, while eliminating the effect 
of differences in the numbers of acres. On the first farm, for example, ^ 
equation (B) indicates that with no cows the income for 60 acres 
should be $588. Subtracting this from the $960 actually received 
leaves $372 as the income apparently accompanying the 18 cows. 

The adjusted incomes may then be plotted on a dot chart with the 
number of cows as the other variable, as shown in Figure 29. Com- 
paring this figure with Figure 26, where the number of cows was 
plotted against income without first making any adjustment, in the 
original incomes, we easily see how much closer the relation is after 
making the adjustment. Further, it is evident that cows have a 
greater effect upon income than was indicated by the earlier compari- 
son. Computing the straight-line relationship for Figure ,29 gives 

the equation: 

(D) Income, adjusted to constant acres, 

= — $68.77 + (number of cows) $27.88 
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By this last computation (equation [D] ) , each increase of one cow 
causes an average increase in income of $27.88, whereas according 
to the earlier comparison (equation [A]), each increase of one cow 
caused an average increase in income of only $20.11. The second 
value is larger than the first, again 
showing the necessity of making 
allowances for the effect of one 
factor before the true value of the 
other can be properly measured. 

Now that we have a new meas- 
ure of the effect of cows, we might 
go on to adjust incomes for cows 
by this new measure and then get 
a revised value for the effect of 
acres upon incomes on a no-cow 
basis, in place of the relation - Cows 

i • .. /tin mi • jig. 29. Relation of income, adjusted 

shown in equation (B) . This pos- for number of acres _ to number of C0W3 
sibihty of further correction will 

be referred to later. But before that we will make some experiments 
with the new equation (D). 

We now have equations for the relation of incomes, adjusted for 
the other factors, to the remaining factors. These two equations, (B) 
and (D), are: 


Income. 

ad insted 
"tor 
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(B) Income, effect of cows removed, 

= $508.51 + (number of acres) $1.33 

(D) Income, adjusted to constant acres, 

= — $68.77 + (number of cows) $27.88 

These two equations may be combined to give a revised equation 
to indicate the effect of both cows and acres upon incomes equa- 
tion (E) . 

(E) Income = $439.74 -f (number of acres) $1.33 

+ (number of cows) $27.88 

Equation (E) is exactly the same as the previous equation (C) 
except that the revised effect of cows is included, and the constant 
term has also been changed owing to changing the allowance for cows. 

In exactly the same way that equation (C) could be used to work 
.out the estimated income for any given combination of cows and 
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acres, equation (E) can be also used. Thus for 120 acres and 15 
cows, it would give 

Estimated income = $439.7 + (120) $1.33 + (15) $27.88 

= $439.7 -f $159.6 + $418.2 = $1,018 

TABLE 40 


Adjusting Farm Incomes for Differences in Number of Acres 


Size of farm 

Size of dairy 

Income 

Income estimated 
for acres, with 
no cows 

Income with 
effects of acreage 
differences 
eliminated * 

Number of acres 

Number of cows 

Dollars 

Number of dollars 

Number of dollars 

60 

18 

960 

588 

372 

220 

0 

830 

801 

29 

180 

14 

1,260 

748 

512 

80 

6 

610 

615 

- 5 

120 

1 

590 

669 

- 79 

100 

9 

900 

642 

258 

170 

6 

820 

735 

85 

110 

12 

880 

655 

225 

160 

7 

860 

722 

138 

230 

2 

760 

815 

- 55 

70 

17 

1,020 

602 

418 

120 

15 

1,080 

669 

411 

240 

7 

960 

828 

132 

160 

0 

700 

722 

- 22 

90 

12 

800 

629 

171 

110 

16 

1,130 

655 

475 

220 

2 

760 

802 

- 42 

110 

6 

740 

655 

85 

160 

12 

980 

722 

258 

80 

15 

800 

615 

185 

• • • • A * 


* Where the actual income is below that expected for a farm of that size with no cows, the 


deficit is indicated by the minus sign. 

The result, $1,018, is $48 higher than the $970 worked out by 
equation (C). This higher estimate is due to the fact that equation 
(E) makes a larger allowance for the effect of each cow, and 15 is 
more than the average number of cows. If less than the average 
number of cows were used, equation (E) would give a lower estimate 

than equation (C). 
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Working out the estimated incomes for each of the original obser- 
vations according to equation (E), we obtain results as shown in 
Table 41. 


TABLE 41 


Actual Income and Income Estimated from Number of Acres and Number of 

Cows, Revised Relations 


Acres Cows 


60 

220 

180 

80 

120 

100 

170 

110 

160 

230 

70 

120 

240 

160 

90 

110 

220 

110 

160 

80 


18 

0 

14 
6 
1 

9 

6 

12 

7 

2 

17 

15 
7 
0 

12 

16 
2 
6 

12 

15 


Computation of estimated income 

Estimated 
income, 
(A) + (B) 
+$439.7 

Actual 

income 

Actual 

income 

minus 

estimated 

income 

Estimate for acres 
$1.33 (acres) 

(A) 

Estimate for cows 
$27.88 (cows) 
(B) 

$ 80 

$502 

$1,021.7 

$ 960 

-$ 61.7 

293 

0 

732.7 

830 

97.3 

239 

390 

1,068.7 

1,260 

191.3 

106 

167 

712.7 

610 

-102.7 

160 

28 

627.7 

590 

- 37.7 

133 

251 

823.7 

900 

76.3 

226 

167 

832.7 

820 

- 12.7 

146 

335 

920.7 

880 

- 40.7 

213 

195 

847.7 

860 

12.3 

306 

56 

801.7 

760 

- 41.7 

93 

474 

1,006.7 

1,020 

13.3 

160 

418 

1,017.7 

1,080 

62.3 

319 

195 

953.7 

960 

6.3 

213 

0 

652.7 

700 

47.3 

120 

335 

894.7 

800 

1 

- 94.7 

146 

446 

1,031.7 

1,130 

98.3 

293 

56 

788.7 

760 

- 28.7 

146 

167 

752.7 

740 

- 12.7 

213 

335 

987.7 

980 

- 7.7 

106 

418 

963.7 

800 

-163.7 


Comparing the residuals, or differences between the actual and 
estimated income, obtained by means of this new equation with those 
obtained using the equation in its first form (shown in Table 39), we 
see that in more than half the cases they are smaller with the 
revised form. A more definite comparison can be made by comput- 
ing the standard deviation of the residuals in each case. The standard 
deviation of the residuals shown in Table 39, using equation (C), 
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is $90.29, whereas the standard deviation of the residuals shown in 
Table 41, using equation (E), is but $78.70. It is apparent from this 
that the revised equation, determined after the effects of the other 
variables had been eliminated, gives more accurate estimates of income 
than does the original equation in which the effects of the other vari- 
ables had not been so fully eliminated. 

It was suggested previously that the last corrected values for the 
relation of cows to income gave a new basis for correcting income 
so as to measure more accurately the relation of acres to income. 
This in turn would give a new basis for measuring the effect of cows, 
and so on, until a final stable value had been reached. So long as 
a new correction would result in a further change in the computed 
effect of either variable, the new values would give a better basis for 
estimating income than did the previous values. Only when the point 
was reached where no further change need be made in the effect of 
either variable could it be said that the relation of each variable to 
income had been quite correctly measured while allowing for the influ- 
ence of the other factor, and that might involve a large number of 
successive corrections. 

This method of allowing for the effect of other factors so as to 
determine the true relation of each one to the dependent factor (as 
income, in this case) , by first correcting for one, and then for another, 
is known as the method of successive elimination. This method can 
be used where there are three or more independent factors related to 
(or accompanying variations in) a dependent (or resultant) factor 
just as it was used here for two factors, except that then the depend- 
ent needs to be corrected in turn to eliminate the effects of all the 
other independent factors except the particular one whose effect is 
being measured. But although it is possible to measure the relations by 
this method, it would be a very slow and laborious process. A 
shorter mathematical method which gives the same result by more 
direct processes is available instead. This method, known as the 
method of multiple correlation, is presented in detail in Chapter 12. 

Summary. This chapter has shown that when two related fac- 
tors both affect a third factor it is difficult to measure the effect of 
either factor upon the third without the result being affected by both 
causal factors. Allowing for this duplication by eliminating the 
effects of each factor in turn (successive elimination) can gradually 
determine the true effect of each, but the method is long and laborious. 



CHAPTER 11 


DETERMINING THE WAY ONE VARIABLE CHANGES WHEN 
TWO OR MORE OTHER VARIABLES CHANGE: (2) BY 
CROSS-CLASSIFICATION AND AVERAGES 

We have previously seen (Chapter 4) how the relation between 
two variables can be studied by means of averages. An extension 
of the same method can be used for problems where two or more vari- 
ables affect a third variable, such as that discussed in the last chapter. 

Analysis by averages where there are two independent variables 
involves classifying the records first by one variable, then breaking 
each of the resulting groups into several smaller groups according 
to the values of the second variable. If a third independent variable 
were to be considered, these groups would be broken up into still 
smaller groups, according to the values of the third variable. Then 
the values of the dependent variable, as well as each of the inde- 
pendent variables, would be averaged for each subgroup. This process 
is known as subclassification or cross-classification. 

Cross-classification for three variables. In the problem pre- 
sented in the last chapter, there were two independent variables — 
number of cows and number of acres. The records would therefore 
need to be classified into groups both according to the number of 
cows and the number of acres on each farm. Since there is such a 
small number of records the groups should not be made too small. 
Let us take three groups for cows; less than 6, 6 to 11, and 12 and 
over; and four groups for the size of farm; from 50 to 99 acres, from 
100 to 149, from 150 to 199, and 200 acres and over. This will give 
us twelve possible groups in all. The records may be classified into 
these twelve groups and totals and averages computed for each, as 
shown in detail in Table 42. 

It is apparent that none of these groups has a sufficient number of 
farms represented to make the averages particularly significant; vet 
even at that a certain regularity in the averages can be observed. In 
each column the average income increases as the size of farm increases, 
though there is but little difference in the average number of cows 
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from group to group; similarly across each line of averages the 
income increases as the number of cows increases, though there 
is but little difference in the average size of farm from group to 

TABLE 42 

Cross-classification of Reports According to Size of Farm and Size 

of Dairy Herd 


Size of dairy herd 


Size of farm 


Under 6 cows 


6 to II cows 


12 cows and over 


Acres Cows Income Acres Cows Income Acres Cows Income 


Num- Num- „ „ Num- Num- ~ „ Num- Num- 
, , Dollars , , Dollars . , 

ber ber ber ber ber ber 


610 


60 to 99 acres 


Total . . , 
Average 


100 to 149 
acres 



Total 

Average 120 1 


150 to 199 f 


210 

105 


15 
7.5 


1,640 

820 


ber 

60 

70 

90 

80 


300 

75 


110 

120 

110 


340 

113 


ber 

18 

17 

12 

15 


Dollars 

960 

1,020 

800 

800 


62 3,580 

15.5 895 


12 880 

15 1,080 

16 1,130 


43 3,090 

14.3 1,030 


1,260 

980 
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group. These relations may be more clearly seen in Figures 30 and 
31, where the average incomes from Table 42 are charted, first for 
differences in the number of cows with farms of similar sizes, and 
then for differences in the number of acres, with farms of similar 
numbers of cows. 


Average 

Income 



Fig. 30. Difference in average income with difference in number of cows, for farms 

grouped by size of farm. 

Both figures show the tendency for income to increase with an 
increase in the independent variable, when the effect of the other 
variable is held fairly constant by the grouping process. In Figure 


Average 

Income 



Fig. 31. Difference in average income with difference in number of acres, for farms 

grouped by numbers of cows. 

30 the lines show about the same general slope for each of the four 
groups, though there are some irregularities. Figure 31 similarly 
shows about the same general change in income with a given change 
in the size of the farm, no matter what is the number of cows; but 
here the irregularities from group to group are even more strilring. 
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In Chapter 4 it was shown that such irregularities from group to 
group might readily be due to random errors of sampling. In the 
present case, the number of items in each group is so small that it 
would be hardly worth while to compute the standard error for each 
average. Even if there were many more cases in each group than are 
available here, differences as large as those shown might be due 
simply to random differences in sampling and therefore have no real 
meaning as indicating differences prevailing in the universe from 
which the sample was selected. 

Although the averages obtained by the process of subsorting, may 
be considered to show the general effect of changes in one variable, 
such as cows, upon income, with the effect of the other variable, such 
as acres, removed, they cannot be considered to show the specific 
effect of specific differences. For example, much more evidence 
would be needed to prove that, between 75 and 100 acres, a change 
of 1 acre has much greater effect upon income on farms with 6 to 11 
cows than on farms with 12 cows or more, even though the lines in 
Figure 31 would appear to indicate this. All that is really proved 
is that on farms of both numbers of cows there is a tendency for income 
to increase with an increase in the number of acres. 

TABLE 43 


Difference in Average Income for Farms of Different Sizes and 

With Different Sizes of Dairy Herd 


Size of farm 

Under 6 cows 
in herd 

6 to 1 1 cows 
in herd 

12 cows or over 
in herd 

Size of 
group 

Average 

income 

Size of 
group 

Average 

income 

Size of 
group 

Average 

income 


Number 

Dollars 

Number 

Dollars 

Number 

Dollars 

50 to 99 acres . . . 

of farms 

of farms 

1 

610 

of farms 

4 

895 

100 to 149 acres. . . 

1 

590 

2 

820 

3 

1,030 

150 to 199 acres . . . 

1 

700 

2 

840 

2 

1,120 

200 to 249 acres . . . 

3 

783 

1 

960 




The averages obtained by the process shown in Table 42 may be 
summarized for publication in a form similar to Table 43. The num- 
ber of cases represented in each average is included to prevent the 
reader from placing an undue amount of confidence in an average 
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based on a small number of observations. In addition, each should be 
followed by dz its own standard error. 

The very small number of cases included in each of the groups 
is strikingly brought out in Table 43. Even if there were five times 
as many farms to deal with— 100 in all— if they were distributed in 
the same manner, the largest group would have only 20 cases, and 
all the rest would have 15 or less, which, under ordinary conditions, 
would be hardly enough for really significant averages. 

Average differences between matched sub-groups. After the ob- 
servations have been grouped and averaged as shown in Table 43, 
average differences in the dependent variable (as here, dollars of 
income), with given differences in each independent variable, can be 
roughly determined while holding constant the other independent 
variable or variables. This involves determining the average differences 
between the averages for the dependent variable for matched groups. 
The computations are shown in Tables 43.1 and 43.2. 

TABLE 43.1 


Change in Average Income between Groups Matched for Size of Farm 



A 

B 

C 

D 

E 

Size of farm 

Under 

6 to 

Increase 

Over 

Increase 


6 cows 

11 cows 

(B — A) 

12 cows 

(D-B) 

Acres 

Dollars 

Dollars 

Dollars 

Dollars 

Dollars 

50-99 


610 


QO K 

O QK 

100-149 

590 

820 

230 

Ov/O 

1,030 

210 

150-199 

700 

840 

140 

1,120 

280 

200-249 

783 

960 

177 



Average change with cows . 



182 


258 


From these results it appears that increasing the number of cows 
from under 6 to between 6 and 11, without changing the size of farm, 
was accompanied by an average increase of $182. Increasing the 
cows further to over 12 cows was accompanied by a further increase 
of income of $258. Similarly, increasing the size of farm from under 
99 acres to 100-149 acres, without changing the number of cows, was 
accompanied by an increase of $173 in income. A further increase to 
150-199 acres was accompanied by a further average increase of $73 
in income, and to 200-249 acres, by $102 more income. (In this 
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discussion “increase” in size or cows has been used to designate dif- 
ferences between results for farms of different sizes or with different 
number of cows.) These rough measurements of differences in the de- 
pendent variable with differences in one independent variable, while 
holding a second independent constant by subsorting, may be compared 
with results obtained by the more exact methods set forth in subse- 
quent chapters. 1 

This same method may be applied to get the average difference 
between matched subgroups, where two or more other independent 
variables are held constant by the grouping. 


TABLE 43.2 

Change in Average Income between Groups Matched for Number of Cows 


Number 
of cows 

A 

50-99 

acres 

B 

100-149 

acres 

C 

Increase 

C B-A ) 

D 

150-199 

acres 

E 

Increase 
(■ D-B ) 

F 

200-249 

acres 

G 

Increase 

(F-Z» 

Under 6 . 

Dollars 

• 

Dollars 

590 

820 

1,030 

Dollars 

Dollars 

700 

840 

1,120 

Dollars 

110 

20 

90 

Dollars 

783 

960 

• 

Dollars 

83 

120 

6 to 1 1 

12 or over 

610 

895 

210 

135 




Average change 
with acres. . . . 



173 


73 


102 





Limitation of cross-classification for many variables. This small 
problem illustrates one fundamental difficulty with the method of 
subclassification and averaging — the large number of cases required 
for conclusive results. Though there are only two independent 
variables involved, and the records are classified into only three groups 
one way and four the other, apparently 100 cases or more would be 
required for really significant results. If it had been desired to sub- 
classify the records according to two more additional variables — say 
number of men employed and number of hogs kept — that would have 
greatly increased the number of records necessary. If each of the 

1 In computing Tables 43.1 and 43.2, no attention was paid to weighting the 
results according to the number of cases falling in each group, or to the sampling 
reliability of each average. For a discussion of the first of these points, and for 
possible methods of dealing with it, see F. A. Harper, Analyzing data for relation- 
ships, Cornell University Agricultural Experiment Station Memoir 231, June, 1940. 
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TABLE 44 

Form for Showing Differences in Average Income for Farms Classified 

by Acres, Men Employed, Cows, and Hogs 


Area and number of hogs 

1 man 

2 men 

3 men 

Size * 

Average 

income 

Size * 

Under 

Average 

income 

C cows 

Size * 

Average 
| income 

Farms of 50 to 99 acres: 

Under 20 hogs 

20-39 hogs 

40 hogs and over 

Farms of 100 to 149 acres: 

Under 20 hogs 

20-39 hogs 

40 hogs and over 








6 to 11 cows 

Farms of 50 to 99 acres: 

Under 20 hogs 

20-39 hogs 

40 hogs and over 

Farms of 100 to 149 acres: 

Under 20 hogs 

20-39 hogs 

40 hogs and over 








12 cows and over 

Farms of 50 to 99 acres: 

Under 20 hogs 

20-39 hogs 

40 hogs and over 

Farms of 100 to 149 acres: 

Under 20 hogs 

20-39 hogs 

40 hogs and over 








Etc. 


* Number of reports in group. 
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groups already shown had been further divided into 1-man, 2-man, 
and 3-or-more-man farms, and each of these sub-groups had been fur- 
ther divided into farms with less than 20 hogs, 20 to 39 hogs, and 
40 or more hogs, that would have increased the number of possible 
groups from 12 to 108. Where over 100 records would have been 
needed in the first case to give results at all reliable, probably a thou- 
sand or more records would be needed with this further classification. 
Although such large numbers of records are available in some types 
of work, as in census tabulations, they are rarely obtainable in most 
economic or social-science studies, and for that reason treatment of a 
large number of variables by the method of detailed sub-classification 
has but limited application in this field. 

The way in which a fourfold classification, such as that described 
in the preceding paragraph, might be presented is indicated by the 
form in Table 44, even though it would only occasionally be used. 

In addition to the large number of cases required to obtain reliable 
results, the method of sub-classification and averaging has further 
shortcomings; it provides no measure of how important the relation 
shown is as a cause of variation in the factor being studied, or of how 
closely that factor may be estimated from the others on the basis of 
the relations shown. Thus Table 43 shows that, on the average, certain 
differences in the number of cows and in the number of acres were 
accompanied by certain differences in the average income. By itself, 
however, it did not give any indication of how closely the income 
could be estimated if the number of acres or the number of cows 
were known; nor did it indicate the proportion of the variance in 
income which can be explained by concurrent differences in size of 
farm and size of dairy. For these reasons, as well as because of 
the large number of cases necessary to obtain reliable conclusions, 
the method of sub-classification and averaging does not determine 
the relationships where many variables are involved so satisfac- 
torily as do other methods, which will be considered in subsequent 
chapters. 

Significance of differences in group averages. Wien the data are 
classified as shown above, the results may be tested to determine 
whether the differences found between successive group averages are 
significant, or whether they might have occurred by chance. One 
method for testing this is to compute the standard error for each group 
average and to consider these standard errors in judging whether or 
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not the differences are significant . 2 A second method of judging the 
significance of the differences is by determining whether the variation 
between the averages of the columns or cells is or is not significant, as 
compared to the variation between the individual items which fall in 
each column or cell. Relatively simple methods, set forth in standard 
textbooks , 3 are available for this “analysis of variance.” Since these 
methods relate only to the significance of the observed differences, 
and not to the functional nature of the relations which underlie those 
differences, they are not presented here. 

Summary. The relation of one variable to several others may be 
approximately determined by detailed cross-classification. Very large 
numbers of records are required to make the averages accurate, how- 
ever, since the number of groups increases rapidly with additional 
variables. Further, the averages by themselves give no indication of 
the closeness of correlation. 

2 Formulas for the standard errors of the difference between two group averages 
are given by G. Udny Yule and M. G. Kendall in their Introduction to the Theory 
of Statistics (eleventh edition), pp. 387-88. C. Griffin and Co., Ltd., London, 1937. 

3 Frederick E. Croxton and Dudley J. Cowden, Applied General Statistics, 
pp. 351-59, Prentice-Hall, Inc., New York, 1939. 

R. A. Fisher, Statistical Methods for Research Workers (seventh edition), 
Chapter VIII, Oliver and Boyd, London and Edinburgh, 1938. 

G. W. Snedecor, Statistical Methods Applied to Experiments in Agriculture and 
Biology , Chapters 10, 11, Iowa State College Press, Ames, Iowa, 1937. 



CHAPTER 12 


DETERMINING THE WAY ONE VARIABLE CHANGES WHEN 
TWO OR MORE VARIABLES CHANGE: (3) BY USING 

A LINEAR REGRESSION EQUATION 


In Chapter 10 it was shown that an equation could be arrived at to 

express the average relation between income, acres, and cows, as fol- 
lows: 

Equation (E) 

Income = 439.74 + 1.33 (number of acres) + 27.88 (number of cows) 

If we designate the three series of variable quantities, income, 
acres, and cows, by the symbol X with different subscripts, using X 1 to 
represent dollars of income, X 2 to represent number of acres, and X 3 to 
represent the number of cows, we can rewrite the equation in the form 

x i = 439.74 + 1.33X2 + 27.88X3 

If now we use the symbol a to represent the constant quantity 
439.74, b‘y to represent 1.33, the amount which X\ increases for each 
increase of one unit in X 2 (one acre) ; and b 3 to represent 27.88, the 
amount which A x increases for each increase of one unit in X 3 (one 
cow) ; the equation appears as 

Xi = a - f- b 2 X 2 + £>3X3 (30) 

Comparing this equation with the regression equation for the 
straight-line relation between two variables 

Y = a + bX 

we see that the two equations are just alike, except for the difference 
in the symbols used to represent the different variables and for our 
having added the expression for an additional variable. In equation 
(30), X j , the variable which is being estimated, is termed the de- 
pendent variable, since its estimated value depends upon those of 
the other variable or variables; and X 2 and X 3 are termed independent 
variables, since their values are taken just as observed, independent 
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of any of the conditions of the problem. Since there is more than one 
independent variable concerned, the equation is said to be a multiple 
estimating equation, or a multiple linear regression equation. 

Chapter 10 showed that the values of the constants a, b 2 , and b 3 , 
which in the particular problem considered indicate what the average 
income would be for a farm and dairy of any given 6ize, could be 
worked out by a cut-and-try method which gradually approached 
nearer and nearer to the right values. It is evident, however, that for 
any particular criterion of “rightness” only one set of values for 
these constants can be exactly right. If the criterion of “rightness” 
is taken as that which will make the standard deviation of the residuals, 
when income is estimated from the other two variables, as small as 
possible, the values of a, b 2) and b 3 which will give this result can 
be determined once and for all by a direct mathematical process. 
Determining these values so as to give the “best” equation for esti- 
mating X 1 on the basis of linear relations to X 2 and X 3 is the first step 
in the method of linear multiple correlation. 

Determining a regression equation for two independent variables. 
The best values for a, b 2 and b 3 in the multiple regression equa- 
tion (30), can be worked out by an extension of the same process 
used in working out the values for the estimating equation when only 
one independent variable was considered. Just as before, the value of 
the b constants will be determined first, equation (31), and then the 
a values will be worked out from them: 1 

2(x|)& 2 + 2(X2X3)&3 = S(XjX2) 

2(x 2 x 3 )& 2 + 2(4)6 3 = 2(xiX 3 ) 

a = M i — b 2 M 2 — b 3 M 3 

Here, just as in Chapter 5, the symbol M represents the mean value 
of each variable, and the subscript indicates the particular variable. 

Similarly, the symbols S(x 2 x 3 ), '2(x l x 2 ) 1 and S(x 1 .r 3 ) represent 
the sums of the products of the variables, corrected to adjust them to 
deviations from the mean; that is, S(.r 1 x 2 ) = 2[(X 1 — M x ) ( X 2 — 
M 2 )]. Likewise the symbols 2(x|), etc., represent the sums of the 
squares of the variables, also adjusted to deviations from the mean. 

1 See Note 6, Appendix 2, for the derivations of these equations. They are the 
normal equations for two independent variables, corresponding to the normal equa- 
tions for one independent variable given on page 67, in the footnote. 


(31) 

(32) 
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Using the two basic formulas 

2 ( 21 X 2 ) = %(XiX 2 ) — nM x M 2 •* (11) 

and 

2(xj) = 2(Xl) - n(Ml) 

the other values shown in equation (31) may be worked out as follows: 

2(xjx 3 ) = XiXiXs) - nM l M 3 

2(x2X 3 ) = S(X 2 X 3 ) — nM 2 M 3 

2(4) = 2 (Xl) - n(M|) 

Computing the extensions. Inspection of these equations shows that 
there are eight arithmetic values which must be computed from the 
original data to work out the values to substitute in equations (31) and 
(32). These are 2X x , SX 2 , SX 3 , 2(Xf), 2(X 2 ), SU^Xg), 
2 (XjX 3 ), and 2(X 2 X 3 ). The actual work of computing these values 
for the farm-income data originally presented in Table 35 is shown in 
Table 45. [The value 2(X~) is not needed in solving equations (31) 
or (32) ; but, as it will be needed later, it is also worked out here for 
convenience in calculation.] 

After we have multiplied through all the extensions shown in this 
table, and added each of the columns, our next step is to compute the 
values M 2t M s , and M lf by dividing the sums of each of the first three 
columns by the number of cases. The correction values for each of the 
products is then computed and entered below the value from which it is 
to be subtracted. Thus the value below the sum of the fourth column, 
2(X 2 ), is its correction factor, n{M\). This is equal to 20 (13.95) 2 , 
or 3892.05, which is the value entered. Similarly, the value below the 
sum of the fifth column, S(X 2 X 3 ), is its correction factor n(M 2 M 3 ), 
or 20(8.85) (13.95) , which equals 2469.15. All the other correction 
factors are similarly worked out and entered. Then subtracting each 
correction factor from the value above it gives the values all ready for 
equations (31). Thus the value at the foot of column 4 is the value for 
2(x|); and so on. When these values are substituted in the appro- 
priate spaces of equations (31), they become 

(I) 2(xi)6 2 +2(x 2 x 3 )5 3 = 2x^2 606.95 5 2 -394.15 b 3 = 14.20 

(II) S(x 2 x 3 )& 2 +2(x§)6 3 = 2 x!X 3 _ -394.15 b 2 +676.55 b 3 = 1360.60 

Solving the equations. The next step is to solve the two algebraic 
equations simultaneously to determine the values for b 2 and b 3 . 
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The simplest way to carry this through is by the Doolittle method. 
The first equation is divided through by the coefficient of b 2i with the 
sign changed, giving the first derived equation (I') : 

(!) 606.95 b 2 - 394.15 b 3 = 14.20 

(H - b 2 + 0.64939 b 3 = - 0.02340 

TABLE 45 

Computation of Values to Determine Multiple Regression Equation 

to Estimate One Variable from Two Others 



i 

Number 

of 

acres* 

X 2 

2 

Number 

of 

cows 

Xi 

3 

Number 

of 

dollars 

income* 

X, 

4 

X\ 

5 

*2*3 

6 

XiX t 

7 

ai 

8 

XiX 3 

9 

xi 


6 

18 

96 

36 

108 

576 

324 

1,728 

9,216 


22 

0 

83 

484 

0 

1,826 

0 

0 

6,889 


18 

14 

126 

324 

252 

2,268 

196 

1,764 

15,876 


8 

6 

61 

64 

48 

488 

36 

366 

3,721 


12 

1 

59 i 

144 

12 

708 

1 

59 

3,481 


10 

9 

90 

100 

90 

900 

81 

810 ! 

8,100 


17 

6 

82 

289 

102 

1,394 

36 

492 

6,724 


11 

12 

88 

121 

132 

968 

144 

1,056 

7,744 


16 

7 

80 

256 

112 

1,376 

49 

602 

7,390 


23 

2 

76 

529 

46 

1,748 

4 

152 

5,770 


7 

17 

102 

49 

119 

714 

289 

1,734 

10,404 


12 

15 

108 

144 

180 

1,296 

225 

1,620 

1 1 ,664 


24 

7 

96 

576 

168 

2,304 

49 

672 

9,216 


16 

0 

70 

256 

0 

1,120 

0 

0 

4,900 


9 

12 

80 

81 

108 

720 

144 

960 

6,400 


11 

16 

113 

121 

176 

1,243 

256 

1,808 

12,769 


22 

2 

76 

484 

44 

1,672 

4 

152 

5,776 


11 

6 

74 

121 

66 

814 

36 

444 

5,476 


18 

12 

98 

250 

192 

1,568 

144 

1,176 

9,604 


8 

15 

80 

64 

120 

640 

225 

1,200 

6,400 

Sums. . . 


177 

1,744 

4,499 

2,075 


2,243 

16,795 

157,532 

Means . . 

wmm\ 

ifcidi a 

8.85 

87.2 










3,892.05 

2,469.15 

24,328.80 

1,506.45 

15,434.40 

152,076.80 

Corrected 

Hums. . . 



606.95 

- 394.15 

14.20 

676.55 

1,360.60 

5,455.20 


* In these computations, X 2 and X\ have been divided by 10. (See Note 3, Appendix 2.) 


Then equation (II) is entered, and under it is written equation (I) 
multiplied by the coefficient of 6 3 in equation (I') (0.64939). The sum 
of these two equations is then taken, eliminating the values in b 2 : 
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(II) 

(0.64939) (I) 


-394.15 b 2 + 676.55 b 3 = 1360.60 
+394.15 b 2 - 255.96 b 3 = 9.22 


(211) 420.59 b 3 = 1369.82 

(HO & 3 = 3.25690 

As indicated above, this step gives the value of b 3 . This is then 
substituted in equation (I') and the value of b 2 determined: 


- b 2 + 0.64939(3.25690) = - 0.02340 


b 2 = 0.02340 + 2.11500 = 2.13840 

The values of b 2 and b 3 being thus obtained, the next step is to sub- 
stitute them, together with the other values required, in equation (32) 
to work out the value for a: 


a — M\ — b 2 AI 2 — b 3 AI 3 
a = 87.2 - (2.1384)(13.95) - (3.2569) (8.85) 

= 87.2 - 29.83 - 28.82 = 28.55 

Estimating X x from X 2 and X 3 . Having computed the values for 
a, b 2t and b 3) we can now write out our regression equation (30), with 
the best values, as determined by the mathematical calculation: 

(l0 ) = 28 55 + 2 1384 (lo ) + 3.2569X3 

X, = 285.5 + 2.1384X 2 + 32.569X 3 

Comparing this equation with the last one obtained in Chapter 10, 
(page 178), we see that the mathematical determination has changed 
the $1. 33 allowed for the effect of each acre (62) to S2.14, and in- 
creased the $27.88 allowed for the effect of each cow (6 3 ) to $32.57. 
Just what effect this has on the accuracy of the equation as a basis 
for estimating income from cows and acres may be judged by working 
out an estimated income for each of the 20 cases according to these 
last results, and then comparing the estimated values with the original 
values, just as was done before with the equations worked out by the 
approximation method. The necessary computation is shown in Table 46. 

The operations that have been performed in this table may be 
mathematically stated as follows: 

First, an estimated value of income, X lt has been worked out by 
substituting in equation (30) the values for X 2 and X 3 given by each 
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successive observation. Using the symbol X[ to represent this esti- 
mated value of X x it may be defined 

= u + 1 * 2 X 2 + & 3 X 3 (33) 

Each estimated income has next been subtracted from the cor- 
responding actual income. With the symbol z used to represent the 
residual, the amount by which the actual value exceeds or falls below 
the estimated value, it may be defined 

z = X 1 -X[ (34) 

The residual z has exactly the same meaning when the estimated 
values of the dependent variable are based upon two or more vari- 
ables, using multiple correlation, as it had previously when the esti- 
mate was based on a single variable, with simple correlation. 

The accuracy of the last estimating equation, derived by an exact 
mathematical process, can now be compared with the accuracy of 
previous equations, obtained by a cut-and-try process. Computing 
the standard deviation of the residuals shown in this last table and 
comparing it with the standard deviations of the residuals worked 
out in Tables 39 and 41 of Chapter 10, we find the comparison to be: 

Standard deviations of residuals using various straight-line equa- 
tions : 

First approximation equation, a z = 90.29 

Second approximation equation, a z — 78.70 
Mathematically determined equation, <j z = 70.48 

The equation determined mathematically gives a closer estimate 
of the actual incomes from which it was derived than do either 
of the two previous equations. This will always hold true. The mathe- 
matically determined equation gives once and for all the estimates of 
■Xi which will make <r z the smallest that can be obtained, assuming 
linear relations. The best that could be done by the approximation 
method would be to obtain the same conclusions as would be obtained 
by the other method. The successive steps in Chapter 10 have shown 
how difficult it is to do this when the several independent variables are 
correlated with each other, and so tend to vary with one another. The 
mathematical method for determining the estimating equation, as illus- 
trated in this Chapter (or some alternative form of computation involv- 
ing the same principle), has therefore been practically universally 
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adopted as the standard way of determining the precise way in which 
one variable is related to, or may be estimated from, two or more vari- 
ables related among themselves, if only straight-line relations are to 
be assumed. 


TABLE 46 


Actual Income and Income Estimated from Number of Acres and Cows, 

on Basis of Mathematically Determined Relations 


Acres, 

a 2 

Cows, 

a 3 

Computation of estimated 
incomes 

Estimated 

l Actual 
income, 
Ax 

Actual 

minus 

estimated 

income, 

x l -x[ 

z 

Estimated 
for acres, 
& 2 X 2 

1 Estimated 
for cows, 

Constant, 

a 

income, 

X[ 

60 

18 

128 

586 

286 

1,000 

960 

- 40 

220 

0 

470 


286 

756 

830 

74 

180 

14 

385 

456 

286 

1,127 

1,260 

133 

80 

6 

171 

195 

286 

652 

610 

-42 

120 

1 

257 

33 

286 

576 

590 

14 

100 

9 

214 

293 

286 

793 

900 

107 

170 

6 

363 

195 

286 

844 

820 

-24 

110 

12 

235 

391 

286 

912 

880 

-32 

160 

7 

342 

228 

286 

856 

860 

4 

230 

2 

492 

65 

286 

843 

760 

-83 

70 

17 

150 

554 

286 

990 

1,020 

30 

120 

15 

257 

489 

286 

1,032 

1,080 

48 

240 

7 

513 

228 

286 

1,027 

960 

-67 

160 

0 

342 


286 

628 

700 

72 

90 

12 

192 

391 

286 

869 

800 

-69 

110 

16 

235 

521 

286 

1,042 

1,130 

. 88 

220 

2 

470 

65 

286 

821 

760 

-61 

110 

6 

235 

195 

286 

716 

740 

24 

160 

12 

342 

391 

286 

1,019 

980 

-39 

80 

15 

171 

489 

286 

946 

800 

-146 


Nomenclature in multiple linear correlation. When the constants 
of the estimating equation are determined by the exact mathematical 
process, the equation is called a multiple regression equation, and the 
constants b 2 and b 3 , which show, in this case, the average increase 
in income (A^) for unit increases in acres (A^ 2 ), and cows (X 3 ), are 
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termed net regression coefficients. The constant b 2 is termed “the net 
regression of X x on X 2y holding X% constant/’ and b 3 is termed “the 
net regression of X x on X 3 , holding X 2 constant .” All that that means 
for b 2) for example, is “the average change observed in X l with unit 
changes in X 2 , determined while simultaneously eliminating from X x 
any variation accompanying (hence temporarily assumed due to) 
changes in X 3 .” 2 

In order that the mathematical notation for the net regression co- 
efficients may show quite clearly which independent variables were held 
constant when a particular coefficient was determined, the subscripts 
under the b are sometimes more elaborate, showing first the dependent 
variable, then the independent variable whose effect is stated, then a 
period followed by the independent variables which were held constant 
in the process. Thus the b 2 we have been using would be written 
&12.3. The whole regression equation would appear 


X x ^a x .23 + ^ 12 . 3 X 2 + biS'oXz 


(35) 


This notation serves to distinguish these net regression coefficients 
from those which would be obtained if additional independent variables 
were included. Thus if a third independent variable, say A r 4 , were also 
considered, the equation would read 


— a x , 234 + & 12 . 34-^2 + ^ 13 . 24^3 + & 14 . 23-^4 

For still another variable it would be 


(36) 


<* 1.2345 + & 12 . 345^2 + & 13 . 245^3 + ?> 14 . 235^4 + & 15 . 234-^5 (37) 

The notation for a is changed as well as for each of the 6’s; o 1.234 
will probably be a different value from a 1 .23, just as 6 12 .34 is likely to 
be somewhat different from 6 12 . 3 . This is to be expected; if some 
other factor, such as the number of men working on each farm, were 
taken into account as well as the number of acres and the number of 
cows, the average increase in income per additional acre, with both the 
number of cows and the number of men held constant, might be quite 
different from what it would be with only the number of cows held con- 
stant. In the last case, any increase in income owing to more men 
being at vrork on the larger number of acres would be ascribed to the 
acres and not to the men, whereas in the former this element would be 
removed from the increase attributed to the acres. 


2 The term partial regression coefficient is used by some authors in plar 

regression coefficient. 


O of U ( ( 



198 


MULTIPLE LINEAR REGRESSION 


Determining a regression equation for three independent variables. 
Solely to illustrate the method, we may take the number of men on 
each of these 20 farms as given in Table 47 and work out an estimating 
equation considering men as well as acres and cows. (In actual 
practice, 20 observations are usually too few to determine, with any 
degree of reliability, the net relation of one variable to 3 independent 
variables. This problem is used here solely to illustrate the process.) 

With the number of men designated as X 4 , the unknown constants 
to be determined are those given in equation (36); a 1 2 34 , b 12 34 

613.24, an d h 14 23- They can be obtained by the solution of the follow- 
ing set of equations. 


2(4)&12 .34 + 2(x 2 X3)6i 3 . 2 4 

2 (X 22 * 3 ) 6 12 .34 + 2 (2:3)613.24 
2(2:22*4)612.34 + 2 (2*32*4)613.24 


+ 2(2: 2 2: 4 )6 i 4 .23 = 2(2*12:2) 
-f- 2(2:32:4)614.23 = 2(2 :i2 *3) 
+ 2(2*4)614.23 = 2(2:12:4). 


O1.234 — Mi — 612.34-^2 — 613.24.M3 “ 614.23M4 


(38) 

(39) 


Computing the extensions. All except 4 of the arithmetic values for 
equation (38) which need to be calculated from the original data have 
been worked out previously. Only the values which involve X 4 , and its 
mean, are additional. The new values needed are therefore M 4 , 
2(2:12:4), 2(2:22*4), 2(2:32:4), and 2(x|). The computation of these values 
is shown in Table 47. 

All the calculations, including correcting for the means at the end, 
are carried out just as in Table 45. The figures at the foot of each 
column provide the remaining values necessary to write out equations 
(38) in full. For convenience in writing these equations, we shall again 
use the abridged notation of b 2 for 612 . 34 , 63 for 613 . 24 , etc., remembering, 
however, that 6 2 here is a different constant from 6 2 previously. 


(I) 2(2*1)62+2(2*2X3)63 

+-2 ^2X4)64 = 2(xi.t 2 ) 


606.956 2 -394.1563 

+63.206 4 = 14.20 


(II) 2(x 2 x 3 )6 2 +2(x§)6 3 

+ 2(X3X4)6 4 = 2(Xi.T3) 


— 394.156 2 + 676. 5563 

+ 11.6064 = 1360.60 


(III) 2(X 2 X4)6 2 +2(X3X4)6 3 

+2(x 4 )6 4 =2(xix 4 ). 


63.206 2 + 11.606 3 

+ 17.2064 = 193.20 


Solving the equations. The three equations are now to be solved 
simultaneously to determine the values for 6 2 , 63 , and 64 . This can be 
done by the usual algebraic processes, but the peculiar symmetrical 
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character of the equations, which the attentive reader has probably 
already noticed, makes it possible to use a much shorter method. Since 
the saving in clerical labor by the use of this method is quite significant, 
it will be shown in full. 

TABLE 47 

Computation op Additional Values to Determine Multiple 'Regression 

Equation, Adding a Third Independent Factor . 


Item 

number 


1 

2 

3 

4 

6 

6 

7 

8 
0 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 


Number Number 
of acres, of cows, 

X** X 9 


6 

22 

18 

8 

12 

10 

17 

11 

16 

23 

7 
12 

24 
16 

9 

11 

22 

11 

16 

8 


Sums 279 

Means 13. 95 

Correction items, 
Corrected sums. . 


18 

0 

14 
6 
1 

9 

6 

12 

7 

2 

17 

15 
7 
0 

12 

16 
2 
6 

12 

16 


177 

8.85 


* Coded by dividing by 10. 


Number 
of men, 

Xi 

Number 

dollars 

income, 

Xi* 

X 2 X 4 

x 3 x 4 

X,x 4 

*2 

2 

96 

12 

36 

192 

4 

3 

83 

66 

0 

249 

9 

4 

120 

72 

56 

504 

16 

1 

61 

8 

6 

61 

1 

1 

59 

12 

1 

59 

1 

1 

90 

10 

9 

90 

1 

3 ! 

82 

51 

18 

240 

9 

2 

88 

22 

24 

170 

4 

2 

86 

32 

14 

172 

4 

3 

76 

69 

6 

228 

9 

2 

102 

14 

34 

204 

4 

3 

108 

36 

45 

324 

9 

4 

90 

96 

28 

384 

16 

2 - 

70 

32 

0 

140 

4 

1 


9 

12 

80 

1 

3 

113 

33 

48 

339 

9 

2 

70 

44 

4 

152 

4 

1 

74 

11 

6 

74 

1 

2 

98 

32 

24 

196 

4 

2 

80 

16 

30 

160 

4 

44 

1744 

677 

401 

4030 

114.00 

2.2 

87.2 







613.80 

389.40 

3836.80 




63.20 

11.60 

193.20 



The first step is to set down the first equation (I) and divide it 
t rough by the coefficient of the first term, 2*2 > with the sign changed, 

or —606.95 in this case. The resulting derived equation (T) is set 
down just below it: 

9 


® 606.95& 2 - 394.156a + 63.206 4 = 14.20 

^ -6 2 + O .6493963 - 0.104 136 4 = - 0.02340 

The next step is to set down the second equation (II)- The first 
equation (I) is then multiplied by the coefficient of the second term in 
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the derived equation (I'), which is +0.64939 in this case, and the 
products set down just below equation (II). These two equations are 
added, giving the sum equation (2 2 ), which cancels out the first term, 
as shown below. The sum equation is then divided by the coefficient 
of its first term, with the sign changed, giving the second derived 
equation (IF) . The second portion of the work now appears as follows: 

(II) -394.156 2 + 676.556s + H.6O64 = 1360.60 

(0.64939) (I) 394.1562 - 255.966s + 41.046 4 = 9.22 

(S 2 ) 420.596s + 52.6464 = 1369.82 

(II 7 ) -63 - 0.1251664 = - 3.25690 

The final step in the process of elimination is to write down equation 
(III) , multiply the first equation (I) by the coefficient of the third term 
of the first derived equation (I'), which is —0.10413 in this case, and 
set the products down below equation (III) ; multiply the sum equation 
(S 2 ) by the corresponding coefficient (the second term) from the second 
derived equation (II'), —0.12516; and set these products down below 
the previous equation. Equation (III) and the two new equations are 
then added, giving an equation (S 3 ), from which values in both b 2 and 
b 3 have been eliminated. This equation is then divided by the co- 
efficient of its first term, with the sign changed, —4.03 in this case, 
and the resulting new derived equation entered as equation (III'). (A 
method of checking each step in these computations is shown in Ap- 
pendix 1, Methods of Computation, page 464.) All the computations 
to this point are: 

(I) 

(I') 

(II) 

(0.64939) (I) 

(S 2 ) 

(IF) 

(III) 

(-0.10413) (I) 

(-0.12516) (2 2 ) 

(2 3 ) 

dll') 


606.95b 2 - 394.156s + 63.206 4 = 

-6 2 + 0.649396s - 0.104136 4 = 
394.156 2 |+ 676.556 s + H. 6O64 
394.156 2 - 255.966 s + 41.046 4 

420.596s + 52.646 4 
- 63 - 0.1251664 - 

63.206 2 + H.6O63 + 17.206 4 = 

63.206 2 + 41.046s - 6.586 4 = 

- 52.646s - 6.596 4 = 

4.036 4 
- 6 4 


14.20 

- 0.02340 
1360.60 

9.22 

1369.82 

- 3.25690 
193.20 

- 1.48 

- 171.45 

20.27 

- 5.02978 
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It is now very easy to compute the values of b 2) b 3 , and 6 4 from the 
three derived equations. From equation (III') , 6 4 = 5.02978. 

Substituting this value in equation (IF), which may be transposed 
to read 

63 = 3.25690 - 0.125166 4 

we find 

63 = 3.25690 - (0.12516) (5.02978) 

= 3.25690 - 0.62953 = 2.62737 

Then, transposing equation (I'), we find 

b 2 = 0.02340 + 0.649396 3 - 0.104136 4 , 

and substituting the values for 63 and 6 4 , 

' 6 2 = 0.02340 -f (1.70619) - (0.52375), 

we find 

6 2 = 1.20584 

The values of b 2 , 63, and b 4 , just computed, may next be verified by 
substituting them in the last equation (III). Equations (I) or (II) 
should not be used for this verification, since they will not provide a 
complete check. Equation (III) 


63.206 2 + II.6O63 -F 17.2064 = 193.20 
becomes, when the newly calculated values are substituted, 

(63.20) (1.20584) + (11.60) (2.62737) + (17.20) (5.02978) = 193.20; 
this works out to 

76.21 -f 30.48 + 86.51 = 193.20 
or 

193.20 = 193.20 


This proves the accuracy of all, the previous work. 

The work just summarized is all that is needed to solve these 
three simultaneous equations. In view of the way the terms cancel out 
during the second and subsequent steps of the process, the work can be 
still further simplified by omitting all entries to the left of the solid 
ine which has been drawn in through the last set of entries. 
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Having calculated the values of the three 6’ s, we can calculate a 
very readily. 

CL = Ml — 62-^2 — 63M3 64 A/4 

= 87.2 - (1.20584)03.95) - (2.62737) (8.85) - (5.02978) (2.20) 

= 36.06 


The regression equation for the three variables is therefore 



= 36.06 + 1.20584 



+ 2.62737X3 + 5.02978X4 


If we clear the fractions, the equation becomes 

Xi = 360.60 + 1.20584X2 + 26.2737X 3 + 50.2978X 4 


Using this equation, we may work out values of X x and of z just as 
we did previously. (This will be left as an exercise for the student. 
Is a z for the new estimates larger or smaller than for the previous 
estimates? Why should it be?) 

Interpreting net regression coefficients. It should be noted that 
though the value of 1.20584 for 612.34, just determined, compares with 
the value of 2.13840, for 6 12 . 3 , determined previously, they do not 
measure exactly the same thing. The coefficient 6 12 .34 shows the aver- 
age increase in income for each acre increase in size of farm, with 
both the number of cows and the number of men remaining unchanged. 
The coefficient 6 12<3 shows the average increase in income for each 
increase of one acre in size, with the number of cows remaining un- 
changed, but without making any allowance for differences in the 
number of men. Apparently a considerable portion of the differences 
in income which on the earlier analysis would have been ascribed 
to the additional acreage is shown by this more complete analysis really 
to have been associated with the larger labor force on the greater 
acreages, rather than to the greater acreages themselves. This result 
illustrates one property of net regression coefficients in common with 
all other correlation results. They ascribe to any particular inde- 
pendent variable not only the variation in the dependent variable 
which is directly due to that .independent variable but also the varia- 
tion which is due to such other independent variables correlated with 
it as have not been separately considered in the study. In the 
same way that acres, taken alone, included part of the effect due to 
cows, the effect of acres eliminating cows still included part of the 

0 
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effect due to men; and even the effect of acres holding constant the 
effect of both cows and men may still include variation due to other 
correlated variables, such, for example, as fertility of the land. These 
considerations illustrate the extreme care which is necessary in exami- 
nation of the data and the theoretical analysis of the problem before 
deciding on the variables to be correlated and the caution which must 
be employed in interpreting the results. 

Determining the regression equation for any number of inde- 
pendent variables. The same mathematical principle which has 
been used to determine the constants for regression equations involv- 
ing one, two, or three independent variables can be extended to 
problems involving any number of variables it may be desired to 
employ. 

For four independent variables the equations are: 


2(22)612.345 -f 2(22*3)613.245 4 * 2(22X4)614.235 

-f 2 ( 2 2 2 5 ) 6 i 5.234 = 2 ( 2 iX 2 ) 
2 ( 2 2 2 3 )bi 2.345 + 2 (x 3 )b 13 .245 + 2 (x 3 X 4 )& 14 .235 

4 - 2(2325)615.234 = 2(2 1X3) 

I 

2(22*4)612.345 4- 2(23X4)613.245 -f 2(24)614.235 

4 ~ 2(2425)615.234 = 2(.Tix 4 ) 

2 (*2*5) 6 12. 345 -f 2(23X5)613.245 4 " 2(24X5)614.235 

+ 2(x|)6i5.234 = 2 (XiX 5 ) 

Gl .2345 = Mi — 612.345-^2 “ 613.245^3 “ 614.235-^4 — 615.234-/V/5 




When this set of equations is compared with equation ( 38 ) for 
three independent variables, it is evident that adding the additional 
variable, X 5 , has made it necessary to add the additional equation, in 
which X 5 appears in each of the product terms, and also to add an 
additional term to each of the previous equations, the additional term 
including a product summation [such as 2(x 2 x 5 ) and 2(x 3 x 5 )] in which 
X 5 appears, and also the net regression coefficient b 15 234 . The equa- 
tion to compute a has also been extended by adding the term 
1 ^ 15 . 234 -^ 6 *” In the same way the equations to be solved to de- 

termine the constants for any number of variables can be built up, 
if it is remembered that for each variable added a new term must be 
added to each of the previous equations and a new equation must be 
added, each term added including the new variable in some way. 

The products which must be computed for any given set of variables, 
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and the equations which will need to be solved, may be worked out 
readily by the use of the following scheme: 

Write out the required regression equation (in terms of deviations 
from the mean), as, for example, for six variables: 


^22*2 4" & 3 Z 3 4" ^4^4 4" 652:5 -f bftXQ = X\ 

Multiply each term through by the coefficient of the first unknown 
(that is, by x 2 ) and sum. This gives the first of the required equations: 

2(^I)6 2 + 2(3:22:3)63 -f 2(^22:4)64 -f 2 (x 2 2: 5 )6 5 -f 2(x 2 x 6 )6 6 = 2 (x 2 Xi) 

Then multiply through by the coefficient of the second unknown (z 3 ) 
and sum. The second equation is, therefore, 

2 (x 2 x 3 )6 2 4 - 2(3:3)63 + 2(2:33:4)64 4 - 2(2:32:5)65 4 - 2 (x 3 x 6 )6 6 = S(x 3 xi) 

The same process is carried out for the coefficient of each unknown in 
turn, giving five equations to be solved simultaneously to determine 
the values for the five unknowns. Setting up these equations may be 
reduced to a tabular form, as follows: 

TABLE 48 


Form for Working Out the Equations to Derive Net Regression Constants 


Independ- 

ent 

variables 

Independent variables (in deviations from means) 

Dependent 

variable 

xi 

x 2 

X3 

Xi 

*6 


*7 

*8 

*2 


2 (*2*3) 63 

2 (x 2 *4)6 4 





= 2 (* 1 * 2 ) 

X% 


2(*1)6 3 

2 (*3*4)64 





=» 2 (*!*,) 

z« 

2 (*3X4)62 

2 (* 3 * 4 ) 63 

2(*2)6 4 





= 2 (* 1 * 4 ) 

X S 

2 (1215)62 

2 (*3x5)63 

2 (*4*5)64 





= 2 (*i*8 ) 

x« 

2 (*2*5)62 

2 (*3*6)63 

2 (*4*5)64 





= 2(*i*«) 

X7 

2 (*3x7)62 

2 (*3*7) 6, 

2 (*4*7)64 





=■2 (* 1 * 7 ) 

X9 

2 (* 2 * 3)&2 

2 (*3*3)63 

2 (*4*3)64 





= 2(*i*g) 


The variables to be considered are listed at the head of columns 
from the left to right, ending with the dependent variable at the right. 
Then the independent variables are entered down the beginning of 
the lines at the left in the same order. The cells of the table are then 
filled by multiplying the variable at the head of the column by the 
variable at the end of the line. These products indicate the values 
to be computed (by equations [11] and [15]), to give the arithmetic 
values for the equations. The “b” terms represent, of course, the 
net regression coefficients for the particular number of variables con- 
cerned; that is, b 2 would be 6 12 .3 f° r tw <> independent variables, 
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*>12.34 from three independent variables, and so on. The illustration is 
carried out to seven independent variables, but the scheme can be 
extended to as many as it is desired to consider. 

The equation to compute a is simply the value of the mean of the 
dependent variable, minus the product of the mean of each inde- 
pendent variable multiplied by the coefficient for the net regression 
of the dependent variable on that independent variable. 

As a matter of practical procedure, it is seldom that a problem 
is so complicated or that enough observations are available so that 
significant results for each variable will be obtained using ten or more 
variables, and, ordinarily, analyses involving not more than five vari- 
ables are all that will yield stable results. To illustrate some of the 
details of the procedure necessary where a large number of variables 
must be considered, various methods to simplify the necessary calcu- 
lations in carrying through a problem involving a large number of 
observations are presented in Methods of Computation, Appendix 1. 

Interpreting the multiple regression equation. The same limita- 
tions apply in interpreting regression coefficients worked out with the 
effect of one or more variables held constant as when only two variables 
are considered. Thus for the data shown in Table 47: there were no 
observations with more than 18 cows, or 4 men, and none below 60 
acres or above 240 acres. For that reason, there is no basis for using 
the regression equation to estimate income beyond those limits. Fur- 
thermore, for the extreme ranges where only a few observations were 
available for example, less than 80 acres — the relations could not be 
expected to hold as well as where there were more observations upon 
which to base the conclusions. In Chapter 18 a more definite basis 
for determining the probable accuracy of such estimates is discussed. 
For the present the caution may be restated, that the results may be 
expected to hold true only within the range covered by the bulk of 
the observations upon which they were based. 3 

The meaning of the regression equation 

X x = 360.60 -f I. 2 IX 2 + 26. 27X 3 + 50.30X 4 

may be made clearer, in publishing correlation results, by working out 
the estimated values for a representative variety of conditions. Such a 

. a Even within the limits of the range of observations there may be combina- 
tions of values of independent variables which are not represented by the data, 
either exactly or even approximately. Estimates for such combinations will have 
less reliability than for those combinations which are represented. For a fuller 
discussion of this source of unreliability, see Chapter 19. 
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statement of the conclusions covered by the previous regression equa- 
tion would be as follows: 


TABLE 49 


Average Income on Farms With Varying Numbers of Acres, Cows, and Men 

(As indicated by correlation analysis) 


Labor 


100 acres 



160 acres 


force 

0 cows 

8 cows 

16 cows 

0 cows 

8 cows 

16 cows 


Dollars 

Dollars 

Dollars 

Dollars 

Dollars 

Dollars 

1 man 

532 

742 

952 

* 

* 

• 

2 men 

* 

792 

1,003 

655 

865 

* 

3 men 

* 

* 

1,053 

705 

915 

1,125 


* Omitted because of absence of observations representing this combination of factors. 


It should be noted in Table 49 that, according to these results, 
increasing the number of men from 1 to 2, or from 2 to 3, will add 
$50 to income, no matter whether the farm has 100 acres and 8 
cows, or 160 acres and 16 cows. Similarly, adding 8 more cows is 
indicated as having the same effect on income, no matter how large 
the farm is or how many men are employed. But that this conclu- 
sion has been reached is no proof that it is really true of the universe 
represented by the original data. Instead, such a conclusion is in- 
herent in the linear equation (35, 36, or 37) which has been used. That 
equation necessarily assumes that an increase of one unit in any one 
independent variable will always be accompanied by an equal change 
in the dependent variable. Only insofar as the actual facts agree 
with that assumption can they be represented by a linear equation. 
Subsequent chapters (particularly 14 and 21) take up methods of 
analysis which may be employed when this type of relation is not true, 
and the linear equation is therefore unable to express the facts ade- 
quately. 

Net regression coefficients, computed from a sample, may vary more 
or less widely from the true values for the universe from which that 
sample is drawn. Tests to indicate the reliability of such sample 
results are given in Chapter 18. They should always be calculated 
and considered before generalizing from such sample results. 

Summary. This chapter has presented mathematical methods 
for determining the constants of a linear regression equation, so that 
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changes in one variable may be estimated from changes in two or 

more independent variables. Equations so determined afford a more 

exact basis for making such estimates than do linear equations 

obtained by any other method. Furthermore, the multiple regression 

equation serves to sum up all the evidence of a large number of 

observations in a single statement which expresses in condensed form 

the extent to which differences in the dependent variable tend to be 

associated with differences in each of the other variables, as shown bv 
the sample. 


CHAPTER 13 


MEASURING ACCURACY OF ESTIMATE AND DEGREE OF 
CORRELATION FOR LINEAR MULTIPLE CORRELATION 


Standard error of estimate. After working out equations by which 
values of one variable may be estimated from those for two or more 
independent variables, it is frequently desirable to have some measure 
of how closely such estimates agree with the actual values and of how 
closely the variation in the dependent variable is associated with the 
variation in the several independent variables. Attention has been 
called in the preceding chapters to the computation of the residuals, 
z, when the value of a variable is estimated from that of several others. 
Where the estimate is based on several independent variables the stand- 
ard deviation of these residuals serves as a measure of the closeness 
with which the original values may be estimated or reproduced just 
as well as where the estimate is based on a single variable. Continuing 
the same terminology as before, this standard deviation is still called 
the “standard error of estimate.” Thus for the regression equation 
for estimating income from known numbers of acres, cows, and men, 
the standard error of estimate is designated £ 1>2 34. The subscripts 
"1.234” indicate that that is the standard error for variable Xi when 
estimated from the independent variables X 2 , X 3t and X A . 

Where the size of the sample is small in proportion to the number 
of variables involved, the standard deviation of the residuals for the 
cases included in the sample tends to have a downward bias. That 
is, it tends to be smaller than the standard error which would be ob- 
served if the same constant were computed from large samples drawn 
from the same universe. 

For that reason it is necessary to adjust the observed standard 
deviation of the residuals, before it will give an unbiased estimate 
of the value of the standard error of estimate in the universe. This 
adjustment is: 


£1.234 — 




n — m 
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(42) 
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% 

where n = number of sets of observations in the sample, 

m — number of constants in the regression equation, including 
a and the b's. 


(Where the adjusted value for S ?. 23 4 exceeds the value of <r\, the 
latter value should be used for the standard error.) 

The standard errors for the equations obtained when one, two, and 
three independent variables were considered in the farm-income study 
in Chapter 12 may be summarized as follows: 


Independent variables 

Observed a z 

n 

m 

Adjusted standard error 

x 2 

165.15* 


2 

S 1.2 = 165.15 

X% X 3 ; 

70.48 


3 

£ 1.23 = 76.45 

x 2t x 3t X A 

♦ Tbio 1 L . 

66.77 

20 

V . • 1 % 

4 

*S 1 . 234 = 74.65 


* This value has not been shown previously. It is calculated from the data of Chapter 12. 


(In this case the correlation between X x and X 2 is practically zero, so 
ex* = <7!. Under the rule given above, S lm2 = (t v ) The values tabulated 
in the last column illustrate the increase in the reliability of estimate as 
additional variables are taken into account. 

So far, the standard errors of estimate (except for simple or two- 
variable correlation) have been determined by actually working out all 
the estimated values, subtracting to get the individual residuals, and 
then determining their standard deviation. For linear multiple regres- 
sion equations, however, a much simpler process can be used. To com- 
pute the standard deviation of the residuals by this process, all that is 
required in addition to the values which have been used in computing 
the 6’s is the value, 2(*f). The formula is as follows: 

|'2(x 1 ) — [612.34 . . . 71(2*1*2) + 13.24 . . . 71(2*1*3) 

+ . . . bln -23. . . („-n( 2 *ia; n )] 


£1.234. ..n — 


(43) 


n — m 


Substituting the values for the regression equation computed with two 
independent variables, pages 193 and 194, the equation becomes 

-2 __ 2(*i) — [6i2.3(2* 1 * 2 ) -f- 613.2(2*1*3)] 

^ 1.23 _ 

n — 3 

In terms pf coded values for X x , 

= 5,455.20 - (2.1384) (14.20) - (3.2569) (1,360.60) 

20 - 3 


£1.23 

10 2 

^1 .23 

10 



993.50 


17 


= 7.645; Si.23 - 76.45 
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The result is seen to be identical with the value computed (after 

adjustment) by the lengthy process illustrated in Table 46 , on page 196 , 

of working out all the individual estimates, computing their standard 
deviation, and then adjusting by equation ( 42 ). 

Multiple correlation. The standard error of estimate for a mul- 
lp e regression equation, just as with simple correlation, measures the 
closeness with which the estimated values agree with the original 
values. The standard error, however, offers no measure of the pro- 
portion of the variation in the dependent factor which can be ex- 
plained by, or is associated with, variation in the independent factor 
or factors. For example, in one area the farm income might be twice 
as vaiiable as in another. If two or three independent factors such 
as those discussed came as near accounting for all the variation in 
incomes in one area as in the other, the standard errors of estimate 
vould be the same in both cases. There w r as originally more vari- 
ance in income in the one case than in the other; therefore with the 
same amount left unaccounted for the independent factors would 
have been associated with a larger proportion of the original variance, 
in the case where it was largest to begin with, and would have been 
l datively more important in that case. In simple correlation, the 
relative importance of the independent factor was measured by the 
latio of the standard deviation of the estimated values to the stand- 
aid deviation of the actual values, and the name coefficient of correla- 
tion was given to this ratio. In exactly similar manner, when the 
estimates are based on several variables, instead of on one, the rela- 
tive importance of all those variables combined may be measured 
by dividing the standard deviation of the estimated values by that 
of the original values. This ratio is named the coefficient of multiple 
correlation , since it measures the combined importance of the several 
independent factors as a means of explaining the differences in the 
dependent factor. 

If we use A 1 ( 234 ) to designate the estimates of X\ made from variables 
X2, X3, and X4, and use #1.234* to represent the unadjusted coefficient 
of multiple coirelation, the coefficient may be defined: 

•X‘l( 234 ) = 01.234 + &I2.34-X2 + 613.24X3 + 614.23X4 ( 44 ) 


# 1.234 


(234) 



The same short formula which has been shown for computing the 
standard error of estimate may be employed to facilitate the computa- 
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tion of the coefficient of multiple correlation, using only values already 

involved in equation (43). The equation for computing the coefficient 
of correlation by this method is: 1 



There is a tendency for the multiple correlation shown by the sample 
to be in excess of the correlation existing in the universe from which the 
sample was drawn, especially where the number of observations is small, 
or the number of variables large. For that reason the coefficient 
#1.23 . . . n, computed as shown in equation (46), has to be adjusted 
before it will give fli .23 . . . n , the unbiased estimate of the correlation 
most probably existing in the whole universe. The adjustment is: 



m and n have the same meaning for this equation as in equation (42). 
If the value for R 2 comes out a minus quantity, use 0 for R 2 . 

The square of the coefficient of multiple correlation, R 2 , may be 
termed the coefficient of multiple determination. 

The same relations hold between the coefficient of multiple correla- 
tion and the standard error of estimate in the case of multiple correla- 
tion as in the case of simple correlation. For that reason, one of these 

measures may be computed from the other, whichever is determined 
first, according to the following equations : 



Using equation (48) to compute the values of R from the values of S 

previously computed, the multiple coefficients for the three regression 

equations previously worked out may be stated in the following different 
ways : 

pagein TnT 4 b 69. COmPUted m ° St COnVenientI * * ^ form shown on 
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Dependent 

variable 

Independent variable(s) 

S 

Standard 
error of 
estimate 

R 

Coefficient 
of multiple 
correlation 

R 2 

Coefficient 
of multiple 
determination 

X\ (income) 
Xi(income) 
Ai(income) 

A 2 (acres) 

A 2 (acres); A' 3 (cows) 

A 2 (acres); A r 3 (eows); A' 4 (men) 

165.15 

76.45 

74.65 

0* 

0.892 

0.898 

0 

0.796 

0.806 


* The value shown here should be that of f\ 2. In this ease it happens to be zero. 


It is evident that the correlation increases as the standard error 
decreases. Here the residual variation in each case is being compared 
with the same original standard deviation, so that that necessarily fol- 
lows. Where different studies are being compared, however, such as 
two samples with widely different original deviations in the dependent 
variable, the standard error of estimate would not necessarily decrease 
as the correlation increased, since the former is an absolute measure 
whereas the latter is a relative measure . 2 

It is evident from the figures just shown that the coefficient of 
multiple correlation, if incorrectly interpreted, makes the relationship 
seem closer than does the coefficient of multiple determination (-R 2 )-. 
It cannot be demonstrated that the coefficient of multiple determina- 
tion will measure in all cases that proportion of the variance in the 
dependent factor which is associated with the independent factors. 
Yet it is sufficiently true so that, if such a statement is to be made as 
“seventy-five per cent of the variance in income was associated with 
(or related to) variances in numbers of acres farmed, or cows milked, 
and men hired,” it is more accurate to use the coefficient of multiple 
determination than to use the coefficient of multiple correlation. The 
latter would overstate the case. This principle holds true both for 
simple correlation (r) and multiple correlation (I?) : the square of the 
coefficient indicates the proportion of the variance in the dependent 
variables which has been mathematically accounted for; whereas one 
minus the square of the coefficient indicates the proportion which has 
not been accounted for . 3 


2 This point is of considerable significance in certain types of economic prob- 
lems, particularly in time-series analysis. For example, taking the first differences 
of a series of values frequently tends to make the deviations much larger than by 
taking deviations from trend. A study which gives a higher coefficient of corre- 
lation for first differences than for deviations from trend may still yield the less 
accurate estimate, as measured by the standard error of estimate. 

3 See Note 7, Appendix 2. 
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The coefficient of multiple correlation, J R 1 . 23 4 ...„, may also be de- 
fined as the simple correlation between the actuai X x values and the 
■^1(234) values estimated from the several independent factors. This 
interpretation illustrates the way it sums up the combined relation of 
the dependent variable to the several independent variables. 

(For the most convenient methods of calculating the various meas- 
ures discussed in this chapter, see Appendix 1, pages 459 to 478.) 

Measuring the separate effect of individual variables. In addition 
to the measures of the importance of all of the independent variables 
combined, it is sometimes desirable to have measures of the importance 
of each of the individual variables taken separately, while simul- 
taneously allowing for the variation associated with remaining inde- 
pendent variables. There are two different types of these measures: 
the coefficient of -partial correlation and the “beta” coefficient . 4 

Partial correlation. Coefficients of partial correlation serve to de- 
termine the correlation between the dependent factor and each of 
the several independent factors, while eliminating any (linear) tend- 
ency of the remaining independent factors to obscure the relation. 
Thus in the problem where income was correlated with numbers of 
acres, cows, and men, the partial correlation of income with acres, 
while holding constant cows and men, indicates what the average 
correlation would probably be between acres and income in samples 
of farms in which all the farms in each sample had the same number 
of cows and the same number of men. 

If the data we have just been discussing were classified into groups 
which had the same number of cows and men in each group, and the 
correlation of the income and acres for the farms in each group was 
calculated separately, that would give a series of values for the corre- 
lation between acres and income for series of groups in each of which 
there was no variation in cows or men. If a weighted average of this 


4 Discussion of the coefficient of part correlation (which was covered on pages 

182 and 183 of the first edition of this book) has been dropped from this edition. 
It is defined by the formula 



r: 2 2 

°I2.:H<72 

&i2.34<r| 4- <u(l — #1.234 ) 



Little practical use has been found for this coefficient, except that it does provide 
a maximum value for the coefficient of partial correlation. Although its formal 
interpretation was correct as given previously, it seems to provide insufficient in- 
formation to justify its detailed presentation. However, its derivation is still given 
in Note 9, Appendix 2, as before. 
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series of correlations was then calculated, 5 it would correspond to the 
partial correlation of income with acres, while holding cows and men 
constant (r 12 . 34 ). A similar interpretation can be made for the other 
two partial correlation coefficients. Even in problems (such as the 
present one) where the number of observations is not sufficient to per- 
mit of many such subgroups being formed, the partial correlation 
coefficient indicates about what such an average correlation in selected 
subgroups would be, if computed from a larger sample drawn from 
the same universe. 

Any group of independent variables may serve to explain some, but 
not all, of the variation in a dependent variable. If an additional 
independent variable is added, it may account for part of the variation 
left unexplained by the factors previously considered. The coefficient 
of partial correlation may be defined as a measure of the extent to 
which that part of the variation in the dependent variable which was 
not explained by the other independent factors can be explained by 
the addition of the new factor. For example, in the farm-income 
problem, considering only acres and cows, the correlation was 2 3 = 
0.892. W hen acres, cows, and men were considered, the correlation was 
■ft 1.234 = 0.898. Squaring both values shows that, whereas the two 
variables explain 79.6 per cent of the variance in income, the three 
variables explain 80.6 per cent. Whereas 20.4 per cent of the variance 
is left to be explained when the two variables are considered, only 
19.4 per cent is left to be explained when three are considered. Adding 
the additional variable has increased the variance which can be ex- 
plained by the difference between these two figures, or 1.0 per cent 
(20.4 — 19.4 per cent). If the importance of this increase is determined 
by comparing it to the variance left unexplained before the new 


variable was added, we find that - ^ , or 4.90 per cent of the variance 

20.4 

left unexplained by acres and cows, has now been' found to have been 
associated with differences in numbers of men. Taking its square root 
gives the coefficient of partial correlation, 0.221. 

The coefficient is designated r 14 23 , since it shows the partial correla- 
tion between X l and .Y 4 , after X 2 and X 3 had been taken into account. 
As is indicated in the discussion, it may be computed by the formula 6 

(1 — fti.23) — (1 — /fl.234) 


r 2 - 
1 14.23 — 


1 — ftl .23 


5 The calculation of the average of a series of correlation coefficients would in- 
volve the use of Fisher’s 2 -transformation. 

G This is different from the formula customarily given. See Note 7, Appendix 2, 
for its derivation. 
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• 

For purposes of computation, this formula may be simplified to 


-2 _ i 1 — #1.234 

714.23 ~ 1 - — — p — 

* — # 1.23 



If it is desired to compute coefficients of partial correlation for the 

other independent variables, acres and cows, the corresponding formulas 

are 7 


r 13.24 



I ~~ #1.234 
1 ~ #1.24 


^12.34 = 1 “ 



It should be noticed that, although the numerator of the fraction is 
the same in each case, the denominator is different. This is a pecu- 
liarity of coefficients of partial correlation — they measure the im- 
portance of each of the several variables by determining how much it 
reduces the variation after all the other variables except it are taken 
into account. 

If we work out the new multiple correlations necessary , 8 fi 1#2 4 and 
#1.34, and substitute them in the equations given just above, the whole 
set of coefficients of partial correlation and partial determination for the 
farm-income problem works out as follows : 




-2 

T 13.24 


1 - 0.806 
1 - 0.458 


0.642 


-2 

H2.34 


1 - 0.806 
1 - 0.791 


0.072 


7 Equation ( 50 ) and these following equations will give values for the partial 
regression coefficients, which will differ slightly from those computed by the clas- 
sical equations used by Yule, and then adjusted by equation ( 47 ). In view of the 
definition of the adjusted partial correlation coefficient just given, however, it is 
believed that this method of computation directly from the adjusted values, #1.234 
and 12 1.23, is sufficiently accurate for all practical purposes. 

8 The two new coefficients of multiple correlation are obtained by rearranging 
the arithmetic values previously computed so as to give the necessary regression 
coefficients, and then determining the value of ft by equations ( 46 ) and ( 47 ). The 
two new sets of equations are: 

To determine fti.24 

(222)612.4 4 - (222x4)614.2 = (2*122) 

(222*4)612.4 -f (2x4)614.2 = (2X1X4) 

Similarly for ft 1.34 

( 2 x 1 ) 613.4 + (2x3*4)614.3 = (2xiX3) 

(2*3*4)613.4 + (2*4)614.3 = (2*1*4) 
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Relative Importance of Individual Factors Affecting. Income, as Indicated 

by Coefficients of Partial Correlation 


Factors already 
considered 

V 

Factor 

added 

Coefficient of 
partial 
correlation 

(02.34, etc.) 

Reduction in 
unexplained 
variance 

0l 2.34> etc.) 

Cows (X 3 ), men (X 4 ) 

Acres ( X 2 ), men (X 4 ) 

Acres (X 2 ), cows (X 3 ) 

Acres (X 2 ) 
Cows (X 3 ) 
Men (X 4 ) 

* 

0.27 

0.80 

0.22 

0.072 

0.642 

0.049 


When income was correlated with acres alone, there was no correla- 
tion at all. (Before adjusting for the number of observations, 
r i 2 ~ 0.01.) Yet the partial correlation of income with acres, while 
holding constant the variation associated with cows and men, has just 
been seen to be 0.27. Although this is not high, it is certainly more 
than no correlation at all. Furthermore, even though the correlation 
of income with cows alone is 0.64, the correlation with both acres and 
cows is 0.89. 

On the surface of the data there appears to be no relation between 
acres and income, since the positive relation of acres to income is 
hidden. Acres are negatively correlated with cows to a sufficient 
extent so that the decreased income with decreased number of cows 
offsets the increases with more acres. Only when the number of cows 
is allowed for can the influence of acres be seen. 

It is evident' that a mere surface examination of a set of data 
cannot reveal which independent factors are important and which are 
unimportant. A variable which shows no correlation with the de- 
pendent variable may yet show significant correlation after the relation 
to other variables has been allowed for. 

Investigators sometimes think they are doing “research” when they 
study the relation of a given variable, say the price of a commodity, 
to a number of other factors, discard all those factors that show no 
correlation with price, and select out for further study by multiple 
correlation the factors that show the highest simple correlation with 
the price. As the preceding discussion shows, that procedure may 
result in discarding factors which would show a truly important rela- 
tion to price after the effect of other associated factors had been 
allowed for. A careful, logical examination of the problem, the selec- 
tion of the factors to be considered on the basis of these qualitative 
considerations, and then preliminary examination of all the inter- 
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correlations among the selected independent factors will provide more 
trustworthy results. (See Chapter 24 for a more detailed discussion 
of the places of qualitative and quantitative analysis in such studies.) 

The test whether a given independent variable may really be 
related to the dependent variable, even if it shows no apparent corre- 
lation, is whether that independent variable is correlated with other 
independent variables, which in turn are correlated with the dependent. 
Thus in the example just discussed, although acres showed no correla- 
tion with income, they did show significant correlation with cows. 
If acres had had no correlation with either income, cows, or men, it 
would have been impossible for acres to have correlation with income 
even after the relation to cows and men was allowed for. 

“Beta” coefficients. The importance of individual variables may 
also be compared by their net regression coefficients. The size of the 
regression coefficients, however, varies with the units in which each 
variable is stated. They may be made more comparable by expressing 
each variable in terms of its own standard deviation, using the “beta” 
coefficients mentioned in Chapter 9. In terms of betas, the regression 
equation for four variables would be 




+ 013/24 



+ 014.23 




Hence the partial betas may be defined 

012.34 = &12.34 ~ 

<71 


(52) 


For the problem we have been considering, the betas may be calcu- 


lated very readily: 




012.34 = & 12.34 ” = 

^l 

^ 1.2058 ( 

' 5.51 \ 
<16.52/ 

= 0.402 

013.24 = &13.24 = 

^1 

= 2.6274 ( 

f 5.82 \ 
<16.52/ 

= 0.926 

014.23 ~ &14.23 ~ = 

0"1 

‘ 5.0298 ( 

'0.927\ 

<16.52/ 

= 0.282 

If the relative importance 

of each 

of the 

different 


judged by the two different types of individual measurement, is 
compared, the relations are : 
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Relative Importance of Individual Factors Affecting Income, as Indicated 

by Two Different Coefficients 


Independent 

factor 

Factors held constant 

Coefficients 
of partial 
correlation 
( 112 . 34 ) 

Beta 

coefficients 

^ 12.34 

Acres (A' 2 ) 

Cows (X 3 ), men (X 4 ) 

0.27 

0.402 

Cows (X 3 ) 

Acres (X 2 ), men (X 4 ) 

0.80 

0.926 

Men (X 4 ) 

Acres (X 2 ), cows (X 3 ) 

0.22 

0.282 


It is e\ ident from this comparison that, although the exact values 
differ for the two sets of measures, the rank of the three variables in 
01 dci of importance is the same and the relative sizes are comparable. 9 
This does not always hold true, owing to the mathematical differences 
in the meaning of the two sets. 

Besides the coefficients which have been discussed, which measure 
either the total relative importance of all the independent variables or 
the importance of each one separately, it is sometimes desirable 
to measure the correlation between one variable and a group of others, 
aftei eliminating from the dependent variable that part of its variation 
imputed (by the analysis) to a single one of the independent variables. 
The problem may be stated as follows: 


Where R lm 234 measures the relation between X x and X 2 , X 3 , X 4 , ' 
according to the regression equation ( 36 ), the problem stated is to 
determine the correlation between (X 1 - 6 1234 X 2 ) and the two re- 
maining independent variables, according to the equation 


612.34X2) — 1.234 + 613.24X3 -j- 614.23X4 


This could be determined by actually carrying out the operations 

indicated, but it can be much more readily computed by use of the 
formula t0 


Multiple correlation 
squared of 

(Xi — 612.34X2) 

with X 3 and X 4 

One other t\pe of measure of individual importance, the coefficient of separate 
determination, is discussed in Note 11, Appendix 2. 

10 See Note 12, Appendix 2, for derivation of this equation. 


= 1 - 


trf(l — fti. 234 ) 


a i 2612.34 (£ xitf 2 / n ) + b \ 2 ' 34 & 2 , 


( 53 ) 


SUMMARY 
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An illustration of the type of problem to which this method may be 
applied can be drawn from the field of price analysis. If X 2 in the case 
illustrated above were an index of price level, X x the price of some com- 
modity, and Z 3 and A r 4 other factors affecting price, such as production 
and storage stocks, it might be desired to determine not only how 
closely the price of the commodity was related to all the factors, in- 
cluding the price index, but also how closely it was related to the re- 
maining factors after the variations in price found to be associated 
with changes in price level were removed from it. Formula (53) would 
enable this determination to be made. 

Reliability of results from a sample. All the coefficients presented 
in this chapter are subject to fluctuations of sampling just as are 
simpler coefficients. A later chapter (Chapter 18) discusses the extent 
of these fluctuations with various sizes of samples and gives methods 
of estimating how far the coefficients from a given random sample 
may miss the true values of the coefficient in the universe from which 
the sample was drawn. 

Summary. This chapter has shown that the accuracy of a re- 
gression equation for estimating one variable from two or more others 
may be measured by the standard error of estimate. The extent to 
which variation in the dependent variable is associated with the 
variation in the several independent variables may be measured by 
the coefficient of multiple correlation, or, with respect to variance, 
by the coefficient of multiple determination. The relative importance 
of each of the independent variables may be measured (a) by the co- 
efficient of partial correlation, relative to the variation remaining after 
the effects of the other variables have first been removed, or ( b ) by 
the beta coefficients, which reduce the net regression coefficients to a 
comparable basis. Finally, a method is provided for measuring the 
proportion of the variation in the dependent variable which is ex- 
plainable by a group of independent variables, after eliminating from 
the dependent variable that portion of its variability which has been 
found to be associated with another independent factor. 



CHAPTER 14 


DETERMINING THE WAY ONE VARIABLE CHANGES WHEN 

TWO OR MORE OTHER VARIABLES CHANGE: (4) USING 

CURVILINEAR REGRESSIONS 

The discussion of multiple correlation to this point has been limited 
to linear relationships — relations where the change in the dependent 
variable accompanying changes in each independent variable was 
assumed to be of exactly the same amount, no matter how large or 
how small the independent variable became. Thus in the farm income 
example, it was assumed that each additional cow would be accom- 
panied by the same increase in income, no matter whether it was the 
first, the tenth, or the thirtieth. Similarly, each additional acre in crops 
or each additional man employed was assumed to be accompanied 
by an identical contribution to the income, no matter how large or 
how small the business already was. It is quite evident that such 
an analysis makes no provision for there being an optimum size 
of operation for given circumstances or for differences in the con- 
tributions of different numbers of units. In this particular case, it 
assumes that there is no such thing as the principle of diminishing 
returns. Such an analysis might therefore fail entirely to reveal the 
proper size of productive unit, or the number of each of the several 
elements to be employed to yield maximum returns. 

In many other types of problems for which multiple correlation 
analysis might be used, limitation of the analysis to linear relations 
would seriously restrict its value or prevent its use altogether. In 
dealing with the effect of weather upon crop yields, several variable 
weather factors are usually concerned. There may be an optimum 
point for growth, with respect to both temperature and precipitation, 
with values either above or below the optimum tending to produce 
lower yields. Linear regressions are obviously unfitted to express 
such relations. In problems such as these, and many others which 
might be enumerated, determination of the exact curvilinear relation 
between independent and dependent variable, while simultaneously 
eliminating the effect of other factors which also affect the dependent 
variable, is the most important feature in the investigation. Unless 
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the curve itself can be determined, the other conclusions are of little 
value. 

^ The problem in its simplest outlines may be stated as follows: 
Given a series of paired observations of the values of a dependent 
variable X x and two or more independent variables X 2 , X 3f X 4 , etc., 
required to find the change in X x accompanying the changes in X 2) X 3) 
and X 4 , in turn, while holding the remaining independent factors con- 
stant, so that for any given values of X 2 , X 3 , and X 4 , etc., values may 
be estimated for X lf according to the regression equation 

Xi = a' + f 2 (X 2 ) 4-/3 (X 3 ) f 4 (X 4 ) 4“ etc. (54) 

The expression “f 2 (X 2 ) ” is used here simply as a perfectly general term 
meaning any regular change in X 1 with given changes in X 2 , whether 
describable by a straight line or a curve. The equation is read u X l is a 
function of X 2 plus a function of X 3 ,” etc. 

The several partial (or “net”) regression curves may be deter- 
mined either by the use of definite mathematical expressions, one for 
each independent variable, with the constants all determined simul- 
taneously just as in linear multiple correlation; or by a method 
known as “successive graphic approximation,” which involves no prior 
assumptions as to the shapes of the curves. 

Multiple Regression Curves Mathematically Determined 

In using definite mathematical functions, it is necessary to express 
the curvilinear relations by simple mathematical curves of some type, 
so that the constants for the curves may be determined by methods 
similar to those already presented. If simple parabolas were used, 
involving only the first and second powers of each independent vari- 
able, equation (54) could be expressed 

X\ — a 4- b 2 X 2 + b 2 '(X%) 4- b 3 X 3 4- b 3 '(X 3 ) 4- b 4 X 4 -f~ b 4 >(X\) (55) 

However, this type of parabola is not very flexible, and in practice it 
fits but very few actual curves. If the more flexible cubic parabola 
were employed, involving the first, second, and third powers of each 
independent variable, the equation would be 

= a 4- b 2 (X 2 ) 4- b 2 '{X\) 4- b 2 " (X 2 ) 4- b 3 (X 3 ) -f b 3 >(X 3 ) 

4- b 3 "(Xl) -}- b 4 (X 4 ) 4- b 4 *(Xl) 4- b 4 >>(Xl) (56) 

This last equation for three independent variables involves 10 constants 
and increases the error in their determination accordingly, and the 
clerical labor of dealing with the squared and cubed values would 
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be large (unless they were coded). Even then, it offers no guar- 
antee that the curves for each function would truly represent the real 
relationship. The curves corresponding to the three functions in equa- 
tion (54) would be: 

/ 2 CX 2 ) — & 2 -X 2 4" & 2 ' (X 2 ) *T 1)2" (X 2 ) 
fz(X 3 ) = b 3 X 3 b 3 (X 3 ) + & 3 " (Xf) 

f 4 (^X 4 ) = 64 X 4 -f~ 64 / (Xf) + 64 // (X 4 ) 

Whether or not these curves would actually be a good fit to the true 
functions could not be told beforehand, for the problem is not to find 
the curves expressing the relation between X x and each of the other 
variables according to the apparent relation but according to the 
underlying relation, which may become apparent only when the differ- 
ences in X l associated with differences in the other factors have been 
eliminated. Each of the independent factors may be correlated with 
the other independent factors to a greater or less degree. Thus in the 
problem which follows, correlating X 2 with X 3 , r = .4- 0.07; X 2 with 
X’ 4 , 0.00; and X 3 with X 4 , — ■ 0.67. The last correlation is sufficient to 
tend to obscure the relations. When we make a dot chart showing the 
apparent relation between X x and X 3 , we cannot tell how much of the 
observed differences in X 1 are due to the differences in X 4 associated 
with the differences in X 3 . For that reason we cannot be sure what 
type of curve would truly represent the differences in X x with differ- 
ences in X 3 after allowances had been made for these other factors. 
Even though the apparent relation might indicate that a straight line 
or some type of parabola would fit, there would be no guarantee that 
this would truly represent the net functional relationship. The suc- 
cessive approximation method, which makes no rigid assumption as to 
the type of curve, is therefore to be preferred . 1 

Multiple Regression Curves by Successive Approximations 

The general method of determining partial regression curves by the 
successive approximation method may be outlined as follows: 

The conditions to be imposed on the shape of each curve, in view 
of the logical nature of the relations, are first thought through and 
stated. This procedure, for each curve, is similar to that described 
on page 109 of Chapter 6 . 

1 The determination of multiple regression curves by fitting definite mathe- 
matical equations is dealt with at more length in Chapter 22, on pages 396 to 401. 
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The linear partial regressions are next computed. Then the de- 
pendent variable is adjusted for the deviations from the means of all 
independent variables except one, and a correlation chart, or dot chart, 
is constructed between these adjusted values and that independent 
variable. This provides the basis for drawing in the first approxima- 
tion curve for the net regression of the dependent variable on that 
independent variable, within the limitations of the conditions stated. 
The dependent variable is then corrected for all except the next in- 
dependent variable, the corrected values plotted against the values 
of that variable, and the first approximation curve determined with 
respect to that variable. This process is carried out for each inde- 



pendent variable in turn, yielding a complete set of first approxi- 
mations to the net regression curves. These curves are then used as 
a basis for correcting the dependent factor for the approximate curvi- 
linear effect of all independent variables except one, leaving out each 
in turn; and second approximation curves are determined by plotting 
these corrected values against the values of each independent variable 
in turn. New corrections are made from these curves, and the process 

is continued until no further change in the several regression curves 
is indicated. 

The process of determining net curvilinear regressions by the suc- 
cessive graphic approximation method may be illustrated by the data 
shown in Table 50. These data show, for a period of 38 years, the aver- 
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multiple curvilinear regression 


age rainfall during June, July, and August, for nine weather stations 
scattered through the Corn Belt. This precipitation has been desig- 
nated as variable X 3 . The average temperature during the same 
months, at the same stations, has been designated as X 4 . The average 
yield of corn per acre, in the six leading Corn Belt states, is shown as 

Aj— the variable whose fluctuations are to be explained, so far as 
possible, by the other factors. 

It is e^ ident from the table that there has been a marked upward 
trend in corn yield during this period, although there has not been a 
similar trend in rainfall or temperature. Plotting each one of the 
three factors, X 3 , X 4 , and X x as shown in Figure 32, we notice, how- 
ever, that there have been marked though irregular long-time cycles 
in rainfall and temperature during the period. To a certain extent 
the upward swing in yields has agreed with the high point of the 
rainfall cycles, particularly from 1919 to 1921. It is not safe, there- 
fore, to fit a long-time trend to yield and to assume that in removing 
that trend we are merely taking out the effects of such factors as 
better varieties, improved methods of tillage, or concentration of 
acreage in the more fertile sections. Since there is some associa- 
tion between rainfall and time, at least over considerable periods, in 
eliminating all the variation associated with time we might be 
eliminating a part of the variation which really reflected differences 
in rainfall. Accordingly w r e may make time itself one of the factors 
in the multiple correlation and ascribe to time only that part of 
the long-time change in yields which is not associated with differences 
in rainfall or in temperature. Each year, numbered from 0 up, is 
therefore included as one of the factors in the multiple correlation 2 
and is designated as variable X 2 . 

Before starting the statistical process, we must state the conditions 
to be observed in fitting a curve to each function. For rainfall, the 
considerations are quite similar to those discussed in Chapter 8 for 
irrigation water applied, so we shall use the same conditions as stated 
there (page 152). 

For temperature, the range of possible relations might be wider. 
There may be certain temperatures to which the plant does not respond 
and then certain higher temperatures which produce a marked response. 
Again, if the temperature is too high, a marked reduction in yield 

2 Note the parallel treatment of changes in time as an independent factor in 
R. A. Fisher, Statistical Methods for Research Workers, second edition, p. 174. 
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TABLE 50 


Yield op Corn, Rainfall, and Temperature in Six Leading States; and 
Yield Estimated by Linear Regressions on Three Factors * 


Year 

Time, 

X, 

Rainfall, 
in inches, 

X, 

Tempera- 
ture, in de- 
grees, X« 

Yield, 
in bushels, 
X! 

Estimated 

yield, 

X'i 

Difference, 
X: - X\ 
z 

1890 

0 

9.6 

74.8 

24.5 

28.4 

—3.9 

1891 

1 

12.9 

71.5 

33.7 

31.6 

2.1 

1892 

2 

9.9 

74.2 

27.9 

29.1 

-1.2 

1893 

3 

8.7 

74.3 

27.5 

28.5 

-1.0 

1894 

4 

6.8 

75.8 

21.7 

27.0 

-5.3 

1895 

5 

12.5 

74.1 

31.9 

30.9 

1.0 

1896 

6 

13.0 

74.1 

36.8 

31.4 

5.4 

1897 

7 

10.1 

74.0 

29.9 

30.0 

-0.1 

1898 

8 

10.1 

75.0 

30.2 

29.7 

0.5 

-1899 

9 

10.1 

75.2 

32.0 

29.8 

2.2 

1900 

10 

10.8 

75.7 

34.0 

30.1 

3.9 

1901 

11\ 

7.8 

78.4 

19.4 

27.5 * 

-8.1 

1902 

12 

16.2 

72.6 

36.0 

34.6 

1.4 

1903 

13 

14.1 

72.0 

30.2 

33.8 

-3.6 

1904 

14 

10.6 

71.9 

32.4 

32.1 

0.3 

1905 

15 

10.0 

74.0 

36.4 

31.1 

1 5.3 

1906 

16 

11.5 

73.7 

36.9 

32.2 

4.7 

1907 

17 

13.6 

73.0 

31.5 

33.7 

-2.2 

1908 

18 

12.1 

73.3 

30.5 

32.9 

-2.4 

1909 

19 

12.0 

74.6 

32 3 

32.5 

-0.2 

1910 

20 

9.3' 

73.6 

34.9 

31.6 

3.3 

1911 

21 

7.7 

76.2 

30.1 

29.8 

0.3 

1912 

22 


73.2 

36.9 

33.0 

3.9 

1913 

23 

6.9 

77.6 

26.8 

29.1 

—2.3 

1914 

24 

9.5 

76.9 

30.5 

31.0 

-0.5 

1915 

25 

16.5 

69.9 

33.3 

37.7 

-4.4 

1916 

26 

9.3 

75.3 

29.7 

31.8 

-2.1 

1917 

27 

9.4 

72.8 

35.0 

33.0 

2.0 

1918 

28 

8.7 

76.2 

29.9 

31.4 

-1.5 

1919 

29 

9.5 

76.0 

35.2 

32.1 

3.1 

1920 

30 

11.6 

72.9 

38.3 

34.6 

3.7 

1921 

31 

12.1 

76.9 

35.2 

33.4 

1.8 

1922 

32 

8.0 

75.0 

35.5 

32.1 

3.4 

1923 

33 

10.7 • 

74.8 

36.7 

33.8 

2.9 

1924 

34 

13.9 

72.6 

26.8 

36.5 

-9.7 

1925 

35 

11.3 

75.3 

38.0 

34.2 

3.8 

1926 

36 

11.6 

74.1 

31.7 

35.0 

-3.3 

1927 

37 

10.4 

71.0 

32.6 

35.7 

-3.1 


* Data from E. G. Misner, Studies of the Relation of Weather to the Production and Price of 
Farm Products, I. Corn. Mimeographed publication, Cornell University, March, 1928. The six 
eta tee are Iowa, Illinois, Nebraska, Missouri, Indiana, and Ohio. 
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might be produced. 3 These considerations lead to the following condi- 
tions for the temperature curve: 

1. It might rise none at all or slowly in the lower range, then 
more steeply, then taper off until a maximum is reached. 

2. It might decline after the maximum, gradually or sharply, 
but would have only one maximum. 

3. It might have two points of inflection, one where it started to 
rise rapidly, the second where it starts to rise less rapidly. 

W ith lespect to the third curve, that for trend, there is no a priori 
reason to expect any given shape during the period concerned, except 
that there be no sudden changes from year to year. Accordingly, 
the only condition imposed is that the trend have a smooth, gradual 
change, with no sharp inflections. 

As a preliminary step before starting to determine the net regres- 
sion curves, we may examine the apparent relation of yield to rainfall, 

before the* other factors (temperature and time) are taken into 
account. 

The apparent relation between rainfall ( X 3 ) and yield (X x ) is 
indicated in Figure 33, by a dot chart of the relation, with the average 
yield indicated for each group of years of similar rainfall. The broken 
line connecting these averages indicates that there is a marked curvilin- 
cai i elation, the lower increases in rainfall being accompanied by much 
gi eater increases in yield than the higher increases. Fitting a straight 
regiession line to these two variables, the relation is found to be 


X 1 = 23.55 + 0.776X 3 

This line is accordingly drawn in on the chart, cutting across the curve 
indicated by the line of group averages. 

Although Figure 33 shows yields to be definitely associated with 
differences in rainfall, it must be noted that rainfall is significantly 
correlated with X 4} temperature, the correlation being r 34 = — 0.67, 
and is also slightly correlated with time. To some extent, then, the - 
changes in yield shown in the figure to be associated with differences in 
rainfall may really be due to concomitant differences in the other two 


% 

3 More elaborate investigations, experimental and statistical, have shown that 
the effect of both temperature and rainfall vary at different times of the season, 
and especially at certain critical times in the growth of the plant, such as at tas- 
king. Also, the particular combination of moisture and heat may be important. 
These possibilities will be referred to subsequently, in connection with more refined 
and elaborate methods of analysis. 
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factors. The extent to which these other two factors may have influ- 
enced the relations can be judged by determining the multiple correla- 
tion of Xi with all three factors, and then noting how the regression of 
X 1 on X 3 alone (6 13 ), which has just been shown plotted in the figure, 
compares with the net regression of X 1 on X 3 ( 613 . 24 ) determined while 
simultaneously holding constant the linear effects of X 2 and X 4 . The 
first step toward determining the net regression curve, therefore, is 
to determine the multiple regression equation and the coefficient of 
multiple correlation, according to* the methods outlined in Chapters 
12 and 13. 



6 8 10 12 14 )6 18 

XjRainfoll, in inches 


Fig. 33. Apparent relation of com yields to rainfall (with simple and net regres- 
sion lines). 


The regression equation works out to be 

Xi = 53.505 + 0.146X 2 + 0.537X 3 - 0.405X 4 

and the multiple correlation, adjusted for the number of observations 
and constants, # 1 , 234 , is 0.49 . 4 

4 Using units of years of time, inches of rainfall in tenths, and degrees of tem- 
perature in tenths, and corn yields in tenth bushels, we find the normal equations 
for the data of Table 50 to be : 

4,569,505i2.m + 248.005i3.24 - 8.505 14 .23 = 6,813.00 

248.005i2.34 + 18,989.065i3.24 - 10,279.415 14 .23 = 14,726.97 
-8.605i2.34 - 10,279.415,3.24 + 12,408.865i 4 .23 = -8,442.64 

rur\ = 70,455.03; c\ = 43.0; or 4.3 bushels. 
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This result shows that when the net linear influence of trend and 
of temperature is allowed for, yield increases on the average only 
0.54 bushel for each increase of one inch in rainfall, whereas, before 
these other factors were taken into account, yield appeared to increase 
0.78 bushel with each additional inch of rainfall. The difference 
between the simple regression and the net regression may be shown 
by plotting the latter as well in Figure 33. 5 It is then quite apparent 
how different are the relations as shown by the two lines. 

Considering the effect of the other factors reduces the linear regres- 
sion of X 2 on X 3 by nearly If other factors have so much effect 
on the a\ ei age linear relation, they may have an even greater effect on 
the shape of the curve. The net regression line in Figure 33 shows the 
average change in the values of X x with different values of X 3 , after 
the differences in A 2 and X 4 are taken into account. The average yield 
for different groups according to rainfall, connected by the broken line, 
shows definitely that the simple regression line is but a poor indication 
of the underlying relation between X x and X 3 . The net (or partial) 
legiession line may be an equally poor indication of the relation with 
the other factors held constant. What is needed is some way of seeing 
the differences in the individual values of X x for different values of X 3 , 
after the variation due to X 2 and X 4 has been eliminated. It is impos- 
sible to do this entirely, for we have as yet no measure of the curvilinear 
i elation of A 1 to X 2 or X 3 . But we do have our net regression 
coefficients, which measure the linear regression of A\ on these other 
factors, and by using them we can eliminate from X 1 that part of its 
^aiiation associated with the linear effects of X 2 and X 4 , and then see 

if that gives us any clearer picture of the curvilinear relation between 
Xj and X 3 . 

Determining the “first approximation” net regression curves. 
Having determined the linear multiple regression equation, we next 

The net regression line, showing the change in yield with changes in rainfall 
while holding constant time and temperature, may be computed from the multiple 
legiession equation by substituting the average values for time and for temperature 

for A 2 and X 4 , and then working out the new constant. For the data given in Table 
50, the averages are: 

= 18.500; M 3 = 10.784; M 4 = 74.276; Mi = 31.916 

If we substitute the means of A' 2 and X 4 for their values in the multiple regression 
equation, that equation becomes: 

Xi = 53.505 + (0.1 46) (18.500) + 0.537X 3 - (0.405) (74.276) = 26.124 + 0.537A’a 
The net regression line in Figure 33 is therefore drawn in from this last equation. 
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calculate the estimated value of Xi for each one of the 38 observations, 
by substituting the corresponding values of X 2f X 3 , and X 4 in the 
equation. Each of the estimated values (X[ ) is then subtracted from 
the actual value (X x ), giving the residual. values ( 2 ), as also shown in 
- Table 50. 

The next step is to construct a scatter diagram to show the relation 
between variations in X 3 and the variation in X 1 after that associated 
with X 2 &nd X 4 has been eliminated. To do that, the net regression 
line for X x on X 3 is plotted on Figure 34, just as it had been on 
Figure 33 . 6 

The residuals for each observation, from Table 50, are then plotted 
on the chart, with their X 3 value for abscissa and with the value of 2 a? 
ordinate from the net regression line as zero base. For the first ob- 
servation, X 3 = 9.6 and z = — 3.9. The ordinate of the point on the 
net regression line corresponding to X 3 = 9.6 is 31.3, and the dot for 
this observation is correspondingly plotted 3.9 lower than that, at 
27.4. For the second observation, A r 3 = 12.9 and z — +2.1. The ordi- 
nate of the point on the regression line corresponding to X ” 3 = 12.9 is 
33.1; so the dot for this observation is plotted at 33.1 + 2.1, or 35.2. 
After the corresponding operation has been carried out for all the 
observations, the figure appears as shown in Figure 34 . 7 

If Figure 34 is compared with Figure 33, it is readily seen that the 
scatter of the dots has been reduced. This will always be true when 
the other variables show any significant relation to the dependent 

factor; that is, when R lm2 34 exceeds r 13 . The scatter is reduced because 

6 To plot the line, all that is necessary is to take the equation of the line to be 
used (see previous footnote) 

Xi = 26.124 + 0.537X3 

and substitute any two convenient values for X 3 , say 6 and 16. 

For X 3 = 6 , Xi = 26.124 + (0.537) ( 6 ) = 29.35 
For X 3 = 16, X x = 26.124 + (0.537R16) = 34.71 

With these two sets of coordinates, the line is then drawn in with a straight edge 
through the points indicated. 

7 The simplest way of plotting the individual observations is to use a scale, 
which can be slid along the regression line as zero. The values of z are then plotted 
directly as vertical deviations from the points on the regression line corresponding 
to the particular values of the independent variable considered, as X 3 in the pres- 
ent case. 
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that part of the variation in X 1 which can be expressed as net linear 
functions of X 2 and X 4 has now been eliminated. 8 

Consideration of Figure 34 can be facilitated by computing the 
means of the ordinates corresponding to the values of X 3 falling within 
convenient intervals. These can be obtained by simply averaging 
together the z values for each selected group of values of X 3 and * 
plotting those averages as deviations from the regression line, just as 
the individual deviations were plotted previously. The necessary 
averages are as shown in Table 51. 

TABLE 51 


Average Values of z, for Corresponding X3 Values 


V 3 values 

Number of cases 

Average of V 3 

Average of z 

Under 8.0 

4 

7.30 

-3.85 

8.0- 9.9 

10 

9.19 

+0.16 

10.0-10.9 

8 

10.35 

+ 1.49 

11.0-11.9 

5 

11.40 

+2.56 

12.0-13.9 

8 

12.76 

-0.52 

14.0 and over 

3 

15.60 

- 2.20 


These averages, when plotted the same as the individual observa- 
tions and connected by a broken line, give the irregular line also shown 
in Figure 34. Comparing this line with the similar one in Figure 33, 

8 This can be readily proved. Each point on the net regression line was ob- 
tained by the formula: 

(A) X \ = 01.234 + frl2.34^2 + &13.24-V3 + frl4.23^4 

To these values have been added the residuals, z. These residuals equal X\ — X\, 
and therefore for each observation are equal to 

(B) X \ — <21.234 — &12.34A2 — 613.24-V3 — 614.23A4 

The ordinate of each dot in Figure 34 is the ordinate of the regression line plus z, 
and is therefore equal to the sum of the two equations, (A) and (B). If we use x to 
represent these ordinates, they are therefore equal to 

^ = A 1.234 + ^12.34^2 + fr13.24.V3 + fr 14. 23^4 + Xi — <Zl.234 — frl2.34^2 

— frl3.24.V3 “ frl4.23V 4 

X = X 1 — fri 2 . 34 (V 2 — M 2 ) — frl4.23(V4 — M 4 ) 
x = X \ — b 12. 34*2 “ fr 14. 23^4 

The adjusted values shown on Figure 34 are therefore simply the values of Xi 
less net linear corrections for deviations in V 2 and V 4 from their mean values. 
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on page 227, we see that though the lines are in general similar there 
are some marked differences. The average for the second group ( X 3 = 
8.Q-9.9) is now above the straight net regression line, whereas pre- 
viously it was below it. Likewise the average for X 3 — 14 and over is 
now slightly below the average for X z = 12.0 to 13.9, whereas before 
it was a little above it. Also, the difference . between the first two 
averages is not so large as it appeared before. Apparently part of the 
previous deviations reflected other independent factors. 



Fig. 34. Rainfall and yield of corn adjusted to average temperature and year, and 
first approximation curve fitted to the averages. [The notation /( X 3 ) on the 

figure corresponds to f 3 (^X 3 ).] 

It is quite evident that a regression curve is indicated, rising sharply 
to a maximum yield between 10 and 12 inches of rain, then declining 
gradually for higher rainfalls. Such a curve is accordingly drawn in 
freehand, passing as near to the several group averages as is consistent 
with a continuous smooth curve, and yet conforming to the limiting 
conditions as to its shape. This curve is the first approximation 
to the curvilinear function. 

X\ = f 3(^X3) 

which was required to be determined while simultaneously taking into 
account the curvilinear effects of X 2 and X 4 on Ij. It is only a first 
approximation because it has been determined while allowing for only 
the net linear effects of the other two variables. If their curvilinear 
effect were determined and allowed for, that might change somewhat 
the shape of this curve. 

The next step is to determine similar first approximations to the 
curvilinear relation between X 1 and X 2 , and between X 1 and X 4 , with 
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the net linear effects of the other variables eliminated just as has been 
done for X 3 . It is not necessary to plot the apparent relation between 
* X x and X 2 or and X 4 . This was done in the case of X 3 (Figure 33) 
solely to illustrate the difference between taking the apparent relations 
and taking the net relations after the linear influence of the other fac- 
tors had been allowed for (Figure 34) . Instead, we may proceed at once 
to determine the net relations for X 1 to X 2 . Figure 35 shows this step. 



X 2 “TIme 1 in years from beginning 

Fig. 35. Time and yield of com adjusted to average temperature and rainfall, and 
first approximation curve fitted to the averages. [The notation /(X2) on the 

figure corresponds to /o( JV2) -3 

This figure is constructed exactly as was Figure 34, by the following 
steps: (1) Plot the net regression line. 9 (2) Plot in the individual 
residuals, 2 , as deviations from that line. 10 (3) Average the residuals 
grouped according to X 2 , plot the group averages, and connect them by 

9 The regression equation, for mean values of X 3 and X 4 , becomes 

Xi = 53.505 + 0.146X2 + 0.537(il/ 3 ) - 0.405(il/ 4 ) 

= 53.505 -f O.M6X2 4- (0.537)(10.784) - (0.405) (74.276) 

= 29.214 + 0.146X 2 

This equation is then the equation to which the net regression line in Figure 35 
is drawn. Substituting the values X2 = 0 and Xo = 20 in the equation, values for 
Xi of 29.214 and 32.13 are obtained, giving the coordinate points for drawing in 
the line. 

10 For the first observation, Xo = 0 and z = — 3.9. The point on the regression 
line corresponding to X2 = 0 has an ordinate of 29.2. The dot for this observation 
is accordingly plotted at 29.2 — 3.9, or 25.3. For the next observation, X2 = 1 an( * 
2 = 2.1. The corresponding ordinate on the regression line is 29.4, so the dot is 
plotted at 29.4 + 2.1, or 31.5. The dot for each observation is plotted in turn in 
the same way, with a sliding graphic scale to place the dots above or below the 
regression line. 
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a broken line. (4) Draw in a smooth curve through the line of aver- 
ages, if a curve is indicated, conforming to the limiting conditions 
stated for this curve. 

After the first two steps have been carried out, just as described for 
Figure 34, grouping and averaging the residuals with respect to X 2 
give the averages shown in Table 52. 

TABLE 52 


Average Values of z for Corresponding X<i Values 


X 2 values 

— 1 1 

Number of cases 

Average of X 2 

Average of 2 

0- 7 

8 

3.5 

-0.38 

8-15 

8 

11.5 

+0.24 

16-23 

8 

19.5 

+0.64 

24-31 

8 

27.5 

+0.26 

32-37 

6 

34.5 

- 1.00 


The average residuals shown in the table are then plotted in above 
and below the regression line in Figure 35 and connected by a broken 
line. This line of averages indicates that corn yield (for years of similar 
rainfall and temperature) rose rapidly during the earlier years, then 
more and more gradually, until during the last ten years it tended to 
remain about on the same level. A smooth continuous curve is there- 
fore drawn through the averages, completing step (4) and giving the 
first approximation to the curvilinear net regression of X l on X>, 

hiX 2 ). 

The same operations are then carried out for X 4 as shown in Figure 
36. After drawing in the net regression line, 11 and plotting in the 
individual observations, 12 we group the residuals on X± and average, 
with the results shown in Table 53. 

11 The net regression line for Xi and X 4 may be determined by an alternative 
method to that used before. On such charts as Figures 34, 35 or 36, the net regres- 
sion line will always pass through the mean of the two variables. For Figure 36, 
therefore, Xi will have its mean value, 31.92, when X 4 has its mean value, 74.28. 
From the net regression coefficient, 614 . 23 , it is evident that each unit increase in 
X 4 is accompanied by —0.405 unit increase in X\. If X 4 is increased from 74.28 
to 78.28, or 4 units, Xi will change by ( — 0.405X4), or -1.62. For X 4 = 78.28, X, 
will therefore be 31.92 — 1.62, or 30.30. This gives the two sets of points necessary 
to locate the line; when X 4 =74.28, X x = 31.92; and when X 4 = 78.28, Xi = 30.30. 

12 The individual residuals are plotted in the same way as indicated in the other 
two cases; the residual —3.9 for X 4 = 74.8 is plotted 3.9 units below the corre- 
sponding point on the regression line, and similarly for the other observations. 
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TABLE 53 


Average Values of z for Corresponding X 4 Values 


X\ values 

. Number of cases 

Average of X 4 

Average of z 

Under 72.0 

4 

71.08 

-1.28 

72.0-72.9 

5 

72.58 

-1.24 

73.0-73.9 

5 

73.36 

+1.46 

74.0-74.9 

10 

74.30 

+0.49 

75.0-75.9 

7 

75.33 

+0.91 

76.0-76.9 

5 

76.44 

+0.64 

77. 0 and over 

2 

78.00 

-5.20 

76.0 and over 

7 

76.89 

-1.03 


The last group, on the first grouping, has but two cases, so the last 
two groups are combined, giving the averages shown in the last line. 
The fact that both the items above 77 degrees are low, also evident in 

adjusted yield 



Fig. 36. Temperature and yield of com adjusted to average rainfall and year, and 
first approximation curve fitted to the averages. [The notation /(X 4 ) on the 

figure corresponds to f 4 (^X 4 ). ] 

Figure 36, would give a little more reliability to the average based 
on only two items; but it is generally unsafe to give such an extreme 
bend to the end of a regression curve as this would call for, on the 
basis of so few observations. The larger grouping will therefore be 
used in this case, leaving the subsequent approximations to determine 
whether the more extreme bend is justified. 
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The line of averages in Figure 36 indicates that yields may tend 
to rise as temperature increases up to between 73 and 75. degrees, and 
then to fall as the temperature goes still higher. A smooth curve is 
therefore drawn in, averaging out the irregularities shown in the 
broken line of the group averages and conforming to the limiting 
conditions stated on page 226. It does not make much difference if 
these first approximation curves are not drawn in in exactly the 
right position or shape, as the subsequent operations will tend to 
correct them to the proper shape if the original one is incorrect. It 
is for that reason that fairly accurate results can be secured by this 
graphic process, even though the true shape of the curves is not known 
at the beginning. 

Estimating X x from the first approximation curves. We have now 
arrived at first approximations to the net regression curves for X lf 
against each of the three factors. It must be remembered that in 
making the adjustments on X 1 to arrive at these curves, only the net 
linear effects of the other independent variables have been eliminated. 
Now that we have at least an approximate measure of the curvilinear 
relations of X 1 to the independent variables, making adjustments to 
eliminate these approximate curvilinear effects may enable us to 
determine more accurately the true curvilinear relation to each variable. 

The first step in the next stage of the process is to work out estimated 
values of X\ based on the curvilinear relations. To do this we may 
designate the relation between X\ and X 2 shown by the curve in Figure 
35 as/ 2 (X 2 ); the relation between X\ and X 3 shown in Figure 34 as 
/ 3 CX 3 ); and the relation between X\ and X 4 shown in Figure 36 as 
/ 4 CX 4 ). The estimates of X\ may then be worked out by the regression 

equation 

^1 = a i.234 12(^2) + /3CX3) ^*4(^4) (57) 


The symbol X" is used to designate this second set of estimates, just 
as Xi was used to designate the first set, worked out from the linear 
regression equation. The constant <q . 2 34 is different from the constant 
a i2.34 used in equation (36) ; its value is given by the formula 


a 1.234 — Mi 


Z[/i(X 2 ) + /3(* 3 ) +f4(X 4 )] 

n 



To work out a [, 2 34 according to equation (58), it is first necessary to 
work out the valu g/ 2 (X 2 ) + f 3 (X 3 ) -\-f 4 (X 4 ) for each set of observations. 
For the first observation, for example, X 2 = 0, X 3 = 9.6, and X 4 = 74.8. 
From / 2 (X 2 ), given in Figure 35, the curve reading (or ordinate) cor- 
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responding to a value of 0 for X 2 is 27.3. For f 3 (X 3 ) f Figure 34, the 
ordinate of the curve corresponding to X 3 = 9.6 is 31.7. Forf 4 (X 4 ), 
Figure 36, the curve ordinate corresponding to X 4 = 74.8 is 32.5. 
The value [f 2 (X 2 ) + fs(X 3 ) + f 4 (X 4 )) for the first observation is there- 
fore [27.3 + 31.7 + 32.5], or 91.5. The sum of these values for each 
observation is the value required in equation (58). 

Before continuing the process of reading each value from the 
charts for the remaining observations, it should be noted that, since 
many observations of each variable have the same values, the same 
point would be read from each chart many times. The process of 


TABLE 54 

Values of X } Corresponding to Given Values of X 2 , from the First 

Approximation Curve 


a 2 

fi(X 2 ) 

* 2 

A(x 2 ) 

*2 

fi (X 2 ) 

x 2 

fl(X 2 ) 

• 

0 

27.3 

10 

30.8 

20 

32.8 

29 

33.4 

1 

27.8 

11 

31.0 

21 

33.0 

30 

33.5 

2 

28.2 

12 

31.3 

22 

33. 1 

31 

33.5 

3 

28.6 

13 

31.5 

23 

33.1 

32 

33.5 

4 

29.0 

14 

31.7 

24 

33.2 

- 33 

33.5 

5 

29.4 

15 

31.9 

25 

33.2 

34 

33.5 

6 

29.7 

16 

32. 1 

26 

33.3 

35 

33.5 

7 

30.0 

17 

32.3 

27 

33.3 

36 

33.5 

8 

30.3 

18 

32.5 

28 

33.4 

37 

33.5 

9 

30.6 

19 

32.6 






working out the computations can be much simplified by reading each 
required value from each chart once for all and recording it so that 
it can be used each time. Since each chart indicates each individual 
observation for each independent variable, only those points for which 
there are observations need be recorded. Carrying out this process, 
we may record the functional relations as shown in Tables 54, 55, and 
56, which show the readings from Figures 35, 34, and 36, respectively. 13 , 


13 1° entering these values it is not worth while reading further than the first 
decimal, for the line is not drawn more accurately than to within 0.1 or 02. The 
accuracy depends, of course, on the scale; but it is not worth using very large charts 
to secure spuriously high accuracy, when the standard error of any particular point 
on the curve is probably several units and when the curve is only a first approxi- 
mation, subject to subsequent modification. 
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The values to determine < 11.234 may now be worked out in orderly 
manner, as shown in Table 57, in the fourth to the seventh columns. 

TABLE 55 

Values op Xi Corresponding to Given Values of X 3 , from the First 

Approximation Curve 



TABLE 56 


Values of Xi Corresponding to Given Values of X 4 , from the First 

Approximation Curve 



This computation gives us the sum of the respective functional 
values for the 38 observations. Substituting this sum and the number 
of observations in equation (58), we find the required constant to be 


, 3621.9 

ai .234 = 31.916 — — = - 63.397 

08 

Since the functional values for our regression equation are only expressed 
to one decimal point, we shall use —63.4 for aj. 2 34 , which will result in 
the estimated values being 0.003 unit too low, on the average. 
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It is now possible to complete the process of computing X" f the 
estimated value of X\ t using the first approximation curves, according 


TABLE 57 

Computation of Functional Values Corresponding to Independent Vari- 
ables, of the Estimated Value of X \, and the New Residual, for Each 
Observation 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

X 2 

x 3 

A' 4 

/2<A 2 ) 

/ 3 ( X 3 ) 

f \( X A ) 

/ 2 ( X 2 ) 

+/ 3 (. x 3 ) 

+/ 4 '(A 4) 

2(/)+a' 

Xi 

Xx - X'l 

tT 

0 

9.6 

74.8 

27.3 

31.7 

32.5 

91.5 

28.1 

24.5 

-3.6 

1 

12.9 

71.5 

27.8 

33.3 

31.4 

92.5 

29.1 

33.7 

4.6 

2 

9.9 

74.2 

28.2 

32.4 

32.8 

93.4 

30.0 

27.9 

-2.1 

3 

8.7 

74.3 

28.6 

29.7 

32.7 

91.0 

27.6 

27.5 


4 

6.8 

75.8 

29.0 

24.6 

31.5 

85.1 

21.7 

21.7 

0 

5 

12.5 

74.1 

29.4 

33.5 

32.8 

95.7 

32.3 

31.9 

-0.4 

6 

13.0 

74.1 

29.7 

33.2 

32.8 

95.7 

32.3 

36.8 

4.5 

7 

10. 1 

74.0 

30.0 

32.6 

32.8 

95.4 

32.0 

29.9 

-2.1 

8 

10. 1 

75.0 

30.3 

32.6 

32.3 

95.2 

31.8 

30.2 

-1.6 

9 

10.1 

75.2 

30.6 

32.6 

32.1 

95.3 

31.9 

32.0 


10 

10.8 

75.7 

30.8 

33.4 

31.6 

95.8 

32.4 

34.0 

1,6 

11 

7.8 

78.4 

31.0 

27.4 

27.6 

86.0 

22.6 

19.4 


12 

16.2 

72.6 

31.3 

31.0 

32.2 

94.5 

31.1 

36.0 


13 

14.1 

72.0 

31.5 

32.5 

31.8 

95.8 

32.4 

30.2 


14 

10.6 

71.9 

31.7 

33.3 

31.7 

96.7 

33.3 

32.4 


15 

10.0 

74.0 

31.9 

32.5 

32.8 

97.2 

33.8 

36.4 


16 

11.5 

73.7 

32.1 

33.7 

32.7 

98.5 

35.1 

36.9 

1.8 

17 

13.6 

73.0 

32.3 

32.9 

32.5 

97.7 

34.3 

31.5 

-2.8 

18 

12.1 

73.3 

32.5 

33.6 

32.6 

98.7 

35.3 

30.5 

-4.8 

19 

12.0 

74.6 

32.6 

33.7 

32.6 

98.9 

35.5 

32.3 


20 

9.3 

73.6 

32.8 

31.0 

32.7 

96.5 

33.1 

34.9 


21 

7.7 

76.2 

33.0 

27.1 

31.0 

91.1 

27.7 

30.1 


22 

11.0 

73.2 

33.1 

33.5 

32.6 

99.2 

35.8 

36.9 

1.1 

23 

6.9 

77.6 

33.1 

25.0 

29.0 

87.1 

23.7 

26.8 

3.1 

24 

9.5 

76.9 

33.2 

31.5 

30.1 

94.8 

31.4 

30.5 


25 

16.5 

69.9 

33.2 

30.8 

30.2 

94.2 

30.8 

33.3 

2.5 

26 

9.3 

75.3 

33.3 

31.0 

32.0 

96.3 

32.9 

29.7 

-3.2 

27 

9.4 

72.8 

33.3 

31.2 

32.3 

96.8 

33.4 

35.0 

1.6 

28 

8.7 

76.2 

33.4 

29.7 

31.0 

94.1 

30.7 

29.9 

-0.8 

29 

9.5 

76.0 

33.4 

31.5 

31.3 

96.2 

32.8 

35.2 

2.4 

30 

11.6 

72.9 

33.5 

33.7 

32.4 

99.6 

36.2 

38.3 

2.1 

31 

12.1 

76.9 

33.5 

33.6 

30.1 

97.2 

33.8 

35.2 

1.4 

32 

8.0 

75.0 

33.5 

27.9 

32.3 

93.7 

30.3 

35.5 

5.2 • 

33 

10.7 

74.8 

33.5 

33.4 

32.5 

99.4 

36.0 

36.7 


34 

13.9 

72.6 

33.5 

32.7 

32.2 


35.0 

26.8 

-8.2 

35 

11.3 

75.3 

33.5 

33.6 

32.0 

99.1 

35.7 

38.0 

2.3 

36 

11.6 

74.1 

33.5 

33.7 

32.8 

100.0 

36.6 

31.7 

-4.9 

37 

10.4 

71.0 

33.5 

33.1 

31.0 

97.6 

34.2 

32.6 

-1.6 

Totals. . . 



BU 


1,209.3 

3,621.9 









— — ■ 


to equation (57), and the constant which has just been computed. 
When equations (57) and (58) are compared, it is evident that, except 
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for the constant term, X” is equal to the values that have just been 
computed in the seventh column of Table 57. Accordingly, all that is 
necessary is to subtract 63.4 from each of those values. This step is 
shown also in Table 57, in the eighth column. 

The column headed X\ shows the estimated values obtained by 
this process. The next step is to see whether the new estimates come 
any nearer to reproducing the observed values of X\ than did the first 
set of estimates, based on the linear regression equation. We therefore 
compute a new set of residuals, 2 ", by subtracting the new estimates 
from the actual values of X\. This step, also, is shown in Table 57. 

2 " = Xt - X'i (59) 

If the individual residuals shown are compared with the residuals 
obtained by the linear regression, as computed in Table 50, it will be 
seen that in general the new residuals are smaller than the previous 
ones, though the reverse is true in many cases. There are 23 cases 
in which the new residual is smaller, and 15 in which it is larger 
than the original residual. A more accurate comparison can be 
obtained by comparing the standard deviations of the residuals for 
the two sets. For the linear correlation, the standard deviation of 
the residuals was 3.6 bushels, whereas the standard deviations of the 
new residuals is 3.0 bushels. Apparently the new estimates do come 
nearer to the observed values, on the average, than did the first set 
of estimates. (See also Note on page 258.) 

Determining the second approximation regression curves . The 
regression curves used in constructing the estimate X" were only the 
first approximations to the true curvilinear relations, since they were 
determined by eliminating only the linear effects of the other inde- 
pendent factors. Now that the residuals obtained by the use of the 
first approximation curves have been computed, however, we can de- 
termine whether any change in the shape of the several curves is 
necessary. 

To do this we construct Figure 37 by drawing in the regression curve 
from Figure 35, using the same scale as before. Use of Table 54 makes 
it easier to reproduce the curve. Next we plot each of the last residuals 
as a deviation just as before, except that now the residuals are plotted 
as deviations from the regression curve, instead of from the regression 
line, at the point corresponding to the independent variable X 2 . Thus 
the first observation, with X 2 = 0, has 2 " = - 3.6. The point on the 
curve corresponding to X 2 = 0 is 27.3; so the dot has for ordinate 
27.3 — 3.6, or 23.7. The values for next observation are X 2 = 1 and 
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z" = 4.6. The corresponding value of f 2 ( X 2 ) is 27.8, so the ordinate 
for the dot is 27.8 4- 4.6, or 32.4. The coordinates for this dot are 
therefore 1 and 32.4. The remaining observations are plotted in the 
same manner, shortening the process by scaling the value for z " di- 

X.-fCxJ-ftxJ 



X 2 * Time, in years from beginning 

Fig. 37. Time, and yield of corn adjusted to average temperature and rainfall on 
basis of first approximation curves; and second approximation to 

rectly above or below from the corresponding point on the regression 
curve. 

With the dots all plotted, it is evident that the scatter is too great 
to indicate definitely changes which may be needed in the curve, 

TABLE 58 


Average Values of z", for Corresponding X % Values 


X 2 values 

Number of cases 

Average of X 2 

Average of z" 

0- 7 

8 

3.5 

+ 0.10 

8-15 

8 

11.5 

+0.16 

16-23 

8 

19.5 

-0.08 

24-31 

8 

27.5 

+0.64 

31-37 

6 

34.5 

-1.08 


if any, simply from the dots alone. Accordingly the residuals are 
averaged in groups, employing the same grouping as before (Table 52), 
which eliminates the need of averaging the corresponding X 2 values 
over again. The new averages work out as shown in Table 58. 
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The averages are next plotted as deviations from the first approxi- 
mation curve. They indicate that a slight raise in the lower part of 
the curve may be needed, and a downward bend toward the end. 
It appears that now that the influence of rainfall and temperature 
on yield have been more accurately allowed for, the upward trend 
with time is slightly less than it seemed before in the early years ; 
and the trend seems to have turned downward toward the end of the 
series the exact year or extent of the turn is indeterminate. A new 
curve is therefore drawn in in Figure 37, and, as it happens, a smooth, 
continuous curve can be drawn exactly through each of the first three 
group averages, but not having the extreme bend indicated by the last 
two group averages. 

The same process may now be applied to X 3 , to see if any change 
need be made in the first regression curve for the change in X } with 
changes in that variable. This process is carried out as shown in Figure 
38, the first approximation curve being drawn in just as before, using 
the data given in Table 55. 

Instead of plotting the individual residuals for each observation, as 
was just done with respect to X 2 , we may proceed at once to compute 
the average residuals for each of the groups of values of X 3 , since it is 
sufficiently apparent -from Figure 37 that the scatter of the individual 
observations is still too great to serve as a guide in correcting the first 

approximation curves. Averaging the residuals gives the averages 
shown in Table 59. 

TABLE 59 


Average Values of z ", for Corresponding X 3 Values 


X 3 values 

Number of 

cases 

Average of 

x 3 

Average of 

Average of 

x 3 

Average of 
z" 

Under 8.0 

4 

7.30 

+0.58 



8.0- 9.9 

10 

9.19 

+0.03 



10.0-10.9 

8 

10.35 

-0.15) 



11.0-11.9 

5 

11.40 

+0.481 

10.75 

+0.09 

12.0-13.9 

8 

12.76 

— 1.11 1 



14.0 and over 

3 

15.60 

+ 1.73J 

13 53 

-0.34 


Again the averages are somewhat irregular when plotted, so the last 
four groups are reduced to two, and the new averages plotted and indi- 
cated separately. The number of observations represented by each of 
the first set of averages is indicated next to it, so that averages based 



242 


MULTIPLE CURVILINEAR REGRESSION 


on a small number of observations will not be given undue weight in 
drawing in the curve. It might be desirable in some cases, also, to try 



Fig. 38. Rainfall, and yield of com adjusted to average temperature and time on 
the basis of first approximation curves; and second approximation to f 3 (Xa). 

regrouping the cases into different groups — say from 8.5 to 9.4, 9.5 to 
10.4, etc. — and see if that would change at all the indications as to the 





6 9 70 71 72 73 7 ft 75 76 77 70 

Temperature, in degrees 


Fig. 39. Temperature, and yield of corn adjusted to average rainfall and time on 
the basis of first approximation curves; and second approximation to fi(Xi). 

shifts needed in the first curve. Working that out in this case, the 
changes needed are still found to be about the same as shown by the 
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group averages in Figure 38, though somewhat less regular, owing to 
the smaller size of groups. A new curve is then drawn in freehand, 
as indicated by the group averages, rising somewhat higher than for- 
merly at both ends, and not rising quite so high in the central portion 
as before. 

Turning to the relation between A\ and X 4 , the first approximation 
curve for (A r 4 ) is reproduced in Figure 39, using the values given in 
Table 56. The next step is to average the values of z" for correspond- 
ing values of X A . Using the same groupings used in Table 53, we 
arrive at the averages shown in the following table: 


TABLE 60 

Average Values of for Corresponding X a Values 


X A values 

Number of cases 

Under 72.0 

4 

72.0-72.9 

5 

73.0-73.9 

5 

74.0-74.9 

10 

75.0-75.9 

7 

76.0-76.9 

5 

77 . 0 and over 

• 

2 

76 . 0 and over 

7 


Average of X A 

Average of z" 

71.08 

+ 1.15 

72.58 

-0.36 

73.36 

-0.58 

74.30 

-0.86 

75.33 

+0.63 

76.44 

+0.90 

78.00 

-0.05 

76.89 

+0.63 


Plotting these new averages, and connecting them by a broken line, 
we see that the relation of yield to temperature may be quite differ- 
ent from the way it appeared on the first approximation. Apparently 
the highest yields are obtained around 75 to 76 degrees, instead of at 
74 degrees; higher temperatures appear to reduce the yield markedly, 
but lower temperatures have only a slight influence on the yield! 
These indications are all within the theoretical limitations on the shape 
of the curve, as stated on page 226. The new curve, drawn in free- 
hand so as to pass as nearly through these new averages as possible 
and still maintain a smooth continuous shape, with only a single maxi- 
mum, expresses these relations. 

Estimating X x from the second approximation curves. Now that the 
second approximation curves have been determined for each variable, 
we can proceed to estimate values of X x on the basis of the revised 
curves, to see whether the new curves enable us to estimate A, any 
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more accurately than the first set of curves did. To facilitate the process 
we first construct tables for f 2 (X 2 ), /3CX3), and showing the 

readings for the functions from the revised curves. 

TABLE 61 

Values of X\ Corresponding to Given Values of Xz, from the Second 

Approximation Curve 


* 2 

f'iiXz) 

a 2 

f2(X 2 ) 

* 2 

f2(X 2 ) 

X 2 

fi (Xz) 

0 

27.4 

10 

31.0 

20 

32.7 

29 

33.6 

1 

27.9 

11 

31.2 

21 

33.0 

30 

33.5 

2 

28.4 

12 

31.4 

22 

33.2 

31 

33.4 

3 

28.8 

13 

31.6 

23 

33.3 

32 

33.2 

4 

29.2 

14 

31.8 

24 

33.4 

33 

33.0 

5 

. 29.5 

15 

32.0 

25 

33.5 

34 

32.8 

6 

29.8 

16 

32.1 

26 

33.6 

35 

32.6 

7 

30.2 

17 

32.3 

27 

33.7 

36 

32.4 

8 

30.4 

18 

32.5 

28 

33.7 

37 

32.2 

9 

30.7 

19 

32.6 






To simplify the calculations, 20 is subtracted from each of the 
functional values in making subsequent entries. The computations to 
determine the estimated values are then carried out as shown in detail 


TABLE 62 


Values of Xj Corresponding to Given Values of X3, from the Second 

Approximation Curve 


*3 

fz (X 3 ) 

*3 

/>(X 3) 

x 3 

f'z(Xz) 

X 3 

fz(Xz) 

6.8 

25.5 

9.5 

31.5 

10.8 

33.3 

12.9 

33.0 

6.9 

25.7 

9.6 

31.7 

11.0 

33.4 

13.0 


7.7 

27.5 

9.9 

32.2 , 

11.3 

33.4 

13.6 

32.8 

7.8 

27.8 

10.0 

32.3 

11.5 

33.3 

13.9 

32.7 

8.0 

28.2 

10.1 

32.5 

&; 1 

33.3 

14.1 

32.7 

8.7 

29.9 

10.4 

32.9 


33.2 

16.2 

32.2 

9.3 

31.1 ' 

10.6 

33.1 


33.2 

16.5 

32.1 

9.4 

31.3 

10.7 

33.2 

12.5 

33.1 




in Table 64 following, just as for Table 57. In practical computation 
these entries, for the second approximation curves, would be made on 
the same sheet as w'ere the entries in Table 57 for the first approxima- 
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tion curves, thus eliminating the work of entering the values of X lt X 2 , 
X 3) and X 4 over again. 

Table 64 is worked out just as was Table 57. Thus the data for the 
first observation show values of 0, 9.6, and 74.8 for X 2 , X 3f and X 4 , 
respectively. Looking up the corresponding values in Tables 61, 62, 
and 63 gives values of 27.4, 31.7, and 32.3, for the three functional 
values. Subtracting 20 from each value, to reduce the subsequent 
clerical work, we enter 7.4, 11.7, and 12.3 in the functional columns. 


TABLE 63 


Values of X x Corresponding to Given Values of X 4 , from the Second 

Approximation Curve 


*4 

X(x t ) 

*4 

/i'(X 4 ) 

69.9 

31.6 

73.0 

32.0 

71.0 

31.7 

73.2 

32.0 

71.5 

31.8 

73.3 

32.0 

71.9 

31.8 

73.6 

32.1 

72.0 

31.8 

73.7 

32.1 

72.6 

31.9 

74.0 

32.2 

72.8 

72.9 

32.0 

32.0 

74.1 

32.2 


74.2 

74.3 
74.6 
74.8 
75.0 

75.2 

75.3 




32.2 

32.2 

32.2 

32.3 

32.3 

32.3 

32.3 


A 4 


75.7 

75.8 
76.0 
76.2 

76.9 
77.6 

78.4 


fi(.X 4 ) 


32.2 

32.2 
32.1 

32.0 
30.7 

29.1 

27.3 


The three functional values are then added, and the sum entered in the 
seventh column. The entries for the functional readings are completed 
as shown, and the sum computed for each observation. Then the 
average of the seventh column is determined, giving the value 35.30. 
As the average of X x is 31.916, the value of the new constant, ai' 234 , is 
found by equation (58) to be 

a'1.234 = 31.916 - 35.300 
= - 3.384 

Accordingly, 3.4 is subtracted from each of the values in column 7 to 

give the estimated value of X lf Xy , which is then entered in the eighth 
column of Table 64. 

The final step in computing the table is to subtract each of the esti- 
mated values, Xy , from the actual value Xi, giving the residuals 2 '", 
which appear in the last column. 

Comparing the new residuals, 2 '", with the previous ones, 2 ", given 
in Table 58, we find that the size of the residuals has been increased in 



246 


MULTIPLE CURVILINEAR REGRESSION 


just about as many cases as it has been decreased. But when we com- 
pute the standard deviation of the new residuals, we find that the 


TABLE 64 


Computation of Functional Values, from the Second Approximation Curves, 
Corresponding to Independent Variables for Each Observation, and 
Computation of Estimated Value for X \ and of New Residuals 


Independent 

variables 

Corresponding 
functional values * 

/2(A 2 ) 
+/ 3 (A 3 ) 
+/4 ( X 4 ) 

(7) -a 
/// 

Depend- 

ent 

variable 

At 

A! -xi" 

z"' 

*2 

A'3 

*4 

ZtiXti 

A\Xt) 

//(A4) 

- X l 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

0 

9.6 

74.8 

7.4 

11.7 

12.3 

31.4 

28.0 

24.5 

-3.5 

1 

12.9 

71.5 

7.9 

13.0 

11.8 

32.7 

29.3 

33.7 

4.4 

2 

9.9 

74.2 

8.4 

12.2 

12.2 

32.8 

29.4 

27.9 

-1.5 

3 

8.7 

74.3 

8.8 

9.9 

12.2 

30.9 

27.5 

27.5 


4 

6.8 

75.8 

9.2 

5.5 

12.2 

26.9 

23.5 

21.7 

-1.8 

6 

12.5 

74.1 

9.5 

13.1 

12.2 

34.8 

31.4 

31.9 


6 

13.0 

74.1 

9.8 

13.0 

12.2 

35.0 

31.6 

36.8 

5.2 

7 

10. 1 

74.0 

10.2 

12.5 

12.2 

34.9 

31.5 

29.9 

-1.6 

8 

10. 1 

75.0 

10.4 

12.5 

12.3 

35.2 

31.8 

30.2 

-1.6 

0 

10. 1 

75.2 

10.7 

12.5 

12.3 

35.5 

32.1 

32.0 


10 

10.8 

75.7 

11.0 

13.3 

12.2 

36.5 

33.1 

34.0 

0.9 

11 

7.8 

78.4 

11.2 

7.8 

7.3 

26.3 

22.9 

19.4 

-3.5 

12 

16.2 

72.6 

11.4 

12.2 

11.9 

35.5 

32.1 

36.0 

3.9 

13 

14.1 

72.0 

11.6 

12.7 

11.8 

36.1 

32.7 

30.2 

-2.5 

14 

10.6 

71.9 

11.8 

13. 1 

11.8 

36.7 

33.3 

32.4 


15 

10.0 

74.0 

12.0 

12.3 

12.2 

36.5 

33.1 

36.4 

3.3 

10 

11.5 

73.7 

12.1 

13.3 

12.1 

37.5 

34.1 

36.9 

2.8 

17 

13.6 

73.0 

12.3 

12.8 

12.0 

37.1 

33.7 

31.5 

-2.2 

18 

12.1 

73.3 

12.5 

13.2 

12.0 

37.7 

34.3 

30.5 

-3.8 

19 

12.0 

74.6 

12.6 

13.2 

12.2 

38.0 

34.6 

32.3 

-2.3 

20 

9.3 

73.6 

12.7 

11.1 

12.1 

35.9 

32.5 

34.9 

2.4 

21 


76.2 

13.0 

7.5 

12.0 

32.5 

29.1 

30.1 

1.0 

22 


73.2 

13.2 

13.4 

12.0 

38.6 

35.2 

36.9 

1.7 

23 

6.9 

77 6 

13.3 

5.7 

9.1 

28.1 

24.7 

26.8 

2.1 

21 

9.5 

76.9 

13.4 

11.5 

10.7 

35.6 

32.2 

30.5 

-1.7 

25 

16.5 

69.9 

13.5 

12.1 

11.6 

37.2 

33.8 

33.3 

-0.5 

26 

9.3 

75.3 

13.6 

11.1 

12.3 

37.0 

33.6 

29.7 

-3.9 

27 

9.4 

72.8 

13.7 

11.3 

12.0 

37.0 

33.6 

35.0 

1.4 

28 

8.7 

76.2 

13.7 

9.9 

12.0 

35.6 

32.2 

29.9 

-2.3 

29 

9.5 

76.0 

13.6 

11.5 

12.1 ' 

37.2 

33.8 

35.2 

1.4 

30 

11.6 

72.9 

13.5 

13.3 

12.0 

38.8 

35.4 

38.3 

2.9 

31 

12.1 

76.9 

13.4 

13.2 

10.7 

37.3 

33.9 

35.2 

1.3 

32 

8.0 

75.0 

13.2 

8.2 

12.3 

33.7 

30.3 

35.5 

5.2 

33 

10.7 

74.8 

13.0 

13.2 

12.3 

38.5 

35.1 

36.7 

1.6 

34 

13.9 

72.6 

12.8 

12.7 

11.9 

37.4 

34.0 

26.8 

-7.2 

35 

11.3 

75.3 

12.6 

13.4 

12.3 

38.3 

34.9 

38.0 

3.1 

36 

11.6 

74.1 

12.4 

13.3 

12.2 

37.9 

34.5 

31.7 

-2.8 

37 

10.4 

71.0 

12.2 

12.9 

11.7 

36.8 

33.4 

32.6 

-0.8 

Totals. . . 



447.6 

BO 

448.7 






* Less 20.0 for each functional reading. 
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standard deviation of z r ” is 2.80 bushels, or slightly smaller than the 
standard deviation of 2 ", 3.0 bushels. (See Note on page 258.) 

Correcting the curves by further successive approximations. The 
process ordinarily would be carried through one or more additional 
approximations by repeating the steps shown. Thus the last residuals, 
z when averaged and plotted with respect to the second set of approxi- 
mation curves, would indicate whether any further modifications were 
needed in the curves; if any were made, new readings would be made 
from the new curves, new estimates of X 1 obtained from them, and 
another set of residuals determined. So long as the standard deviation 
of each new set of residuals is smaller than that of the previous set 
(and no more complicated curves were drawn in, which would require 
more constants to represent them), the approximation curves may 
be regarded as approaching closer and closer to the underlying true 
curves. When, however, the curves have been determined as closely 
as is possible from the given data, the standard deviation of the 
residuals will show no further decrease and may even increase slightly. 
In such case the set of curves showing the lowest standard deviation 
of residuals (and yet conforming to the hypothetical limitations) may 
be regarded as the final curves determined by the process. 14 

We can make a check on the slope and amplitude of the final 
curves by the method of least squares, using the supplementary methods 
set forth in pages 401 to 403 of Chapter 22. Or if it is desired to have 
a mathematical expression of the several curves, equations may be 
selected capable of representing the several curves whose shape has been 
determined by the graphic successive approximation process, fitting the 
mathematical curves according to the methods presented briefly earlier 
in this chapter, on pages 221 and 222, and described in more detail 
in the first section of Chapter 22. 

Stating the final conclusions. After the final shape of the several 
net regression curves has been determined, it still remains to state 
those curves in such shape that their meaning is perfectly clear. The 
several functions may be stated to show the value of the dependent 
factor associated with given values of the particular independent fac- 
tor when values of other independent factors are held at their mean. 
There are two alternative ways of stating the associated values: (1) 
as actual values and (2) as deviations from the mean values. 

14 In very exact work, the effect upon the residuals of modifications in each 
curve separately might be tested after this point, to insure that each individual 
regression curve had been fitted to the data with the greatest degree of accuracy. 
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To state the associated values as actual values, we may use the 
following procedure: 

First, the mean of all the values read from the final curve is de- 
termined. For f 2 {X 2 ), this mean may be designated M f(2) . The 
values from the curve are read off for selected intervals of X 2 ■ Then 
the estimated values of X x for each of these values of X 2 (with values 
of X 3t X 4 , etc., at their means) are determined by subtracting the mean 
of the curve readings from each of these actual readings and adding to 
the result the mean of X 1 . That is, if we use X 1 = F 2 (X 2 ) to desig- 
nate these values of X it estimated from the net curvilinear relation to 
X 2 , we can define them by the equation 

X'l = F2(X 2 ) = f 2 (X 2 ) - M fi2) + Ml (60) 

If, however, the expected values of X x for given values of X 2 are 
to be stated merely as deviations from the mean values, those devia- 
tions may be determined by subtracting from each curve reading the 
mean of all the curve readings. If we use F 2 {x 2 ) to designate these 
expected deviations from the mean values, we may define them by 
the equation 

*i = F 2 {x 2 ) = f 2 (X 2 ) - M m) (6D 

It is evident, from equations (60) and (61), that 

F 2 (X 2 ) = F 2 (x 2 ) + Mi 

In the actual statement of the results of a correlation study, it is fre- 
quently desirable to state the relation of the dependent factor to the 
most important independent factor according to equation (60), and to 
state the relation for the remaining independent factors according to 
equation (61). When that is done, the estimated values of X if based 
on all the independent factors, may be readily computed by taking the 
estimate from the most important factor, and then adding. to or sub- 
tracting from that the corrections to take account of the departures ot 
other factors from their means. Using X[ to designate this final esti- 
mate of the value X lf and taking X 3 as the most important factor, we 
make the estimate by the equation 

X x = F 2 (x 2 ) + F 3 (X 3 ) + F 4 {x 4 ) + •••-+- F n (x n ) (62) 

The process of working out these final statements of the net curvi- 
linear regression lines may be illustrated by the data of the corn-yield 
problem. Since the rainfall (X 3 ) was apparently the most important 
factor, that may be taken as the one for which the regression is to be 
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stated according to equation (60) . If we regard the second approxima- 
tion curve shown in Figure 38 and Table 62 as the final curve, then 
Table 64 gives the readings from this curve for each of the individual 
observations. 

The mean of the readings of / 3 (X 3 ) is next computed from the 
values of Table 64. The sum of the’ 38 /"(X 3 ) readings is 445.1, so 


M/{x 3 ) 


445.1 

38 


11.71 

t 


The mean value of X x is M x = 31.92. From equation (60), 

^3 (A 3 ) = / 3 CX 3 ) — Mfi 3) + Ml 

which is 

F*(X 3 ) = / 3 (A 3 ) - H.71 + 31.92 


— fs{X 3 ) + 20.21 


All that is necessary, therefore, is to add the new constant, 20.2, to 
the values read from the curve. This process is shown in Table 65. 


TABLE 65 


Computation of Average Yield of Corn With Varying Rainfall, Holding 
Trend in Yield and Influence of Temperature Constant 


Inches of rainfall, 

*3 

Readings from 
final curve,* 
fz(X 3 ) 

Constant, 

Mi — Mj ( 3) 

Average yield, 
F 3 (X 3 ) 

7 

6.0 

20.2 

26.2 

8 

8.2 

20.2 

28.4 

9 

10.5 

20.2 

30.7 

10 

12.3 

20.2 

32.5 

11 

13.4 

20.2 

33.6 

12 

13.2 

20.2 

33.4 

13 

13.0 

20.2 

33.2 

14 

12.7 

20.2 

32.9 

15 

12.5 

20.2 

32.7 

16 

12.3 

20.2 

32.5 


* Curve readings minus 20, just as entered in Table 64 


The computation for F 4 {x 4 ) follows the same form as that for 
^ 3 (A 3 ), save that equation (61) is used instead, and hence the mean 
of X x is not involved. First the mean of all the readings for f 4 {X 4 ), 
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as shown in Table 64, is computed, giving the value of 11.81. The 
values for ^4(0:4) are therefore given by the equation 

^4(^4) = f 4 (-X4) — Mf( X j 

• =/4(X 4 ) - 11.81 

# 

These values are worked out in Table 66. 

TABLE 66 


Computation of Deviation of Corn Yields from Yields Otherwise Expected, 

Because of Differences in Temperature for Season 


Average 

temperature, 

Readings from 
final curve,* 
f*(X 4 ) 

Constant, 

M fi 4) 

Correction to 
expected yield, 
F 4 {x 4 ) 

70.0 

11.6 

-11.8 

-0.2 

71.0 

11.7 

-11.8 

-0.1 

72.0 

11.8 

-11.8 

0 

73.0 

12.0 

-11.8 

0.2 

74.0 

12.2 

-11.8 

0.4 

75.0 

12.3 

-11.8 

0.5 

76.0 

12. 1 

-11.8 

0.3 

77.0 

10.5 

-11.8 

-1.3 

78.0 

8.3 

-11.8 

-3.5 


* Curve readings minus 20, just as entered in Table 64. 


The net correction in the estimated yield to allow for the influence 
of trend can be obtained by carrying through a similar computation for 
2 (-^2 ) • The readings for/2(X 2 ) sum to 447.6, so M/&) — 11 -78. The 
values of F 2 {x 2 ) are then given by the equation 

F 2 {x 2 ) = f 2 (X 2 ) - 11.78 

This computation is carried out in Table 67. 

The conclusions of the study can then be stated as shown in the 
last column of each of the last three tables, free from all the previous 
details. 

The relations for each of the variables can also be combined to 
show the expected or estimated yield for various combinations of the 
independent factors. Thus for the present case, it might be desired 
to combine the findings into a table showing the expected or probable 
yield for any given combination of rainfall and temperature, with 
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the 1927 trend of yield. These values can be obtained by taking the 
trend correction for 1927, + 0.4, and combining it with the estimated 


TABLE 67 

Computation of Deviation of Corn Yields from Those Otherwise Expected, 

Because of Net Trend in Yields 


Number of year, 

x 2 

Date 

Readings from 
final curve,* 
/ 2 '(*2) 

Constant, 

A//(2) 

0 

1890 ; 

7.4 

-11.8 

5 

1895 

9.5 

-11.8 

10 

1900 

11.0 

-11.8 

15 

1905 

12.0 

-11.8 

20 

1910 

12.7 

-11.8 

25 

1915 

13.5 

-11.8 

30 

1920 

13.5 

-11.8 

35 

1925 

i 

12.6 

-11.8 


Correction to 
expected yield, 


-4.4 

-2.3 

- 0.8 

0.2 

0.9 

1.7 

1.7 

0.8 


* Curve readings minus 20. 


influence of various quantities of rain and degrees of temperature. 
These estimates would then be defined by the equation 

^1 = ^2 (* 2 ) + F 3 (X 3 ) + F 4 {x 4 ) 

= 0.4 -j- F 3 (X 3 ) -f- F 4 (x 4 ) 


Combining the readings for F 3 (X 3 ) from Table 65 with those for 
F 4 (x 4 ) from Table 66, and adding in the correction for F 2 (x 2 ) as just 
stated, we obtain estimated yields as shown in Table 68. 15 

In preparing a table such as Table 68, we should not enter values for 
combinations of the several factors which were not represented in the 
data on which the relations were based. Examination of a dot chart 
of the relation between rainfall and temperature, for the data included 
in the analysis, shows that no combinations of rainfall below 9 inches 
and temperature below 74° appeared in the record, and no cases of 
temperature above 78° with rainfall above 9 inches occurred. Ac- 
cordingly, these combinations, and other combinations which were not 
represented, are left blank in the table, as shown. (A more exact 


15 Table 68 may be compared with the results secured by 
averaging the same data, by the methods of Chapter 11. 


cross-classifying and 
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method for measuring the representativeness of the relations is referred 
to in Chapter 19, on page 349.) 

By combining a table such as Table 68 with a statement of the 
extent to which yields averaged higher or lower than those shown at 
different times through the period, all the conclusions from the study 
can be presented in simple form, easy to understand. 


TABLE 68 


Estimated Yield of Corn, in Bushels per Acre, With Varying Rainfall and 

Temperature Conditions, for 1927 


Inches of 
rainfall * 

Average temperature t 

0 

O 

72° 

74° 

76° 

78° 

7 

X 

X 

27.0 

26.9 

23.1 

9 

30.9 

31.1 

31.5 

31.4 

X . 

11 

33.8 

34.0 

34.4 

34.3 

X 

13 

33.4 

33.6 

34.0 

X 

X 

15 

32.9 

33.1 

X 

■ X 

X 


* Total for June, July, and August; average for 9 Corn-Belt stations, 
t Average for June, July, and August, at same 9 stations. 

X This combination of factors was not represented in the observations analyzed. 


The final results of curvilinear correlation studies, after being 
simplified to the form shown in Tables 65 to 67, or in Table 68, may 
also be expressed graphically for final publication. Thus all three 
relations might be combined into a single figure, such as shown in 
Figure 40, to present in relatively simple form the final conclusions 
reached by the statistical analysis. 18 

It might be noted at this point that Table 68 is much more than 
merely a table of average yields for various rainfall and temperature 
groups. There were only 38 observations to begin with, and only 14 
of those were under 74 degrees temperature. If these 14 observa- 
tions had been grouped according to year and rainfall, and the average 
yield determined for each class, only the roughest sort of groups 
could have been made, and even then the averages would have had but 
little reliability. As the result of the correlation study, however, all 38 
observations have been drawn on to determine the relations. The table 
shows the yield most likely to be received with any of 16 different 

10 A three-dimensional chart illustrating Table 68 is shown on page 373. 
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combinations of rainfall and temperature, for the trend in 1927. 
Other estimates could be shown for a large number of other combina- 
tions. Furthermore, it is known that estimates made from such tables 
agreed with the actual yields to within 2.8 bushels in about two-thirds 
of the original cases. The reliability of these estimated yields is thus 
greater than it would be for any average of a few cases alone. This 
example illustrates the ability of correlation analysis both to bring 
out of a series of observations relations which are not observable 

Estimated yield 
bushels 
35 

30 

25 

7 9 II 13 15 17 

Rainfall in inches 

Correchon 
for 

temperature 
Bushels 
♦2 

0 

-2 
- 4 

70 72 7^ 76 78 

Temperature, m degrees 

Correction 
for 
year 
Bushels 
*2 

0 

-2 

-4 

Fig. 40. Relation of yield of corn to rainfall, temperature, and time. 

on the surface and to provide a basis for estimating the probable 
effect on the dependent factor of new combinations of the independent 
factors. 

In this particular case the final shapes of the regression curves 
showing the net differences in yield with differences in rainfall and 
time are not greatly different from those indicated by simple corre- 
lation. In some cases, however, the final shape of the curves may be 
markedly different from the apparent shape before the variation 
associated with other factors has been eliminated. Thus the final 
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shape of the curve showing the net differences in yield with differ- 
ences in temperature, after allowing for the influence of rainfall and 
time, is quite different from what might have been expected from 
the original observations, as is illustrated in Figure 41. The curvi- 
linear net regression is also quite different from the linear net regres- 
sion, indicating that /4 to 76 degrees is the optimum temperature, 
whereas the straight line indicated that the lower the temperature, 
the higher the yield. With multiple correlation, as with simple corre- 
lation, the determination of the regression curves makes the results 
much more definite, adequate, and usable than does merely the deter- 
mination of the linear regressions. 


Yield of Coro 
Bushels perocre 


40 


35 


30 


25 


20 


(Net /in 

eor. 

• 

• • 

«• 

- — A A 

• ss/oo 

• 

- J 

• 



• 






Net curvi/meor 
regression of 

^tZ^ZStvr* 


68 


70 


78 


80 


72 74 76 

Temperature in degrees 

Fig. 41. Comparison of apparent relation of corn yields to temperature with net 
relation after eliminating influence of rainfall and of trend in yield. 


Limitations on the use of the results. It should be noted that 
the results of the corn-yield analysis apply oply to the same area from 
which the data were drawn and to the period which they covered. 
4 hus they provide no basis for estimating corn yields in other sections, 
and their use in estimating yields in other periods — as in subsequent 
years is attended by increasing risk due to the necessity of extrapolat- 
ing the trend regression. Although this may give fair results for a 
yeai or two, as has been illustrated, it may tend to become increasingly 
inexact. For example, it may be that the trend of yield did not really 
turn downward about 1920, but only flattened out — additional years of 
observations will be needed really to tell which is correct. 

Other multiple curvilinear correlation studies illustrate other limi- 
tations to the application of the results secured. Thus in a study 
of the price of eggs in New York City, records w r ere secured during 
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a period of a few days on the retail sales price of each of a number, 
of dozens of eggs, and of the size, color, and quality of the eggs. 
(The data are given in the problem in Chapter 17.) By determining 
the net regression of price upon each of the factors, using the method 
illustrated, the net change in egg prices with changes in each of 
these factors can be determined. But it is readily apparent that size, 
quality, and color are not the only factors which might cause egg 
prices to vary. Prices change from one time of year to another, 
because of changes in seasonal demand, in supplies on the market, 
and in response to other factors as well. Prices also vary from place 
to place on the same day, and even at different stages in the market- 
ing process in the same city on the same day— between sales at whole- 
sale and retail, for instance. When we say that the results of the egg- 
price study enabled us to estimate egg prices to within five cents 
two-thirds of the time, it must be remembered that the statement 
holds true only for the same universe from which the original samples 
were selected. In this case the samples were all selected from sales 
at retail, in the New York metropolitan area, in a particular period. 
The results therefore apply only to the reasons for variations in egg 
prices between particular stores, in that particular city, in that par- 
ticular period. They might indicate the effect of similar differences 
in quality or weight on prices from store to store in the same city at 
other times of the year, or in other cities; but we could not be certain 
of that from this material alone. Other studies, covering those other 
universes,” would be needed to prove or disprove that supposition; 
for the conclusions, of and by themselves, offer no statistical evidence 
except for their own particular “universe.” For that reason, each of 
the final tables should indicate clearly the conditions to which its con- 
clusions apply and thus definitely limit the statistical statement of the 
results to the particular conditions which they really represent. 

A test in actual forecasting of yield. The two preceding paragraphs 
stand exactly as they were written in 1929. Now that this book is 
being revised (in 1941) the regressions based on the period from 
1890 to 1927 can be given a severe test, by using them to estimate 

the yields during the subsequent 12 years. The necessary data for this 
estimate are given in Table 68A. 

Estimates of yield for each of these years, according to the final 
curvilinear regressions shown in Tables 65 to 67 and Figure 40, are 
given in Table 68B, together with the residuals. 

new y cars included years of weather conditions more extreme 
an any experienced in the base years. It was, therefore, necessary to 
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.extrapolate the earlier curves in making the estimates. This was 
done by extending them with the same slope or curve as in the adjacent 
portions of the curve determined from the earlier data. 


TABLE 68 A 


^ ield of Corn, Rainfall, and Temperatures in Six Leading States, 1928 to 1939 


Year 

Time 

*2 

Rainfall 
in inches 

Temperature 
in degrees 

*4 

Actual yield 
in bushels 

Xi 

1928 

38 

15. 1 

72.8 

33.4 

1929 

39 


73.4 

31.5 

1930 

40 

6.4 

76.4 

25.8 

1931 

41 

10.4 

76.9 

32.7 

1932 

42 

13.5 

76.0 

35.4 

1933 

43 

7.2 

77.3 

29.4 

1934 

44 

7.5 

80.0 

18.9 

1935 

45 

9.6 

76.2 

31.7 

1936 

46 

4.9 

80.0 

18.5 

1937 

47 

10.1 

76.6 

36.4 

1938 

48 

12.6 

76.3 

35.9 

1939 

49 

11.7 

75.8 

41.1 


Source: Computed from June, July, and August records for nine weather stations in Corn Belt 
states. Stations averaged include Kansas City, St. Louis, Toledo, Omaha, Peoria, Cincinnati, 
Topeka, Indianapolis, and the Iowa state average, as in the original study. 


It is evident that the regressions gave fairly good estimates for the 
first few years of extrapolation, but thereafter gave increasingly large 
underestimates of the yield. It would appear that the introduction of 
hybrid seed corn, the possible improvement of cultivation with better 
machinery, the increase of soil fertility and the restriction of corn 
to the better fields with acreage-limitation and soil-conservation pro- 
grams after 1933, and other factors, all combined to produce a new 
“universe, ” in which the corn yield to be expected for a given combina- 
tion of weather became progressively higher than it had been in 
earlier years. Also, extremes of weather not previously experienced 
(such as the combination of an average temperature of 80° with a 
rainfall of 4.9 inches in 1936), which lay far outside the previous 
observations, apparently produced results somewhat different from 
those in the years analyzed. Even so, the estimates for the years of 
extreme conditions (1934 and 1936) were not extremely in error, as 
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contrasted to other years in the last five. The doubts as to the cor- 
rectness of the’trend, as expressed in 1929, have been clearly confirmed 
by the subsequent data. 

• These actual results of extrapolation of a regression formula indi- 
cate the way that the conditions of a universe may shift and show the 
need of recalculating forecasting formulas for time series every year or 
two, to make sure that they are still applicable. 

TABLE 68B 


Yield Estimated by Curvilinear Regressions on Three Factors, 1928 to 1939 


Year 

F 2 (:r 2 ) 

Fz ( X 3 ) 

Fa ( x <) 

Xi 


2 " 

_ _ // 





*1 - *1 

1928 

0.2 

32.7 

0.2 

33.1 

33.4 

0.3 

1929 

0 

33.4 

0.3 

33.7 

31.5 

- 2.2 

1930 

- 0.2 

24.8 

- 0.3 

24.3 

25.8 

1.5 

1931 

- 0.4 

33.2 

- 1.1 

31.7 

32.7 

1.0 

1932 

- 0.6 

33.0 

0.3 

32.7 

35.4 

2.7 

1933 

- 0.8 

26.7 

- 1.9 

24.0 

29.4 

5.4 

1934 

- 1.0 

27.4 

- 9.0 

17.4 

18.9 

1.5 

1935 

- 1.2 

31.8 

0 

30.6 

31.7 

1.1 

1936 

- 1.4 

21.0 

- 9.0 

10.6 

18.5 

7.9 

1937 

- 1.6 

32.7 

- 0.5 

30.6 

36 . 4 - 

5.8 

1938 

- 1.8 

33.3 

- 0.1 

31.4 

35.9 

4.5 

1939 

- 2.0 

33.5 

0.4 

31.9 

41.1 

9.2 


The residuals for the first six years have a root-mean-square error 

2 7 bushels. This compares well with the standard 

n > 

deviation of 2.8 for the estimates for the 38 years included in the 
study. The next six years, however, had a root-mean-square, error 
of 5.8 bushels. Since these latter errors were all in the same direc- 
tion, the shift in the trend would appear to be primarily responsible 
for this increased unreliability. 

(For an exercise in curve fitting by .this method, the student can 
fit a set of regressions to the data for the whole period 1890 to 1939. 
Also, it would be valuable to fit separate regressions for the periods 
1890 to 1920, and 1910 to 1940, and compare the two sets of results. 
Do they show a significant change in the relation of yields to the three 
factors?) 
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Reliability of Regression Curves 


The regression curves show the net relation between the dependent 
variable and each independent variable, with the net variation asso- 
ciated with the other independent variables held constant, for the 
particular observations included in the sample. If another sample 
vere drawn from the same universe, and similar net regression curves 
were determined, they would vary somewhat from the curves deter- 
mined from the first sample. The lower the multiple correlation in the 
universe, or the smaller the sample, the larger would be this variation 
between successive samples. Methods have been developed for estimat- 
ing the proportion of such samples which will give regression results 
falling within given ranges of the true regressions prevailing in the 
universe. (See Chapter 18, pages 327 to 340.) In publishing regres- 
sion results, as shown in Tables 65 to 68, or in presenting charts of the 
regression results, such as shown in Figure 40, the reliability range of 
the regressions should be indicated, as shown subsequently. Even if 
the regressions (as in the example here) are determined from a time 
series, and so are based upon all the evidence for that portion of the 
constantly evolving universe, the reliability limits may still be used 
as an indication of possible significance, in view of the closeness 
with which the relations can be determined. (For a more extended 
discussion of the meaning of sampling errors with respect to time, see 
Chapter 19, pages 349 to 356.) 


Summary. In this chapter methods of determining curvilinear mul- 
tiple regressions have been discussed. These show the extent to which 


changes in the dependent variable are associated with changes in each 
particular independent variable, while simultaneously removing that 
part of the variation in the dependent variable which is associated 
(linearly or curvilinearly) with other independent variables. A 
method of determining the curves by successive graphic approxima- 
tions is presented step by step. Since this method does not involve 
making definite assumptions as to the final shape of the curves, it is 
to be preferred to more mathematical methods, presented in a sub- 
sequent chapter, unless there is a logical basis for the choice of specific 
functions. Methods of simplifying the conclusions for popular state- 
ment are illustrated, and the universe to which they are applicable 
is briefly considered. 


Correction Note.— On pages 239 and 247 the standard deviations of the re- 
siduals, <Tr, are used to determine whether the new regression curves show any 
gain in closeness of fit over the previous regressions. These comparisons can be 
made most accurately by using the standard errors of estimate, adjusted for n 
and tn as explained on pages 208 and 261 (eqs. 42 and 65). The successive 
appioximation process should be continued onlv until the adjusted standard 
error of estimate shows no further reduction. 



CHAPTER 15 


MEASURING ACCURACY OF ESTIMATE AND DEGREE OF 
CORRELATION FOR CURVILINEAR MULTIPLE 

CORRELATION 

In presenting linear multiple correlation it was pointed out that 
coefficients could be computed to show (1) how closely estimated 
values of the dependent variable, based on the linear regression equa- 
tion, could be expected to agree with the actual values; and (2) what 
proportion of the total observed variation in the dependent factor 
could be explained or accounted for by its relation to the independent 
factors considered. These coefficients were, respectively, the stand- 
ard error of estimate and the coefficient of multiple correlation. Ex- 
actly parallel coefficients can be computed to show the significance 
of curvilinear multiple correlation, employing curvilinear net regres- 
sions such as those discussed in Chapter 14. The term “standard 
error of estimate” is again used to indicate the measure of the prob- 
able accuracy of estimated values of the dependent factor. In measur- 
ing the proportion of variation explained we will follow the usage 
in simple curvilinear correlation, and use the term “index” to denote 
the fact that curvilinear regressions have been employed. The propor- 
tion of variation accounted for is therefore shown by the “index of 
multiple correlation.” 

Standard error of estimate. In working through the various 
steps in determining the net regression curves by the method of suc- 
cessive approximations, in Chapter 14, the estimated values were sub- 
tracted from the actual values for each observation, and the resulting 
residual values, z", z"\ etc., were obtained. The standard deviations 
of these residuals were used as an indication of the accuracy of estimate 
for each set of curves. Where a very large number of observations is 
employed, such standard deviations of the residuals may be regarded 
as an indication of the extent to which estimated values of the dependent 
variable made from new sets of observed values drawn from the same 
universe may be expected to agree with the actual value of the depend- 
ent variable. Thus if we use Si ./< 2,3,4 > to designate the standard error of 
estimates of X lf made on the basis of curvilinear relations to X 2 , X 3 , 

259 
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and X 4 , and 2 1 ./( 2 , 3 , 4 ) to represent the residuals obtained using the 
final curvilinear regressions to estimate the dependent factor, the 
standard error may be defined by the equation 

Sl./(2.3.4> = (63) 

If the standard error of estimate for the final regression curves for 
the egg-price problem mentioned in the previous chapter were 5 cents, 
that would mean that, if other purchases of eggs had been made in the 
same territory on the same day, it would have been possible to esti- 
mate the price to be paid for each dozen from their physical charac- 
teristics, to an accuracy indicated by that standard error. Two-thirds 
of the estimated values would probably have fallen within a range of 
5 cents of the prices actually charged. 

With the corn-yield problem, the standard deviation of the residuals 
from the last set of curves was 2.8 bushels. In this case no other 
“sample” can be drawn from the same “universe” except those included 
in the problem, for the universe was restricted to the years studied, 
1890 to 1927. Extrapolating the trend line, however, it is fairly safe 
to say that estimates made for the same region for subsequent years 
can be expected to have a standard deviation of at least 2.8 bushels. 
If the trend used did not prove correct for subsequent years, the errors 
might be considerably larger. 1 

The relation shown in equation (63) holds exactly true only where 
there are a very large number of cases included in the sample dealt 
with. W here the sample is no larger than is usually available to the 
research worker, there is a tendency for the standard deviation of z 
to be somewhat smaller than the standard error which would be found 
in a very large sample drawn from the same universe. The smaller 
the number of observations, the larger the number of independent 
variables included, and the more complex the curves employed, the 
greater will be the tendency for the observed standard deviation 
to underestimate the true standard error. This may be illustrated 
by results from an experimental study of the stability of multiple 
curvilinear correlation results. In this case a universe of known 
correlation was employed, and successive samples were drawn of 
various sizes, repeating each drawing a number of times for the samples 
of each size. The curvilinear regressions were then determined for 
each sample separately by the successive approximation method, and 

1 This statement, written a decade ago, may be compared with the actual extra- 
polations made subsequently, as shown on pages 255 to 257 of the previous chapter. 
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the standard deviations were worked out for the residuals in each case. 
The entire analysis was then repeated, employing a universe of a 
higher correlation. The central values of these standard deviations 
of the residuals, for the samples of each size, were: 


Number of observations 


30 

50 

100 

Entire universe 



* These values are the median values observed. 


It is quite evident from these results that the samples tended to 
give standard deviations smaller than that which actually was true 
for the universe as a whole and, further, that the smaller the sample 

employed, the greater the overestimate of the reliability of the esti- 
mated values. 


It is therefore necessary to adjust the observed <j z to give 5, no , , 

i • i • • • - , ® Oi “ICJ I 

which is an unbiased estimate of S,. /(2 , 3 , etc0 for the universe from which 

the sample was drawn. This adjustment is given in the following equa- 
tion : 



£l./(2,3.ete.) 


a *l.f<2.3.etc.) 

1 — m/n 



C 2 m] 2 (z 2 ) 

«l./(2.3,4,etc.) = = 

n — m n — m 



Where n = number of observations in the sample 

and m = number of constants represented (either mathematically 

or graphically) in the regression equation 


It will be seen that equation (65) is exactly similar to equation (42) 
for the standard error of estimate in linear multiple correlation prob- 
lems. For curvilinear problems, however, the value m has a somewhat 
different meaning. Thus in the experimental results just discussed, 

three independent factors were involved, so the regression equation 
was of the form 


X\ — a 4 -/ 2 CX 2 ) 4 -/ 3 OX 3 ) + f\{X 4 ) 
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The corresponding linear regression equation would involve only 
four constants, so m would be equal to 4. For curvilinear regressions, 
however, at least two constants would be necessary to represent each 
regression curve, and possibly more. In the experimental study each 
curve had only one bend, either upward or downward. It was 
judged, however, that the curves could not be represented by second- 
order parabolas, since their shapes did not follow the smooth sym- 
metrical curve which that type of function is capable of describing. 
Instead, it was judged that a third-order parabola would be neces- 
sary to give a fairly satisfactory fit to each regression curve. The 
conclusion was therefore reached that three constants would be neces- 
sary for a mathematical representation of each regression curve. On 
that basis the entire regression equation would represent approxi- 
mately ten constants, three for each of the three curves, and one for 
the value a. (See pages 76 to 81 for other types of curves.) 

_ Using 10 for m in equation (64), we may work out the value of 
' s 'i./(234) for the smallest sample shown in the statement on page 261 as 
follows: 


<^2 

^>l./(234) = 



(1.95) 2 



3.80 

0.667 


= 5.70 

^1/(234) = 2.39 


It is evident that this corrected value is much closer to the true 
value for the entire universe, 2.40, than was the original standard 
deviation of 2 . 

Carrying the same adjustment through for the other values shown 
on page 261, we obtain standard errors of estimate as shown in the 
following statement. 


Number of 
observations 

n 

Value used 
for m 

Universe 1 

Universe 2 

Observed 

Calculated 

£l./(234) 

Observed 

<?z 

Calculated 

&l./(234) 

30 

10 

1.95 

2.39 

1.53 

1.87 

50 

10 

2.18 

2.43 

1.64 

1.83 

100 

10 

2.21 

2.33 

1.72 

1.82 

Entire 






universe 


2 40 


1 80 
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The superior accuracy of the adjusted values is evident through- 
out this table— in each case they come much nearer to agreeing with 
the true value for the universe than do the unadjusted values. 

Using equation (64) to obtain the standard error of estimate for the 
corn-yield problem, we find it necessary first to decide on the value 
to use for m. That problem also employed three independent variables, 
just as did the experimental study, and the final <j tt was 2.80 bushels! 
Although none of the three regression curves has more than one bend, 
none of them is of the symmetrical shape that can be described by the 
parabola; instead, at least a cubic parabola would be required to 
represent the curves for and / 4 (X 4 ), whereas probably a 

quartic parabola, involving four constants, would be required to repre- 
sent f 2 (X 2 ) with its final shape, or three constants with its first form. 
The final regression equation for corn yields might therefore be 
assumed to represent one constant for a , four for / 2 (X 2 ), three for 
and three for / 4 (X 4 ), or a total of eleven in all. When this 
value and the number of cases are inserted, in formula ( 64 ), it becomes 


a 


/(234) = 




(2.80) 


1-2 

n 


1 - 


II 

38 


= 11.03 


£l./(234) = 3.32 

Although the standard deviation of the observed residuals was only 
2.8 bushels, this standard error of estimate indicates that, in using 
the results in making estimates for other years, the accuracy is likely 
to be less, even though the trend line is correctly extended. Instead 
of the estimated values probably coming within 2.8 bushels of the 
actual values in 68 per cent of the cases, they arc likely to come so 
close in only about 58 per cent of the estimates, and an error of 3.5 
bushels would have to be allowed to take in 68 per cent of the cases. 
In this particular problem, with 3 regression curves determined 
from 38 observations, the correction embodied in equation ( 64 ) is 
important. If the same set of conclusions had been obtained from 20 
observations, with the same standard deviation of the residuals, apply- 
ing the correction formula would have increased the standard error 
of estimate to above 4.1 bushels, illustrating again the tendency of a 
small sample to exaggerate the accuracy of estimate. 2 


2 As is indicated later (Chapter 19, pages 341 to 347), each individual estimate 
or a new observation has its own standard error. Those standard errors are all 
larger than the standard error of estimate from the sample. The interpretation 

given above for the use of the standard error of estimate therefore understates the 
standard error for new observations. 
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Index of multiple correlation. The coefficient of multiple corre- 
lation, it will be remembered, indicated the proportion of the total 
variation in the dependent factor which could be accounted for on 
the basis of the linear relations to the several independent factors. In 
exactly the same way the proportion of variation which can be ac- 
counted for on the basis of the curvilinear relations to the several 
independent factors is termed the “index of multiple correlation,” 
and is designated by the term P, that is, capital rho. Following the 
definition, and using X” to indicate values of X 1 estimated from the 
other factors on the basis of the net curvilinear regressions, we may 
define the index of multiple correlation roughly by the equation 

P = 

It is more accurately computed, however, by making use of the 
standard deviations of the residuals. Using z" to represent X± — X 
then 

p 2 = i - ^ «»-i) 

With small samples oy' tends to be smaller than the actual standard 
error of estimate in the universe as a whole. For that reason, the index 
of correlation, as computed by the formula just given, tends to exceed 
the correlation that actually obtains in the universe from which the 
observations are drawn. Data from the experiment mentioned earlier 
illustrate this point. The following tabulation shows the modal index 
of multiple correlation for the samples of each size, in comparison with 
the true index of correlation for the entire universe. 


Number of observations in sample 

Observed index of multiple correlation 
in samples drawn from same universe 

30 

0.77 

50 

0.71 

100 

0.68 

Entire universe 

0.62 


In every case the observed correlation exceeds the true correlation 
in the universe, and the smaller the size of the sample, the larger the 
difference. It is therefore necessary to apply to the index of multiple 
correlation the same type of adjustment which was applied in obtaining 
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the standard error of estimate, if unbiased estimates of the population 
value are to be obtained. This may be done either by substituting 
the adjusted standard error of estimate for the observed standard 
deviation of the residuals in the equation to determine P, or by making 
the adjustment directly in the equation itself. The following formulas 
show both methods. 



The adjusted indexes of multiple correlation work out for the 
experimental data as shown in the following statement: 


Number of 
observations, n 

Value used for m 

Crude, P 

Adjusted, P 

30 

10 

0.77 

0.64 

60 

10 

0.71 

0.63 

100 

10 

0.68 

0.65 

Entire universe 

• f # 1 

0.62 



Here again the adjusted values are found to be in much better agree- 
ment with the true value for the entire universe than are the crude 
values. For that reason equations (66.2) or (66.3) should always be 
employed in calculating the index of multiple correlation. 

Unless the index of multiple correlation, as calculated with the 
adjustment, is larger than the coefficient of multiple correlation, with 
its comparable adjustment by equation (47), there is no statistical 
evidence of significant curvilinearity in the regression lines. Unless 
the standard error for the curves is lower even after adjustment, any 
reduction in the unadjusted standard deviation 'of z lf{ 2i 3i 4 », as com- 
pared with <r z from the linear regression, would be merely a fictitious 
improvement in accuracy. If we take additional variables into account, 
or use up more degrees of freedom by employing more constants in 
the curves, we obtain a certain amount of spurious increase in the 

apparent correlation. Correcting for n and m removes this spurious 
effect. 
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Once the index of multiple correlation ha’s been computed by 
equations (66.2) or (66.3), the square of its value may be employed to 
represent the total determination, i.e., to measure the proportion of the 
total variance in X 1 which can be accounted for on the basis of the 
curvilinear relations to the several independent factors. To maintain 
the same terminology, this may be termed the index of total determina- 
tion, to distinguish it from the coefficient of total determination, which 
applies to linear multiple correlation. 

The computation of the index of multiple correlation may now be 
illustrated from the data of the corn-yield problem. 3 In that study 
the original standard deviation of the yields was 4.30 bushels, the 
standard error of estimate by linear multiple correlation, 3.87 bushels, 
and the coefficient of multiple correlation, after adjusting for the 
number of cases, 0.49. The standard error of estimate for the final 
regression curves, as worked out on page 263, was 3.46 bushels. Com- 
puting the index of multiple correlation by equation (66.2), we have 

#l./(234) / n, — l \ 

a\ \ n ) 

(3.46) 2 /37\ 

(4.30) 2 \38/ 

= 0.369 

Pi. 234 = 0.61 

The index of multiple correlation is therefore 0.61, as compared 
with the coefficient of multiple correlation of 0.49. The total determina- 
tion, whch was 24 per cent for the linear relation, has been raised to 
37 per cent for the curvilinear. The increase indicates that the linear 
relations did not express all the effect of the three independent 
variables, and that taking the curvilinearity of the regressions into 
account has added significantly to the importance of the factors con- 
sidered. With such a low determination, however, it is evident that 
there are other perhaps more important factors not yet taken into 
account. 

Measuring the net curvilinear importance of individual factors. 
No method has been devised as yet to determine the portion of the 
index of total determination which can be ascribed to each of the 
several independent factors, solely from the methods used in obtain- 



3 See pages 225 and 227. 
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ing the several regression curves themselves. The final slope and 
shape of the curves may be tested, however, by correlating the curve 
readings for each observation with the original values of the de- 
pendent factor, so as to obtain the partial regression coefficients indi- 
cated in equation (89), and explained in Chapter 22. 

*1 - <*' + &12'.3'4'[/2C^2)1 + &13^'4'[/3(-Y 3 )] + &14'.2'3'[/4 (X 4 )] 

If that is done, the coefficient of multiple correlation, measures 

the total correlation with respect to the several curvilinear functions 
(including the final adjustments) .and is therefore the index of multiple 
correlation, Pi. 234 - It is, however, still subject to the same adjustment 
for number of constants as are indexes of multiple correlation computed 
in other ways, and should therefore be corrected as follows: 

Pl.234 — 1 “■ (1 “ #1.2'3'4') (67) 

n — m 

Indexes of partial correlation can be determined with respect to 
the curvilinear regressions of the several independent variables, as 
shown in equation (89), in exactly the same way that the parallel 
coefficients of partial correlation are obtained. Since the curvilinear 
transformation relates solely to the net regression of X x on each of 
the independent variables, the meaning of the partial indexes with 
respect to the separate variables is open to some doubt. 

Summary. For curvilinear multiple regression equations it is 
possible to obtain standard errors of estimate, indexes of multiple 
correlation, and indexes of partial correlation, which serve the same 
purpose that the comparable coefficients serve for linear multiple 
regressions. Owing to the extent to which the process of fitting the 
curves may exaggerate the significance of the results, it is even more 
important to adjust the several measures with respect to the number 
of observations and numbers of constants involved than it is with 
linear multiple correlation. 
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SHORT-CUT METHODS OF DETERMINING NET REGRESSION 

LINES AND CURVES 

In problems where the correlation is fairly high, the number of 
variables is not too large, and the number of observations is rela- 
tively small (say not over 50 to 100 cases), net regression lines and 
curves may be determined by a combination of inspection and graphic 
approximation which takes only a fraction of the time required by 
the methods previously presented in detail. 1 This graphic method 
is very speedy, and in the hands of a careful worker can yield results 
almost as accurate as those obtained by the longer methods previously 
set forth. It must be used, however, with the same regard to the mean- 
ing of correlation results, to the care in selection of material, and to 
the consistency of results with those logically expected as the other 
methods. It is subject to even more severe limitations with respect 
to the sampling variability of the results obtained from successive 
samples than are the other methods. For these reasons the student 
should first become thoroughly acquainted with the preceding methods, 
and their meaning and limitations, and then use this method only as 
a more rapid procedure for obtaining substantially the same results. 

The general basis of the short-cut method is to select, by inspection, 
several individual observations for which the values of one or more in- 
dependent variables are constant, and then note the change in the 
dependent variable for given changes in the remaining independent 
variable. This process is repeated for additional groups of observa- 
tions for which the other independent variable or variables are con- 
stant (or practically so) but at a different level than for the first 

• 

group. The relation between the dependent variable and the remain- 
ing independent variable, as indicated by a series of such groups, 
approaches the net regression line or curve, since the cases have been 
selected so as largely to cancel out the variation associated with other 

1 L. H. Bean, Applications of a simplified method of graphic curvilinear correla- 
tion, mimeographed preliminary report, U. S. Bureau of Agricultural Economics, 
April, 1929; and A simplified method of graphic curvilinear correlation, Journo 
u) the American Statistical Association, Vol. XXIV, pp. 386-397, December, 1929* 
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independent variables. A first approximation line or curve is then 
drawn in by eye, and the residuals from this curve, measured graph- 
ically, are used to determine the regression for the next variable, 
cases again being selected so as to eliminate the influence of other inde- 
pendent variables. The final fit of the several lines or curves is 
tested by the same successive approximation process employed in 
Chapters 10 and 14, or by a shorter graphic equivalent of it. Since the 
initial lines or curves approach much more closely to the final net 
regressions, and since graphic transfers of residuals are substituted for 
curve reading and computation of the z% the process is much shorter 
and fewer steps are required. 

Linear net regressions. The short-cut method for linear regres- 
sions may be illustrated by the same farm-income problem utilized 
in Chapters 10, 11, and 12. The first step is to number each one of 
the observations as listed in the first four columns of Table 47, page 
199, so that they may be distinguished from one another. 

Preliminary examination of inter-relation ships. The next step is 
to make dot charts of the intercorrelations of the independent variables, 
to see how they are related. Since there are three independent vari- 
ables, X 2 , X 3 , and X 4f there are three sets of such intercorrelations — 
X 2 with X 3 , X 2 with X 4 , and X 3 with X 4 . Dot charts for these 
combinations are shown in Figure 42. In entering these charts, we 
identify each observation by its own number, for future reference. 

Examination of Figure 42 shows a moderate negative correlation 
between cows and acres and men and acres, and a slight positive cor- 
relation between cows and men. If charts such as these showed 
practically perfect correlation between any two independent variables 

all the dots clustering closely together along a line or curve — that 
would be a warning that those two variables were so closely inter- 
related that it would be difficult or impossible to untangle the separate 
effects of each, regardless of what method was used. In such a case, 
one of the independent variables should be dropped, and the regressions 
found for the other variable should be stated as the relation of the 
dependent variable to the values of the independent variable retained 
and the associated values of the independent variable which v:as ex- 
cluded. In this case, the intercorrelations are all low enough so that 
it will not be difficult to separate out the effects of each one. 2 

2 Intercorrelation among the independent variables that is high but not perfect 
re uces the speed with which the successive approximations converge toward the 
est values, those which would be found by least squares. In such cases many 
more approximations may be required to get the best simultaneous fit. 
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The next step is to chart the values of the four variables for each 
observation in succession and connect them by lines just as if they were 
entries in a time series, as shown in Figure 43. (Classifying the records 
in order with respect to one of the independent factors before taking 
this step might be advisable.) 



Acres - X 2 Acres -Xz 



Cows - 

Fig. 42. Dot charts showing the intercorrelutions of the independent 

variables, X%, Xj, and X*. 


Comparing the different lines in Figure 43, we see that variation 
in incomes appears to be more closely associated with variations in 
cows than with either of the other factors. (Dot charts of Xi with' Xo> 
x i w ith A 3 , and X i with A r 4 , might be used instead to reach this con- 
clusion.) The relation of X l to AT 3 , number of cows, for constant num j 
bers of acres and men , will therefore be examined first. 
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Determination of first approximation regression lines. From Figure 
42 we note that of the farms with the largest numbers of acres, both 
farms 2 and 10 have 3 men employed, whereas farms 13 and 17 have 
4 and 2, respectively. Accordingly we plot the cows and incomes 
for these farms on a new dot chart as shown in Figure 44, indicating 
the number of the farm represented by each dot, and using solid dots. 
The placing of these dots does not seem to indicate any marked rela- 
tion of income to the number of men ; we therefore draw in a straight 
line freehand, to fit approximately the change in income with changes 



I 3 5 7 9 II 13 15 17 19 

Record number 

Fia. 43. Acres, cows, men, and income, on 20 farms. 

in cows, as shown by these four observations. (The values may be 
taken from Table 69, page 277.) 

Turning to the small farms, on the X 2 X 4 section of Figure 42, 
we note that farms 6, 15, and 18, each with between 90 and 110 acres, 
have 1 man apiece; and farms 8, 11, and 20, with 70 to 110 acres, 
have 2 men apiece. Plotting the corresponding observations as hollow 
dots on Figure 44, again we have little evidence of any influence of the 
differences in number of men. The other small farms, 4, 5, and 16, 
are accordingly plotted, and a line, estimated graphically to pass 
through the nine observations as well as possible, is drawn in as shown. 
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Finally, it is noted that farms 7, 9, 14, and 19 all have 160 to 
170 acres, so these are plotted on Figure 44 as crosses, to distinguish 
them. The differences in the number of men are ignored at this step, 
since they have been found to have little apparent relation to the 
income in the previous cases, and a line is drawn through these last 
cases, as indicated. 

Comparing the three lines, we see that all have about the same 
slope, so a single line is drawn in to pass through the intersection of 
the averages of cows and of income, with a slope averaging the slope of 
the other three lines. This last line is the first approximation to the 
net regression of income on cows, with acres and men constant. The 

Income 


Number of cows - X 3 

Fig. *14. Income plotted against cows, on specified farms, and first approximation 

to net linear regression on cows. 

dots for the remaining farms, numbers 1, 3, and 12, are then plotted 
in, with the numbers to indicate their identity. 

For the next step, a blank chart is prepared, as shown in Figure 
45, to show the relation between acres, X 2 , and the departures of 
income, X 1} from that expected on the basis of the approximate re- 
gression on number of cows. This chart is completed by scaling off 
the vertical departure of each observation in Figure 44 from the 
approximation line, and then plotting that departure in Figure 45 
as a departure from the zero line, with the number of acres for the 
same observation as abscissa. 3 The identity of the observation repre- 
sented by each dot is again shown by its number. Here, to aid in 
identifying observations according to the other independent variable, 

3 For a convenient and speedy method of scaling off and transferring these de 
partures graphically, see pages 479 to 485. 
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solid dots have been used for farms with 1 man, circled dots for farms 
with 2, and crosses for farms with 3. The 2 farms with 4 men are also 
shown as solid dots. The relation of acres to income is now clearly 
evident (in fact, were this not a discussion of linear correlation, fitting 
a curve would seem to be justified). It is next noted that farms 4, 5, 
6, 15, and 18 have but 1 man apiece. Accordingly a line is dotted in 
to pass as near the dots for these farms as possible. Farms 2, 7, 10, 
12, and 16 have 3 men each, so a line is fitted to them graphically, 
as indicated. Farms 1, 8, 9, 11, 14, 17, 19, and 20 have 2 men each, 
so they are designated by enclosing each of them with a circle, and 
a line is fitted freehand to them. All these lines are of somewhat 
the same slope, so a final line is drawn in by eye, averaging the slope 
of the other lines and intersecting the zero line at the abscissa cor- 
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Fio. 45. Income adjusted for cows (by first approximate regression), plotted 
against acres on specified farms, and first approximation to net linear regression 

on acres. 

responding to the average number of acres. This line is the first ap- 
proximation to the regression of income on acres determined while 

holding constant the approximate effects of both cows and number of 
men. 

The next step is to prepare a chart for number of men and ad- 
justed income, as shown in Figure 46. The deviations of the indi- 
vidual observations from the approximate regression line in Figure 
45 are measured graphically, and plotted in as deviations from the 
zero line in Figure 46, with the number of men for each observation 
as abscissa. The placing of these dots indicates a tendency for in- 
come to increase with number of men. The average adjusted income 
for each number of men is determined by inspection, and indicated 
by the small circles. Then a straight line is fitted. by eye so as to 
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intersect the zero line at the average of X 4 , and fit these averages as 
well as possible. 

Determination of second approximation net regression lines. The 
next step is to check the slope of the previous approximate net regres- 
sion lines, to see if any changes are needed, now that the effect of 



Fig. 46. Income adjusted for cows and acres (by first approximate regressions), 
plotted against number of men on specified farms, and first approximation to net 

linear regression on men. 


other factors has been more accurately allowed for. To do this, the 
line from Figure 44 is drawn in on Figure 47. The deviations of each 
of the observations in Figure 46 are then scaled off graphically, and 
plotted in Figure 47 as vertical deviations from the line, with the 
number of cows, A" 3 , as abscissa. The plotting of these deviations 
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Fig. 47. Income adjusted for acres and men (by first approximate regressions), 
plotted against cows, and first and second approximations to net regressions on 

cows. 


indicates that a slightly steeper line might fit better, since it is found 
that, although in the range 0 to 2 cows, 2 dots fall below the line 
whereas 3 fall above, in the range 14 to 18, 4 out of 6 dots fall above 
the line, and in the range 6 to 8 cows, 3 of the 5 observations fall -below 
the line. Accordingly a revised line is drawn in free hand, passing 
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through the intersection of the averages of cows and income as before, 
and fitting the new dots as well as possible. The first line for the re- 
gression of income on acres is then checked in the same manner, by 
plotting the deviations from the new line in Figure 47 as deviations 
from the first approximate regression on acres (Figure 45 ). This 


Adjusted income 
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Fia. 48. Income adjusted for cows (by second approximate regression) and men 

(by first approximation), plotted against acres. 

process, carried out by graphic plotting just as before, is shown in 
Figure 48. 

The distribution of the dots in Figure 48 shows that the observations 
are so nearly evenly balanced about the line now that no further change 
in the line is necessary. It is evident that a curve would fit better than 


Income adjusted 
for cows and acres 



Fia. 49. Income adjusted for cows and acres (by second approximate regressions), 

plotted against men. 

the straight line, but for the present we are considering linear relations 
only. 

Since no change has been made in the regression for X 2 , all that 
remains is to check the first line for the regression on X 4 , using the devia- 
tions from the line in either Figure 47 or in Figure 48. Plotting these 
deviations graphically as before, above or below a line with the same 
slope as in Figure 46, gives the result shown in Figure 49. Since this 
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figure shows no significant change from Figure 46, the line is left 
unchanged, and the lines on Figures 47, 48, and 49 are accepted as 
giving the approximate values for 613.24, 612.34, and 6 i 4 . 23 , respectively. 
If the increases in income per unit change are calculated from these lines 
they come out 29.2 dollars per cow, 1.34 dollars per acre, and 52.7 dollars 
per man, as contrasted to the exact values of 26.3, 1.21, and 50.3, 
worked out in Chapter 12. Although the values are not identical, they 
are quite close — so close, probably, that the differences between them 
have no statistical significance in view of the s mall number of observa- 
tions on which they are based. (If a larger number of succesive 
approximations were used, and the average residuals were computed 
at each step as a guide to the new lines, the final values would come 
even closer to the exact values.) 

Estimating values of dependent variable. The estimated income 
may now be worked out for each farm, either by taking readings 
directly from each curve or by substituting the approximate values 
found for the regression coefficients in equation (39) to determine a, 
and then working out the estimates mathematically. In either case, 
the correlation and standard error could be computed only by work- 
ing out the estimated values, calculating the residuals and their stand- 
ard deviation and substituting those in equations (42) and (48). The 
process of computing the estimates by using values read directly from 
the figures is shown in Table 69. 

Calculating standard error of estimate and multiple correlation. 
The standard deviation of the z’s computed in Table 69 is 69.06. 
By substituting this value in equations (42) and (48), the standard 
error of estimate and the multiple correlation work out as follows: 


r>2 _ 

‘> 1.234 ~ 


TUT' 


7i — m 


20(4,632) 

16 


= 5,790 


$1,234 — 76.09 



0.798 


The new standard error of $76.09 compares with that of $74.65 
obtained by the regular least-squares method, and the multiple corre- 
lation of 0.893 by the approximation method compares with the value 
0.898 obtained by the more exact method. As indicated by these 
slightly lower coefficients, the approximation method is not quite so 
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precise, yet for most practical purposes the results are nearly the 
same. 4 

The short-cut method applied to curvilinear regressions. The 

greatest usefulness of the short-cut method is in determining net 
curvilinear regressions. Since the method of successive graphic ap- 


TABLE 69 


Calculation of Estimated Income from Linear Regressions Determined by 

Approximation Method 


Num- 

ber 

x 2 

Acres 

x 3 

Cows 

*4 

Men 

Xi 

Income 

MX)t 

MX 3 ) 

MXa) 

X[ 

1 

60 

18 

2 

960 

-106 

1,134 

-11 

1,017 

2 

220 

0 

3 

830 

+ 110 

612 

+42 

764 

3 

180 

14 

4 

1,260 

+ 56 

1,022 

+94 

1,172 

4 

80 

6 

1 

610 

- 80 

789 

-62 

647 

5 

120 

1 

1 

590 

- 26 

641 

-62 

553 

6 

100 ' 

9 

1 

900 

- 52 

876 

-62 

762 

7 

170 

6 

3 

820 

+ 43 

789 

+42 

874 

8 

110 

12 

2 

880 

- 39 

964 

-11 

914 

9 

160 

7 

2 

860 

+ 29 

818 

-11 

836 

10 

230 

2 

3 

760 

+ 123 

670 

+42 

835 

11 

70 

17 

2 

1,020 

- 93 

1,110 

-11 

1.006 

12 

120 

15 

3 

1,080 

- 26 

1,051 

+42 

1,057 

13 

240 

7 

4 

960 

+ 136 

818 

+94 

1,048 

14 

160 

0 

2 

700 

+ 29 

612 

-11 

630 

15 

90 

12 

1 

800 

- 66 

964 

-62 

836 

16 

110 

16 

3 

1,130 

- 39 

1,080 

+42 

1,083 

17 

220 

2 

2 

760 

+ 110 

670 

-11 

769 

18 

110 

6 

1 

740 

- 39 

789 

-62 

688 

19 

160 

12 

2 

980 

+ 29 

964 

-11 

982 

20 

80 

15 

2 

800 

-80 

1,051 

-11 

960 


- 57 
66 
88 

- 37 
37 

138 

- 54 

- 34 
24 

■ 75 

14 

23 

88 

70 

36 

47 

9 

52 

2 

160 


proximations presented in Chapter 14 also depends on the convergence 

of successive approximate curves, the short-cut method secures results 

which are exactly as reliable, at a great saving of time. 

% 

4 In fact, the differences between the values obtained by exact solution and 
those obtained by the approximation method are no larger than might readily 
occur by chance if the mathematical analysis were repeated on a second sample of 
the same size, to judge from the standard errors of the three regression coefficients, 
when computed by the methods explained in Chapter 18. 
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The procedure will be illustrated by a problem of four variables. 
The same method may be applied to larger or smaller problems equally 
well. 

The data to be considered are: 


TABLE 69A 


Data for Short-Cut Method of Determining Regression Curves* 


Year 

*4 


1920 

1921 

1922 

1923 

1924 

1925 

1926 

1927 

1928 

1929 

1930 

1931 

1932 

1933 

1934 

1935 

1936 

1937 


Cost per ton of 
finished steel 


Dollars per ton 

72.3 

78.5 

57.9 

63.0 
63.7 

62.9 

60.3 

59.6 
55.2 

51.5 

58.6 

65.6 

81.4 

65.0 

64.6 

65.4 

61.1 

65.6 


Proportion of capac- 
ity operated 
* 2 


Per cent 

88.3 

47.5 

71.3 

88.3 

69.0 

78.4 

88.0 
78.9 

83.4 

89.2 

65.6 
38.0 

18.3 

28.7 • 

31.2 

38.8 

59.3 
71.2 


Average hourly 
earnings 
X 3 

Cents per hour 

77.5 
60.2 

58.5 

67.0 
70.8 

70.3 

70.8 

71.3 

71.8 

72.5 

73.2 

70.8 

61.0 

59.0 

70.0 

73.0 

74.0 

86.0 


* The data are calculated from regular published reports of t lie U. S. Steel Corporation. See 
Kathryn H. Wylie and Mordecai Ezekiel, The cost curve for steel production. Journal of Political 
Economy, Vol. XLVIII, pp. 777-821, December, 1940. 


Data for 1938 and 1939 are also available, but we shall disregard 
them until the analysis is completed, and then use them for checking 
the results. 

Logical relation of the variables. These data are from a study of 
the relation of volume of steel output to cost per ton. The qualitative 
examination of the problem (see discussion in publication cited in the 
footnote to Table 69A) indicated that changes in wage rates might be 
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expected to have a relative, or multiplying, effect upon the cost for a 
given output, so that the relation might best be examined in terms of: 

log Xi = / 2 CX 2 ) + / 3 (X 3 ) 

Also, the qualitative examination revealed that major changes in 
technical methods of production, especially the beginning of the sub- 
stitution of continuous-strip mills for hand mills, had taken place 
during the period under consideration, and that these improvements 
in technology might need to be included, either directly as a labor- 
efficiency factor or, indirectly, as a trend factor. 

To simplify this illustrative presentation,- the data will be used 
in absolute values, instead of using the logarithms. The charts will be 
examined for indications of multiplying relationship, however, since 
(as is shown in detail on page 296) this graphic method can also be used 
to spot the presence of such non-additive relations. 

• Conditions on the curves to be drawn. Before proceeding to the 
statistical steps in the examination of these data, the types of curves 
logically expected and the resulting conditions to be placed upon the 
shapes of the curves to be obtained must also be considered. Without 
going into the underlying technical reasons (presented more fully in 

the original study), let us assume that the following conditions will be 
imposed: 

On the net relation of cost to capacity: 

1. The curve may fall, at a declining rate, until a minimum is 
reached, and may then increase gradually after that minimum is 
passed. No points of inflection are expected. 

On the net relation of cost to wages: 

2. The curve will rise steadily, possibly at an increasing, rate with 
higher wages, but otherwise will be fairly uniform — that is, will be 
either a straight line or a shallow curve concave from above. There 
should be no inflections. 

On the net relation of cost to the time elements (efficiency, etc.) : 

3. The curve will tend to decline, perhaps slowly at first and then 
more and more rapidly as new techniques are introduced. There might 
also be irregular changes reflecting the changes in general price level 
(and in various purchased materials and services other than labor) 
during the period under examination, especially in the early 1920’s and 
after 1929. (Note how this trend factor lumps together labor efficiency, 
price levels, and perhaps other factors, each of which might be given 
separate consideration in a more elaborate investigation.) 
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Preliminary examination of inter-relationships among the inde- 
pendent variables. As before, the inter-relationships of the several 
independent variables (including time for the trend factor) must be 
examined before the short-cut approximations can be begun. These 
are presented m Figure 50, the years being used to designate the 
observations. After the dots were located, the successive years were 
connected by a light line, making it possible to consider the relations 

° (rr] 4 tlme to anc * ^ 2 ’ as we ^ as of X 2 to X 3) all on this one chart. 
(This same method could be used even in non-time-series data by first 

classifying the data on the ascending values of one independent vari- 
able. Successive observations, by number, would then indicate in- 
creasing values for that variable.) 

Wages 



50. ages and pei cent of capacity operated, with successive observations 
connected to indicate shift in the X 2 X 3 relationship with time. 

Examining first the location of the dots in Figure 50, without 
legal d to their sequence, a moderate intercorrelation between wages 
(A r 3 ) and rate of operations (A r 2 ) is evident. No low values of X 2 
are found, except together with low values of X 3 . In the higher ranges 
o A 2 the values of A r 3 fan out more, varying from quite low to quite 
ugh. Apparently there is enough independence in the occurrence of 
the two variables to permit of fairly good separation of their effects. 

W hen examined with regard to time, however, the independence is 
not so good. The low wages at high output all occurred in one period — 
19~1 to 1923. The marked positive correlation of wages and operations 
from 1930 to 1937 is also a correlation with time, both generally de- 
clining from 1930 to 1933, and both rising from 1933 to 1937. Since 
ns v a s the period when technological changes were greatest, it may 
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be difficult to disentangle the time or trend elements here, reflecting 
these technological changes, from the effects of the associated advances 
in output and in wages. We shall have to be on guard for this as we 
proceed with the analysis. 

Looking for groups of observations which hold the other factor 
constant, we note on Figure 50 that there were a considerable number 
of years when wages 5 fell between 70 and 75 cents per hour. These 
observations for these years may be used to hold wages substantially 
constant, while the data are examined for the apparent effects of 
operation rate and time. 

Determination of first approximation curve for first independent 
variable . The observations for the years with wages of 70 to 75 cents 
are accordingly plotted on Figure 51 with percentage capacity operated 
(X 2 ) as the abscissa and cost per ton (Xi) as the ordinate. 6 After 
the dots are plotted, successive observations (when they occur in this 
group) are connected by light dotted lines. This enables us to examine 
the relation of cost to operation rate and time while holding wages 
constant. 

These observations indicate at once a marked negative correlation 
between operation rate and cost. The data from 1924 to 1929 suggest 
a rapid fall in cost for a given rate, especially from 1927 to 1929. Ap- 
parently there was some further decline from 1931 to 1934, but the 
data for 1935 to 1936 fall almost precisely on those for 1930 to 1931. 
(However, examination of Figure 50 shows that wages were slightly 
higher in this latter period, which might obscure the trend factor at 
this point.) No curve is indicated as yet. Accordingly, a line is drawn 
in lightly, as indicated, to show the relation of cost to operation rate 
for these observations, with the trend factor also considered. 7 

5 “Wage rates per hour” is quite a different thing from “average earnings per 
hour employed,” since the latter is a weighted figure reflecting all changes in the 
composition of the labor force. The latter is the figure used here (note Table 69A), 
since an average wage-rate figure was not available. For brevity, however, the 
term “wages” will be used here to describe the data, even though that is not the 
technically correct designation. 

6 Great care should be exercised in plotting these values, as their exact location 
becomes the basis for all the successive graphic transfers. Chart paper of adequate 
size to separate the dots should be used. 

7 By drawing this line parallel to the lines connecting successive years, nil trend 
ia eliminated except the one-year change. If the line were tilted slightly steeper 
than the line connecting successive years, that would provide an approximate cor- 
rection for the year-to-year change, also. With the uncertainty of trend effects 
after 1931, however, that was not done here, but was left for subsequent approxi- 
mations to clarify. 
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The observations for years of very low wage rates — 1921, 1922, 
1932, and 1933 are next plotted, and consecutive years again con- 
nected by dotted lines. Both show exaggerated drops in costs with 
increases in output. Only 1933 shows a cost lower than might be 
expected from the observations previously plotted. If 1932 were also 
to show a cost below the usual relation, the regression curve would 
have to swing up sharply, so as to pass above it. The high value for 

Cost per ton 



Proportion of capacity operated 


Fi°. Cost per ton and per cent of capacity operated, and first 

approximation to fo(Xo). 


1921 may be ignored for the moment, as possibly reflecting the high 
price levels at the end of the first World War inflation. 

The two years of high wages — 1920 and 1937 — and the one remain- 
ing year of moderately low wages, 1923, are next plotted. The dot 
for 1937 falls above the other observations, and that for 1920 much 
higher still, apparently confirming the unusual (trend?) factors affect- 
ing the position of the 1921 observation. Similarly 1923 is fairly high, 
despite its moderate wage rate, as compared to subsequent years. 

The evidence as to wage rates, to this point, sums up as follows: 
1920 to 1923 all show relatively high costs (with the exception of 
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1922). Apparently trend elements outweighed the effects (if any) 
of the low wages in 1921 and 1923. With low rates, 1933 shows quite a 
low cost for the low rate of output, whereas 1932, with somewhat 
higher wage rate, shows a much higher cost. Apparently the fall in 
output to near zero increases cost very greatly per unit. On the 
basis of these considerations, a curve could be drawn in as the first 
approximation, extending the previous line but bending it up to pass 
well above 1932, with its low wage rate. With only one or two observa- 
tions to support that bend at this stage, it seems best to be more 
conservative until the other factors have been more definitely allowed 
for, and until the evidence for a curve (if any) is more clearly estab- 
lished (even though a curve of declining costs was expected.) 

Accordingly the straight line previously drawn in lightly is ex- 

as the first approximation toward the net regression, 
f'i (-^ 2 )- (1^ a curve had been clearly indicated by the examination of 
the data as described above, it would have been drawn in at this point, 
thus starting the successive approximations from a curve instead of 
from a straight line.) 

Determination of first approximation curve for second independent 
variable. The next step is to examine the relation of costs, as now 
approximately corrected for the relation to operation rate by f! 2 (X 2 ), 
to wages and time. Accordingly, the vertical departures of the dots 
on Figure 51 from the line of /'(X 2 ) are scaled off, and are plotted in 
Figure 52. 8 The departures are plotted as ordinates, with the values 
of X 3 , wages, as abscissas. If the fourth variable, X 4 , were not a time 
series, or not arranged in order, it would be necessary to group these 
observations according to its value, also, as was done in plotting 
Figure 51. Since the numbers of the successive years indicate the 
successive values of X 4 , that is not necessary. After the dots are all 
plotted, the successive years are connected by a light dotted line, to 
aid in separating the trend influences from that of wages. 

If the dotted line to the successive years is followed, it is apparent 
that there was a general downward trend in the adjusted costs. The 
years 1920 and 1921 appear on one level, the years 1922 to 1927 on a 
lower level, and the years from 1928 on (with the exception of 1932) 
on a still lower level. In each of these groups of years there is a 
positive relation between adjusted costs and wages, as indicated by the 
light lines drawn through each group. Only the last group has any 

8 As with the linear short-cut method, the job of making these readings and 
transfers can be made swifter and more accurate by using the technique outlined 

on pages 479 to 485. 
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indication of a curve. Even there, the curve depends entirely on the 
position of the two extreme observations, one at each end. Here, how- 
ever, the lower portion of this curve parallels, almost exactly, the lines 
indicating the apparent positions for the two other groups, which in 
turn lie mainly on the left half of the lower group of observations. 
Furthermore, the shape of the curve — shallowly concave — is consistent 
vith that logically expected. Accordingly, a shallow curve passing 
through the center of the observations is drawn in, approximately 
paralleling the apparent lines and curve representing the relations for 
the three groups. The succeeding successive approximations will show 
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Fio. 52. V ages and cost per ton adjusted to average operation rate on the basis 
of the first approximation, and first approximation to / 3 (A r 3 ). 

whether this curve is justified or whether a straight line should be 
substituted. 

Determination of first approximation curve for third independent 
vanable. The next step is to examine the relation of costs, now ap- 
pioximately adjusted for both wages and operation rate, to time. Ac- 
cordingly, the vertical departures of the dots on Figure 52 from the 
cuive / 3 (A 3 ) are scaled off, and are plotted in Figure 53. Again the 
departures are plotted as ordinates, with this time the values of X± 
as abscissas. Since this is the last independent variable to be con- 
sidered, it is not necessary to group the observations with respect to 
ain other variable but all can be plotted and examined as a whole. 
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Figure 53 shows the resulting chart. Connecting the successive years 
makes it easier to study the type of trend present. 9 

Except for the single wide departure in 1932, Figure 53 indicates 
a definite downward trend from the beginning, tapering off about 1930 
and running flat or gradually rising thereafter. Taking midpoints 
between each pair of observations (indicated by the crosses) helps to 
locate the approximate level of this trend. The one extreme departure, 
1932, is disregarded in the process. Its position in Figure 51, at the 

x 2 )-f 3 'a 3 ) 

Cost adjusted for 



Year-Xj, 

Fio. 53. Time and cost per ton adjusted to average operation rate and wages, 
on the basis of the first approximation curves, and first approximation to 


extreme end of the line, meant that its adjustment for X 2 was in doubt. 
A smooth curve is then drawn in, declining to about 1930, and running 
flat thereafter. The rising trend indicated by the observations for 1936 
and 1937 is left for subsequent approximations to confirm. In general 
iv is unwise to give an extra “twist” to a regression curve simply on 
the evidence of one or two observations. 

°If joint functions are suspected (see Chapter 21) the data might again be 
grouped for values of X2 and X3, in plotting Figure 53 . If these groups showed 
varying relations to X4, even after the approximate relations to X2 and X3 had 
now been eliminated, that would indicate the presence of a joint relation. Note 
Figure 57, and the discussion on pages 296 to 299 of this chapter. 
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Determination of second approximation curve for first independent 
variable. V e now have determined first approximation lines or curves 
to the net regressions of X! on X 2 , X 3 , and X 4 . The departures of 
the dots on Figure 53 from the regression line /' (X 4 ) are the residuals, 
2 , from this first set of curves. The remaining steps involve the 
graphic transfer of these residuals to each curve in turn, the correc- 


Cost per ton 



Fin. 54. Per cent of capacity operated, and cost per ton unadjusted and adjusted 
to av eiage values of other variables, and second and third approximations to { 2 (^ 2 )* 

tion of each curve on the basis of the fit of the new residuals, and in 
tinn the transfer of the newly corrected residuals to the next curve, 
and ^0 on until no further change is indicated in any of the curves. 
Oidinaiily the residuals from Figure 53 would be plotted back on the 
oiiginal curve for X 2 , Figure 51. To show the process clearly, however, 
the dots and the first approximation curve for /' (X 2 ), from Figure 51, 
are reproduced again as Figure 54. 
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The vertical departures of the dots on Figure 53 from the approxi- - 
mation curve, / 4 (X 4 ), are then plotted on Figure 54 as departures 
above and below the regression line, f' 2 (X 2 ) t with the corresponding 
values of X 2 as abscissas. To prevent confusion with the original values 
shown as solid dots, the corrected values are indicated as hollow dots. 

It is at once apparent, on inspection of Figure 54, after the cor- 
rected values are all plotted in, that the new values show much les 3 
scatter than the original values. Closer inspection reveals that every 
one of the adjusted observations below 60 per cent of capacity falls 
above the first approximation line, with a single exception. In the 


Cost - adjusted for other variables 



Fio. 55. Wages, and cost per ton adjusted to average values of all other 
variables, and second and third approximations to / 3 (X 3 >. 

range from 60 per cent to 80 per cent, three cases fall below the first 
approximation line (two widely) and three slightly above, indicating 
in this range that the new line should be lower than before. The five 
observations above 80 per cent fall two below, two about the same 
distance above, and one right on the line, indicating that the position of 
the line here is about correct. These departures confirm the sugges- 
tion previously given by the 1932 value in Figure 51 that the regression 
should be a curve, concave from above. This accords, also, with the 
logical conditions originally imposed on this relation. Accordingly 
such a curve is drawn in freehand, passing as near as possible through 
the^ averages of the adjusted values in each successive group. (To 
facilitate drawing the curve, the average of the residuals in successive 
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-ranges of 10 to 15 units of X 2 are estimated graphically and drawn in 
as hollow squares.) 

Determination of second approximation curve for second inde- 
pendent variable. The vertical departures of the adjusted values 
(the hollow dots) above or below the second approximation curve, 
f ~2 (X 2 ), are next scaled off graphically and plotted as ordinates from 
the values of the f 3 {X 3 ) curve, as zero, with the corresponding X 3 
values as abscissas. This is generally done on the original X x X 3 chart 
(Figure 52). For clarity, however, the curve of Figure 52 is here 
reproduced on Figure 55, and the departures from Figure 54 are trans- 
ferred to this new chart. The four observations around 60 for X 3 
average definitely below the line; both the next group up to 72.5 and 
the next group 72.5 up to 75 average slightly below, whereas the single 
obsei\ation above 85 falls above the line. These averages are indi- 
cated by squares on Figure 55. 10 The single high observation at the 
end alone would not be enough to indicate a change in the curve, but 
it is consistent with the group averages, which indicate the need for 
a slightly steeper curve than the original one. Accordingly this new 
cune is drawn in, approximately through the group averages, but 
still conforming to the conditions stated on page 279. To this point 
none of the relations, as indicated by the data, has differed sufficiently 
from the shapes logically expected to require any reconsideration of 

the logical analysis from which the conditions limiting the shapes to 
be drawn were derived. 

Dctci mination of second approximation curve for third independent 
variable. The same process is used in determining the second approxi- 
mation for the next variable. The vertical departures of the dots on 
Figure 55 above or below the second approximation curve, f' 3 '{X 3 ), 
shown as a dashed line, are scaled off and plotted as departures from 
the / 4 (A 4 ) curve, with the corresponding X 4 values as abscissas. Again 
a new chart is prepared, Figure 56, with /;(Z 4 ) reproduced, although 
the oiiginal chart, Figure 53 (on page 285), is still clear enough so that 
these new values could readily have been plotted upon it. Again, 
as the observations are equally spaced in time, a continuous light line 
is diawn in, connecting the successive observations. 

If the curve were any ordinary function — anything except a trend 
allowance for a number of unrepresented factors — there w'ould be little 
c\ idence, from the dots in Figure 56, for any further change in the 
fitted curve. Since it is a trend allowance, however, and was ex- 

Tho>e averages have been estimated graphically, by the technique explained 
on page 485. 
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pected to be irregular on logical grounds (note the conditions stated on 
page 279), more flexibility may be in order. Comparing Figure 56 
with Figure 53, we see that the observations have been changed only 
slightly by the further adjustments for f 2 (X 2 ) and / 3 (X 3 ). The 
individual observations on both charts show a pronounced fall from 
1920 to 1924, a flattening out then for three or four years, then another 
fall to 1929. Between 1923 and 1927, Figure 56 shows that 4 out of 5 


Xrfz(X z )-fJ(X s ) 

Cost adjusted for 
operation rate and wages 



Y ear-X^ 

Fio. 56. Time, and cost per ton adjusted to average operation rate and wages on 
basis of second approximation curves; and second approximation to fi(X.i). 

i 

observations fall above the f[(X 4 ) line, whereas, between 1928 and 
1935, 6 out of the 8 observations fall below the line. These departures 
indicate that some changes in the first curve are justified. It is ap- 
parent that these changes would not be inconsistent with the possible 
composite effects of price-level changes and a general downward trend 
In production efficiency. The sharp fall from 1920 to 1924, however, 
largely reflects the two high observations for 1920 and 1921, offset 
somewhat by a very low observation in 1922. Accordingly, the trend 
may be interpreted as moderately downward from 1920 to 1926, more 
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sharply downward to about 1929, then gradually tapering off to a low 
about 1933 or 1934, and rising gradually thereafter. A more flexible 
trend is therefore drawn in according to these general changes but not 
following single observations to the extremes of their departures. 11 

Determination of third approximation curves. The same process 

as before is now repeated, plotting the departures from /"(AT 4 ) around 

the f 2 (X 2 ) curve, with X 2 values as abscissas. This time the new 

departures shown on Figure 56 are plotted back on the previous chart, 

Figure 54. Crosses are used for the new departures, to distinguish them 

from the previous values shown as hollow dots. To prevent confusing 

the chart, the observation (year) number is not shown with the cross, 

except where there are two or more observations with about the same 
X 2 value. 

Examining the location of these new crosses on Figure 54, we 
notice that, for every observation with a value below 50 for X 2) the 
cross is one to one and one-half units (of X x ) higher than the cor- 
responding dot. For values of X 2 above 50, however, the crosses fall 
alternately above and below the corresponding dots, with the averages 
of the crosses hitting just about the curve. This pattern indicates that 
the f 2 {X 2 ) curve should be raised somewhat below 50, to be still 
steeper. Accordingly, a new curve is drawn in, changed as indicated, 
to pass as near as possible through the group averages of the crosses 

(as graphically estimated) and yet conform with the logical limitations 
on its shape. 

The vertical departures of the crosses from the new curve, /'" (X 2 ), 
aie then carried forward to Figure 54, as departures from (X 3 ). 
Again ciosses are used to represent the new values. 

Inspection of Figure 55, after the crosses are inserted, discloses 
a different situation from that in the previous chart. In the left por- 
tion of Figure 55, for values of X 3 below 65, the crosses fall very close 
to the coi responding dots, with no change for the average. In the 
right-hand portion, for values of X 3 above 75, the crosses also fall 
above and below the corresponding dot. Between 65 and 75, however, 
a number of the crosses fall a considerable distance below the cor- 
lesponding dot, so that out of the twelve observations in this range, 
six crosses fall slightly above the /" line and six fall a considerable 
distance below. This pattern indicates that the /" curve should be 
made more sharply concave, without changing the elevation of either 

11 0nl - v in rare instances would a curve with this much flexibility be justified, 
n I us particular case its use is in line both with the theoretical analysis and the 
resulting conditions imposed on the shape of the curve. 
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end. A' new curve is therefore drawn in to correct this, through the 
group averages of the crosses. (To prevent confusion, these averages 
are not shown on Figure 55.) The sharp lift in the last portion of this 
curve is dependent only upon the two observations, 1920 and 1937. 
However, the shape of this part of the curve is consistent with the 
logical limitations and with the other observations. Except for these 
two observations, a straight line would fit the crosses almost as well as 
the curve. The evidence for the existence of a curve, or for its exact 
shape, is thus very uncertain, as the data are distributed here. 12 

If the /'"curves are compared with the /" curves on both Figure 5 4 
.and Figure 55, it is evident that we have determined the shape of these 
curves about as well as we can with the data at hand. Even with the 
material change in the trend by using the much more flexible curve 
of (X 4 ), the differences between the /" curves and the /'" curves 
for X 2 and X 3 are insignificant. However, to complete the process 
we carry the final residuals, the departures of the crosses on Figure 55 
from the /'" (X 3 ) curve, over to Figure 56, as departures from the trend 
line /" (X 4 ). 

There is no improvement in the average closeness of the crosses to 
the trend line, /" (X 4 ), as a result of the slight changes in / 2 and / 3 . 
The general characteristics of the trend, as fitted by the previous 
flexible curve, remain the same. From 1923 to 1930, every cross falls 
slightly above the corresponding dot, suggesting the possibility of a 
slightly better fit if the trend was raised a little in this portion. The 
single high value in 1932 continues to stand out, alone and unexplained. 
It seems hard to justify it on any trend basis. We could eliminate 
the wide departure for 1932 by twisting the lower end of f 2 (X 2 ) up 
sharply to pass through this single observation. In the absence of 
confirmatory evidence from another such low year for percentage of 
capacity operated, this would be a risky assumption. 

Although it would be possible to modify the trend further, as sug- 
gested in the preceding paragraph, it seems best to let it stand un- 
changed. In view of the slight changes in the f 2 and / 3 curves in the 
last approximation, we end the successive approximation process at 
this point, feeling we have carried the process about to the point of 
diminishing returns in increased accuracy. 

It should be noted, in Figures 54, 55, and 56, that the final curves 
at the end of the approximation process differ significantly from the 

12 See page 338 of Chapter 18 for the sampling reliability of the portion of a 
curve determined by such extreme observations, where the theory of random sam- 
pling may be properly applied. 
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first approximations only in the case of f 2 (X 2 ). Almost the same 
flexible trend of /" (A” 4 ) could have been drawn in the first approxima- 
tion on Figure 53. The closeness with which /' (A r 3 ), /' (X 4 ), and 
f'i ( X ^ approximate the final curves is an indication of the great 
power of the graphic method in making a rapid approach to the under- 
lying relations. The routine of comparing selected observations for 
which the values of the other independent variables are constant, or 
almost so, and judging the net relations from these selected com- 
panions provides a much closer initial approximation to the final 
curves than does the initial assumption of linear net regressions, used 

as the starting point in the successive approximation process presented 
in Chapter 14. 

(For an exercise, the student might take the example which has 

just been analyzed and determine the net regression curves by the 

method of Chapter 14, using the same limitations on the shape of the 

curves as used here. That will enable him to compare the relative 

speed and effectiveness of the two methods in approaching the final 
curves.) 

As already noted the intercorrelations among X 2 , X 3f and X 4 were 
only moderate in this case. In a problem where the intercorrelations 
among the independent variables were quite high, the improvement 
in the fit of the several regression curves as a result of the successive 
approximation process might be more? marked than it was in the ex- 
ample just completed. In such a case the convergence toward the 
curves of best fit will be slower than where the intercorrelations are 
low, and a larger number of successive approximations will be re- 
quired to determine the final curves. 

If, after several approximations have been made, the new curves 
stait swinging up and down over curves previously determined, the 
approximation has probably been carried far enough. Especially where 
the intcrcorrelations for two independent variables are very high, a 
rise in the slope of one curve will cause a fall in the slope of the other. 
In such a case the exact position of each of the two curves is inde- 
terminate, and the zone within which the last two or three approxi- 
mations vary will indicate something of the uncertainty as to the 
exact shape or location of each curve. As will be shown later (Chapter 
LS), the reliability of any net regression line or curve varies inversely 
with the extent to which the particular independent variable is cor- 
l elated with the other independent variables. Where two variables 
are so closely correlated that the relation to the dependent variable 
ma\ be ascribed to either independent variable or parceled out be- 
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tween the two, their individual effect is indeterminate. Only by secur- 
ing a large enough sample can the true influence of each be judged. 
When -a large enough sample cannot be secured, that is the inherent 
fault of the data and not of the method employed. When used with due 
regard to the logical significance of the curves obtained, any one of 
the several methods will tend to give results whioh are substantially 
the same — that is, which lie within the range of possible accuracy 
imposed by the facts of the particular sample. 

' Determining standard error of estimate and the index of multiple 
correlation. The standard error of estimate may now be determined 
by first computing the value of This can be done most simply 

by scaling off, on Figure 56, the departures of the last adjusted values 
(the crosses) from the final trend curve. These departures are the z"”s. 
Any errors which have been made in any of the successive graphic 
transfers will accumulate in these residuals. A more exact check can 
be made by reading off the estimated values for each observation from 
the final curves and adding them up to calculate the estimated X”' 
and z "’ , according to the same method used in Chapter 14. The 
z"' values as computed in this manner should agree closely with the 
2 ,,0 s scaled from the final approximation chart. These calculations 
are shown in Table 69B. 

Column 10 of Table 69B gives the residuals as scaled off from the 
last approximation curve on Figure 56. Column 9 gives the residuals 
as computed in the usual way from the several curve readings. It is 
evident that the two columns agree very closely, the largest difference 
being only 0.4. This is an indication of the degree of accuracy main- 
tained in the successive graphic transfers. In this case graph paper 
8 by 10 inches was used in preparing the charts for Figures 51 to 56, 
and each of the transfers was double-checked. If higher accuracy 
in the mechanical process is desired, a still larger scale could be em- 
ployed. 

Taking the residuals in Column 9 as the most accurate, we may 
now calculate their standard deviation (around their own mean). It 
works out at 2.88. This compares with a standard deviation for Xi 
of 7.19. 

Before computing 5i./ (2t 3i 4 > and Pi. 234 , we need the values for n 
and m. A simple parabola or hyperbola with two constants would 
probably represent f 2 (X 2 ) and Jz\Xz). However, f 4 (X 4 ) with its 
two inflections would probably require at least three constants. In 
addition, there is an a constant, represented by the mean of the z'" ’s. 
Altogether, then, it would probably take eight constants to fit mathe- 
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matical curves to the regression functions graphically determined. 

Accordingly, n =18 and m = 8. With these values, we can now 
compute S and P by equations (65) and (66.2). 

— ty -M/r 2 . lo/ooo2 

' S l./(2,3.4) = 


na z tr 


18(2. 88 2 ) 


n — m 

^1/(2, 3. 4) = 3.86 


18-8 


= 14.9299 


p 2 

1 .234 


_ 2 ^i /(2.3.4) / n — l \ ^ 14.! 

A \ n ) ~ ~ "(7.19) 2 1,18 


14.9299 / 17 


= .7272 


Pi. 234 = 0.85 


TABLE 69B 

Calculation of Estimated X x from Final Regression Curves 


Year 

*4 

(1) 

A' 2 

(2) 

x 3 

(3) 

1920 

88 . 3 

i ! . 5 

1921 

47.5 

60.2 

1922 

71.3 

58.5 

1923 

88.3 

67.0 

1924 

69.0 

70.8 

1925 

78.4 

70.3 

1926 

88.0 

70.8 

1927 

78.9 

71.3 

1928 

83.4 

71.8 

1929 

89.2 

72.5 

1930 

Go 6 

* 73.2 

1931 

38.0 

70.8 

1932 

18.3 

61.0 

1 933 

28.7 

59.0 

1934 

31.2 

70 0 

1935 

38 . 8 

73.0 

1 936 

59.3 

74.0 

1937 

712 

86.0 


(4) 


(5) 


57.1 

67.8 

60.5 

57.1 
61.0 

59.1 

57.2 

59.0 
58. 1 

57.0 

61.9 

72.2 

84.6 

77.3 
75.8 

71.7 

63.5 

60.5 


4.9 

- 1.8 

- 2.1 

-0.3 

1.0 

0.8 

1.0 

1.2 

1.4 

1.8 

2.2 

1.0 

-1.7 

- 2.0 

0.7 

2.0 

2.6 

11.0 


f*C 

(6) 

2(/2+/j 

+/i) = x[" 

(7) 

Xi 

(8) 

r'" 

(8-7) 

(9) 

Z"' 

* 

(10) 

9.7 

71.7 

72.3 

0.6 

0.9 

81 

74.1 

78.5 

4.4 

4.4 

6.5 

64.9 

57.9 

-7.0 

-7.0 

4.9 

61.7 

63.0 

1.3 

1.5 

3.4 

65.4 

63.7 

-1.7 

-1.8 

1.9 

61.8 

62.9 

1.1 

0.8 

0.3 

58.5 

60.3 

1.8 

2.1 

-1.6 

58.6 

59.6 

1.0 

1.3 

-3.7 

55.8 

55.2 

-0.6 

-0.5 

-5.4 

53.4 

51.5 

-1.9 

-1.7 

-6.3 

57.8 

58.6 

0.8 

1.0 

-6.9 

66.3 

65.6 

-0.7 

-0.7 

-7.3 

75.6 

81.4 

5.8 

5.9 

-7.5 

67.8 

65.0 

-2.8 

-2.8 

-7.4 

69.1 

64.6 

-4.5 

-4.1 

-7.0 

66.7 

65.4 

-1.3 

-1.1 

-6.4 

59.7 

61.1 

1.4 

1.3 

| -5.4 

66.1 

65.6 

-0.5 

-0.8 


* These are the values of r'" scaled off from Figure 56 

The multiple con elation 0.85 is still close, even after the adjust- 
mcn 01 the number of observations and constants. The standard 
error of estimate works out at $3.86 per ton. This indicates that if it 
veie possi )lc to measure this same relationship between other factors 
am costs iom a very large sample drawn from the same universe, 
ie enoi.s in estimating steel costs for the observations in that large 
sample would probably have a standard deviation of $3.86. 13 

for fho n pa ? fS Chapter 19 for the errors of individual forecasts and 

foi the application of error formulas to time series. 
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Estimating cost for new observations. . We can now use the data for 
1938 and 1939, which we have disregarded to this point, to work out 
estimates for those years from the regression curves, by the same 
process shown in Table 69B. The values are: 


Year 

x 2 

*3 

f2(X 2 ) 

f"kx 3 ) 

f'iiXt) 

XT 

* 

*1 

2"' 

1938 

1939 

36.2 

60.7 

90.0 

89.7 

73.0 

63.1 

14.5 

14.2 

-4.3 

-3.0 

83.2 

74.3 

80.5 

76.0 

-2.7 

1.7 


Just as in the similar example in Chapter 14, it is necessary to 
extrapolate two of the regression curves beyond the base data in 
making this estimate for subsequent years. In spite of the additional 
possibility of error which this introduces, both of the new estimates 
show residuals no larger than g\ /(2 34) . This indicates that the 
changes in steel costs during these next two years were in general 
related to the same factors as during earlier years and to about the 



two new observations to the original data, and re-analyzing the re- 
sulting sample of twenty observations.) If the trend or other factors 
were extrapolated much further, or if a sudden change in the conditions 
surrounding the industry were to occur, much larger errors of estima- 
tion might be experienced. 

Restating short-cut results for publication. The same methods 
described on pages 247 to 254 of Chapter 14 can be used with curves 
obtained by the short-cut process, to prepare them for publication. 
There is a shorter method, however, which takes advantage of the fact 
that the curves obtained by the short-cut method are already in terms 
of a net value of X lf for one variable, plus adjustments to that value 
for the other variables. All that is necessary is to determine the 
average value of the final z's and use this average as the a constant. 
(In the illustrative example just given, this average was only 0.08, 
and consequently was ignored.) Then the final functions are de* 
termined as follows (for the final curves of the illustrative problem) 

F 2 (X 2 ) = a +f 2 {X 2 ) 

F 3 (x 3 ) = fs\x 3 ) 

F<(x 4 ) =fXu) 

It is evident that, except for the slight adjustment of adding a to 
the first curve, these curves are the same as the final curves shown on 

Figures 54, 55, and 56. 
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Identifying “joint” relations by the short-cut process. In some 
problems the relation between the variables is such that the inde- 
pendent variable cannot be explained fully by a regression equation 
which adds the regression of X x on variable X 2 , to that on X 3) etc. 
Instead, in such cases the relation is so complex that the net change 
in X 1 with given changes in X 2 will vary with the associated values 
of X 3 or other variables. This type of relationship, designated “joint 
correlation,” is discussed subsequently (Chapter 21). Where such cor- 
relation is present, it will show up in the process of examining the 
subgroups of observations in the first steps of the short-cut process. 

The following empirical data will serve to illustrate the occurrence 
of joint correlation: 14 


Observation 

Number 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 




216 

160 

140 

264 

30 

56 

5 

16 

70 

126 

180 

280 

120 

25 

224 

120 


X\ 


9 
10 
• 2 

4 

5 
7 
1 
2 
2 
7 

10 

5 

3 
1 

4 

6 


X 3 


4 
8 
7 

11 

2 

1 

5 
2 

5 

6 

3 

7 

4 

5 

8 
0 


X 4 


6 

2 

10 

6 

3 
8 
1 

4 

7 
3 
6 

8 
10 

5 
7 
2 


The number of cases here is so small that it is difficult to eliminate 
the effects of A 3 and X 4 , to determine the first approximation to the 
A,A 2 relation. An approximate grouping can be made, however, by 
classifying the observations into three groups, as follows: 

One, those with A 3 and X 4 both larger than their respective means. 

Two, those with X 3 and A r 4 both smaller than their respective 
means. 


14 From 1 1 f rp d Malenbaum and John D. Black, The use of the short-cut 
piap nc method of multiple correlation. Quarterly Journal of Economics, Vol. LII, 
p. 97, November, 1937. 
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Three, those with X% and X± one above and one below their re- 
spective means. 

This gives groupings with four observations (3, 4, 12, and 15) in 
the first group, four (5, 7, 8, and 14) in the second, and eight (1, 2, 6, 9, 
10, 11, 13, and 16) in the third. Plotting each of these groups of obser- 
vations, and drawing an approximate line through each, gives the 
results shown in Figure 57. 



I 2 I 4 $ t I 0 ♦ 10 

If 


Fia. 57. Relation of Xi to X2, with observations classified on X3 and X4. When 
natural numbers are used, the net regression of X\ on X 2 appears to shift with the 

accompanying values of A r ;* and X 4 . 

This figure differs from those we have examined previously (such 
as Figure 44 on page 272 or Figure 52 on page 284) in that the relations 
as shown by the several subgroups do not parallel one another at 
relatively constant distances, but instead diverge sharply. It appears, 
therefore, that the relation of X l to X 2 depends not only on the value 
of X 2 but also on the associated values of and X 4 . 

In this particular case the progressive nature of the relations shown 
on Figure 57 might lead us to suspect that the relation, instead of being 
an additive one, is a multiplying one. If that is the case, though it 
could not be represented adequately by an equation of the type: 

•^1 = /2CX2) +/ 3 (-^ 3 ) +/4CX4) 
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it still might be represented by: 

Xi = [02CX2)] fosCXs)] [<^>4(^4)] 

If that is the case, it can be determined by using the relation: 

log Xi = f 2 (log X 2 ) + y *3 (log X 3 ) + (log X 4 ) 

% 

We can test whether this is likely to give a satisfactory fit by replotting 
Figure 57 on double logarithmic paper, or by plotting it on ordinary 
paper, substituting the logarithms of X ± and X 2 for the natural values. 
Let us do the latter. 



Logarithms of X 2 

Fio. 58. When the logarithms of the data shown in Figure 57 are used, the net 
regression of X\ on X 2 is found to be about the same, regardless of the accom- 
panying values of X 3 and X 4 . 

• 

When that is done, the relations appear as shown in Figure 58. The 
three lines, fitted roughly to the three sets of observations, now appear 
more nearly parallel. In particular, the line of the upper group, which 
in Figure 57 made almost a 60° angle with the line for the lower group, 
is almost perfectly parallel to it in Figure 58. Apparently in this ex- 
ample the problem can be handled satisfactorily by the usual short- 
cut procedures, merely by transforming the variables from natural 

numbers to logarithms. 

Where this transformation, or other simple transformations, do not 
serve to make the successive sub-groups show approximately paralle 
relations, the methods of Chapter 21 must be employed instead. 

Application of the short-cut method to large samples. The short- 
cut method might be applied to samples too large to plot the indi- 
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vidual observations separately, by using a modification of the process 
of subgrouping and averaging illustrated in Chapter 11. The aver- 
ages from Table 42, plotted in Figures 30 and 31, indicated quite 
well the final slope of the net regression lines. That was because 
the influence of the other independent variable had been largely held 
constant by the process of subclassifying. In the same way the 
lines of averages from subgroups would tend to indicate the regres- 
sion curves in problems where curves were needed. With a sufficient 
number of observations, the first approximation to each of the net 
regression curves might be obtained from charts of subaverages simi- 
lar to Figures 30 and 31 on page 183. These several first approxima- 
tion curves could then be made the basis for working out estimated 
values of Xi and residuals. The process of successive approximations 
could then be continued exactly as illustrated in Chapter 14. Since the 
first approximation curves would approach fairly near to the true net 
regressions, the number of approximations required to obtain the same 
• closeness of fit would usually be less than by the earlier method. 

Combination of short-cut procedures and mathematical procedures. 
Both the short-cut method of this chapter and the longer successive- 
approximation method of Chapter 14 depend on graphic methods in 
arriving at the curves of best fit. Where especially high accuracy is 
desired, the final slope of the several curves can be checked by least 
squares, according to the methods set forth in Chapter 22 on pages 401 

to 403. 

Some investigators prefer to use the short-cut method to determine 
the approximate shapes of each of the several net regression curves, 
and then to fit mathematical net regressions capable of representing 
those several shapes. The technique for fitting these mathematical 
curves to several variables is also set forth in Chapter 22 on pages 396 
to 401. If there is a logical basis to support the curves employed, 
there is some value to this procedure. If the equations are simply 
selected empirically, however, the mathematical curves have no more 
meaning than the graphic ones, for the reasons already discussed fully 
in Chapter 6. It is true that any one fitting the same set of mathe- 
matical curves to the same data by the same method will get exactly 
the same result, to the fifth decimal place in the values of the constants, 
if desired. Curves obtained by different investigators by either graphic 
process, on the contrary, may vary slightly from one to another. But 
the identical constants obtained by the least-squares fit have only 
a fictitious accuracy, as compared with their standard errors, or with 
the zone of uncertainty within which the function can be determined 
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from the given set of observations. Multiple regression curves are 
significant only with respect to this zone, rather than to the exact line 
(as explained fully in Chapter 18). With proper care in analyzing 
the data for interrelationships and in carrying through the successive 
approximations, as explained in Chapter 14 and in this chapter, either 
graphic method will ordinarily give results about as significant, within 
their error zone, as results obtained by the more laborious methods of 
fitting mathematical curves by extensive arithmetic calculations. 

Summary. Under certain conditions first approximations to mul- 
tiple regression lines or curves may be obtained directly from the 
original observations by a graphic process based on the comparison 
of individual observations, considering several variables simultane- 
ously. This process eliminates the necessity of computing linear re- 
gressions by arithmetical means. Further, it substitutes graphic 
measurements for arithmetic calculations in correcting these curves 
to their final shape by successive approximations. It requires the re- 
searcher to examine his data more thoroughly and so to exercise 
thought and care in working out the relations and in interpreting their 
significance. Carefully used, it materially reduces the time required 
in determining multiple regression curves. 

Note 1, Chapter 16. In view of the extensive discussions which have occurred 
concerning the validity of the short-cut method, certain key articles on this point 

are listed here. 

Waite, Warren C., Some characteristics of the graphic method of correla- 
tion, Jour. Amcr. Slat. Assoc., Vol. XXVII, pp. 68-70, March, 1932 
Ezekiel, Mordecai, Further remarks on the graphic method of correlation, 
Jour. Amcr. Slot. Assoc., Vol. XXVII, pp. 183-185, June, 1932 
Malenbaum, W., and J. D. Black, The use of the short-cut graphic method 

of multiple correlation, Quart. Jour. Econ., Vol. LII, pp. 66— o\en 


her, 1937. , , 

Bean L H., and Mordecai Ezekiel, The use of the short-cut graphic me hod 

of multiple correlation. Comment, and Further comment, Quart. Jour. 

Eco)i., Vol. LV, pp. 318-346, February, 1940. 

Wellman, H. R., Application and uses of the graphic method of multiple 
correlation, Jour. Farm Econ., Vol. XXIII, pp. 311-316 February, 1941 • 
Waite, Warren C., Place of, and limitations to. the method, Jour. Fa 

Econ., Vol. XXIII, pp. 317-322. February, 1941. 

Working, E. J„ and Geoffrey Shepherd, Notes on the place of the 6™p lie 
method of correlation analysis. Jour. Farm Econ.,\ ol. XXIII, pp. * 


Foote, Richard J., and J. Russell Ives, The relationship of the method of 
graphic correlation to least squares, U. S. Depaitment o gneu ur 
Bureau of Agricultural Economics, mimeographed report, December, 

1940. 
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These discussions, especially the report by Foote and Ives, and an address by 
Meyer A. Girshick at the same meeting, as summarized in the February, 1941, 
Journal of Farm Econoviics, have provided definite proof of the meaning of the 
graphic method. They have shown that in linear multiple correlation the graphic 
method giyes results which tend to approach the lines secured by a least-squares 
solution, even if the first approximations are purely arbitrary guesses. Further, 
they- have shown that the speed of convergence depends on the intercorrelation 
among the independent variables. The higher their intercorrelation, the slower 

tends to be the speed of the convergence. 

The discussion and procedures in this chapter, as now revised, take into account 

these recent examinations of the meaning of the short-cut graphic method, and 
incorporate the most useful and significant suggestions to the student which have 

come out of them. 

Note 2, Chapter 16. The comments made in the note on page 258 apply to 
Chapter 16 as well. If the standard error of estimate is calculated (as shown 
on pages 293 and 294) as each new set of approximation curves is completed, it 
will show whether the gain in closeness of fit is sufficient to offset any additiona 
flexibility introduced in the curves. The validity of this test, however, depends 
upon the user’s skill in estimating the value of m to employ. 


CHAPTER 17 


MEASURING THE WAY A DEPENDENT VARIABLE CHANGES 
WITH CHANGES IN A NON-QUANTITATIVE INDEPENDENT 

FACTOR 

It is frequently desirable to determine the change in one variable 
associated with changes in an independent factor which varies in 
such a way that it cannot be measured quantitatively. Thus if the 
significance of various factors affecting farm values is to be deter- 
mined, one may wish to include type of road as one of the factors, 
since a farm on a concrete road should be expected to be worth 
more than one on a dirt road, other factors being the same. Yet the 
designations, concrete, brick, macadam, gravel, and dirt, cannot be 
considered in the correlation analysis in the way that the numbers 
measuring variable factors are treated. 

Where no other factors are involved, a non-quantitative factor may 
be treated by sorting with respect to that factor, and averaging the 
dependent variable. Thus if only type of road is being considered, 
the average value per acre of farms fronting on each type of road 
may be taken as the measure of the influence of roads on value. If, 
however, several other factors must be considered at the same time, 
such as value of improvements, productivity of the soil, distance 
from town, etc., and if there is any relation between differences in 
these factors and differences in road type (as in general there will 
tend to be) , the influence of road type must be measured by some 
application of multiple correlation methods. Fortunately the methods 
of multiple curvilinear correlation, as presented in Chapters 14, 15, 
and 16, can be extended to treat non-quantitative factors as well, 
and thus provide the answer to the difficulty. 

Eliminating the influence of other variables. The method of de- 
termining regressions for non-quantitative variables may be illustrated 
by the data shown in Table 70. These data are from a study of the 
relation of various quality factors to the price of eggs sold at retail. 1 
The factors shown in Table 70 are X 2 , an index of the interior quality 

1 Original data collected by C. B. Howe. See reference 42 of Chapter 23. 
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TABLE 70 


Data for Egg Problem, with a Non-Quantitative Independent Variable 
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There does seem to be some correlation between X 5 and the 
other variables. Apparently the eggs sold in unmarked cartons are, 
on the average, of the best quality and of medium size; the eggs sold 
m cartons under brand names are of larger size, but are not of such 
high quality, on the average; whereas those sold in bulk average 
medium in quality but low in size. 2 Accordingly, the curves previ- 

2 The exact correlation between X 5 and X 2 , X z , and can be computed by 
estimating each of the other variables from the values of X 6 , using the averages 
ot A 2, X Z , and X 4 for each group of X 5 as the estimated values of X 2 , X 3 , and X 4 , 
or the cases falling in each group. The residuals between the estimated and actual 
values and their standard deviation, can then be computed for each of the three 
variables. Then the indexes of correlation can be computed in the usual way. 

' en computed this way by using group averages instead of a continuous function, 
e spena 1 name correlation ratio is given to the correlation, and the symbol r) is 
used to designate it. This value may be more rapidly computed by the following 
formula (using Y to represent the dependent variable, and X the independent vari- 
able, just as with simple correlation in Chapters 5 to 7) : 


= 




2(r*>01/ 0 ) 2 ] ~ n(M v ) 2 


n& 


( 68 ) 

Here is the correlation ratio for Y values estimated from group averages when 

sorted on X ; n 0 (M 0 ) 2 is the number of cases in each group times the square of the 

average value of V for that group, Z^U/c) 2 ) is the sum of all such values, a, is 

ie standard deviation of the variable being estimated, and n is the number of all 
the observations (=Zn 0 ). 

The process may be illustrated by calculating tj 2 5, the correlation ratio between 
A 2 and A 5, from the data above: 


X b 

Mo 

Mean X 2 

Number of cases 

(.l/o) 2 n 0 

A 

30.6 

17 

15,918.12 

B 

31.6 

33 

32,952.48 

C 

29.9 

24 

21,456.24 

V 


74 

70,326.84 


= 


[noQUo) 2 ] - n(M 2 ) 2 70,326.84 - 70,285.61 


nol 


= .005493, 1I25 = 0.074 


7,505.76 

The \alue as calculated is subject to the same correction equation (26) as the cor- 
relation index, with m = number of groups. 

So adjusted, ri2. r » shrinks to 0, showing no real correlation. 

This same measure of correlation by group averages can be applied to quan- 
titative variables as well as to non-quantitative ones, but in that case it has less 
significance than the index of correlation, which relates to a continuous function 
instead of an irregular line of averages. 
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ously determined for the change in price with differences in size and 
in quality may have included some portion of the effect really asso- 
ciated with cartons instead. Now that at least an approximate 
measure has been obtained of the influence of carton on price, the 
previous curves may be modified by taking this factor also into 
account. 

Taking account of the non-quantitative variable in estimating X x 

and z. The first steps in the procedure of allowing for the extent to 
which prices varied with the carton are shown in Table 70. In the 
column headed f{X 5 ) the approximate influence of differences in carton 
on price are entered, the averages found in the tabulation on page 305 
being used. Since these values would be added to the previous esti- 
mated values of X x to obtain the new estimates, they may instead 
be subtracted from the previous residuals (z'") to obtain the revised 
residuals. The last column shows these new values for z"". Before 
using these new values to see if any changes are necessary in the other 
. regression curves we may first determine how much the standard error 
of estimate has been reduced by taking Z 5 into account. This could 
be determined directly by computing the standard deviation of the 
new 2 "" values; but a much shorter method is available, using the same 
principle employed in footnote 2. By the use of this method, the <r 2 „„ 
may be computed from the a z .„ by the formula 

. tu? t n, - [S(«oJlf2) - n(Af 2 '") 2 ] 


The necessary computations are: 


*6 

Mz”> 

Number of cases 

nMo 

n(Af 0 ) 2 

A 

-2.5 

17 

-42.5 

106.25 

B 

0.9 

33 

29.7 

26.73 

C 

0.6 

24 

14.4 

8.64 



Sums 

1.6 

141.62 


1 fi 

M t .., = — = 0.0216 


So 


74(5.06) 2 - (141.62 - 0.04) 


( Tgtfff — 


74 


= 23.69 


o'-//// — 4.87 
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Computing the standard error for estimates based on X 5 and the other 
variables, we must recognize that the value of m has been increased by 
three by the introduction of the new factor; so, whereas m was ass um ed 
to equal 8 previously, it now equals 11. Adjusting the values of 5.06 
for a z >jf and 4.87 for ov'" by equation (65), we find Si./( 2 . 3 , 4 ) ~ 5.36, 
and &i./(2.3.4.5) = 5.27. Apparently the introduction of X 5 as a 
factor has had as yet but slight effect on the accuracy with which egg 
prices might be estimated. 

Making further successive approximation corrections. It is still 
possible, however, that the regressions for the other factors might be 
modified now that X 3 has been at least approximately allowed for. 
Consequently the values of z'"' are classified according to the values of 
% 2 > X 3) and X 4 , and the averages computed for each group. The 
averages given in Tables 71, 72, and 73 are secured. The averages in 
Table 71 suggest that the curve for / 2 (AT 2 ) might be modified slightly, so 
as to rise more steeply in the portion up to X 2 = 40 and less steeply 
thereafter. Table 72 does not indicate any consistent relation between 
X 3 and 2 "", so no further change in f 3 (X 3 ) is indicated. Table 73 
indicates that the curve for / 4 (A r 4 ) might also be altered slightly, so as 
to have a somewhat steeper slope. 

TABLE 71 


Average Values of z"" for Corresponding Xz Values 


Xz values 

Number of cases 

Average of Xz 

Average of z"" 

0-14 

2 

8.0 

-0.9 

15-19 

9 

17.2 

-0.2 

20-29 

23 

25.1 

+0.1 

30-39 

24 

33.5 

+0.3 

40-49 

16 

45.5 

-0.1 


If / 2 ( AT 2 ) and / 4 (A r 4 ) were modified as suggested, a new estimated 
value of A r x might then be worked out, using these new curves and the 
previous curve for f 3 {X 3 ), and using the values for f 5 {X 5 ) already 
entered in Table 70. The new z’s based on these new estimates might 
then be classified with respect to X 5 , to determine if any change need 
be made in the values for f 5 (X 5 ) worked out on page 305. If any 
material change were found necessary in X 5 , the residuals might be 
corrected accordingly, and then averaged with respect to X 2 , X 3 , and 
A r 4 , to see if any further changes would be needed in their values. 
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This process of successive approximation should be continued until no 
further significant change was indicated in any of the curves, or until 
the <S 1 j( 2l 3 t 4 i 5) showed no further reduction. 

TABLE 72 


Average Values of z"" for Corresponding X3 Values 


X 3 values 

Number of cases 

Average of z"" 

20 

1 

-6.1 

21 

2 

5.0 

22 

13 

0.1 

23 

23 

0.2 

24 

25 

-0.1 

25 

8 

0 

26 

2 

-3.2 


In view of the fact that none of the averages of 2 "" shown in Tables 
71 to 73 are so large but what they might very readily have occurred 
by chance, it does not seem worth while, in this problem, to carry out 
the additional steps just outlined. In a problem where the non- 
quantitative factor is an important one, however, and where it is 

TABLE 73 


Average Values of z"" for Corresponding X \ Values 


X\ values 

Number of cases 

Average of X 4 

Average of z"" 

0 

7 

0 

-1.3 

1- 2 

5 

1.4 


3- 5 

4 

3.8 


8-11 

5 

10.0 

KI9 

12 

53 

12.0 

+0.2 


significantly correlated with the other independent variables, the de- 
termination of the net function for that factor should be carried through 
a sufficient number of approximations to measure the final net effect of 
-each factor as accurately as possible. 

Taking the preliminary results shown on page 305 as the final 
measure of the influence of type of container on price, we may then 
conclude that eggs sold in an unmarked carton brought, on the average, 
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3.4 cents more per dozen than eggs of the same quality, size, and color 
sold in bulk, and 0.3 cent more than eggs sold in a carton with a brand 
name. (This last result might reflect the experience of consumers with 
branded eggs of poor quality, as indicated in the tabulation on page 305, 
which might tend to make them sell at a discount even when they were 
of equal quality.) The significance of the relation may be measured 
by the slight reduction in the standard error of estimate previously 
noted, or else by the increase in the index of multiple correlation. 
Computing the indexes of multiple correlation corresponding to the 
standard errors of estimate before and after the type of carton is 
allowed for, by equation (66.2), we find them to be P 12 34 = 0 .59; 
Pi. 2345 = 062. The corresponding indexes of determination, 35 and 
38 per cent, indicate that taking into consideration the differences in 
the carton has increased the proportion of egg prices which can be 
explained by 3 per cent of the original variance, even after due allow- 
ance is made for the additional constants the process introduces into 
the estimating equation. 

It should be noted that the first approximation to the regression 
on non-quant itative factors can be made directly from the first set of 
residuals, computed from the linear multiple regression equation, 
instead of waiting until after approximate regression curves are de- 
termined for the other factors. In case a non-quantitative factor is 
a very important one, so that ignoring it in determining the net linear 
regressions may seriously impair their accuracy, it may be roughly 
included by designating successive groups by a numerical code which 
approximates the expected influence of the variable. Then if the 
true influence is of a different order from the expected influence, 
that fact will show up when the first approximation curves are worked 
out. (For the non-quantitative factor the averages of residuals must 
be interpreted as discrete points for each class, however, rather than 
as a continuous function.) Thus for the egg problem it might have 
been tentatively assumed that eggs in branded cartons would sell 
above eggs in unbranded cartons, and both would sell well above 
eggs in bulk. The bulk eggs could then have been designated by 1; 
the unbranded cartons by 3; and branded cartons by 4. The net 
linear regression would have been positive; but the analysis of the 
residuals would have revealed that the eggs in branded cartons really 
averaged lower in price (other factors equal) than the eggs in un- 
branded cartons, so the final conclusion would probably be much the 
same as the one just determined. 
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Summary. Where an independent factor is not a continuous 
variable, but may be classified into two or more groups, the regression 
of a dependent factor may be determined with respect to each group, 
while holding other factors constant by the usual multiple correlation 
process. Standard errors and indexes of correlation may be worked 
out to include the effects of non-quantitative independent factors 
equally as well as for continuously variable factors. 


CHAPTER 18 


DETERMINING THE RELIABILITY OF CORRELATION 

CONCLUSIONS 

Eaily in this book it was pointed out that when any statistical 

measure, such as an average, is determined from a sample selected 

from a universe under study, the true value of that measure in the 

universe might be different from the value shown by the sample. 

Methods w ere discussed which enable one to estimate how far the 

. a\erage from such a sample may vary from the true average, for a 

stated proportion of such samples. Such estimates enable one to judge 

how much confidence may be placed in an average calculated from a 
given sample. 

Simple Correlation 

Regression coefficients. Correlation constants determined from 
finite samples are just as subject to variation as are other statistical 
constants. Thus in an experiment 5 samples of 30 observations each 
were drawn at random from the same universe. The true value of 

TABLE 74 

\ alues of b yx Secured in Successive Samples Drawn from the Same Universe, 

with Different Numbers of Observations 


30 observations 

50 observations 

100 observations 


0.292 

0. 175 

0.113 


0.012 

-0.297 

0.120 


-0. 136 

0.144 

0.303 


-0.022 

0.130 

0.197 


0.449 

0.167 

0.132 

True value 

0. 152 

0.152 

0.152 


b VT for the universe was 0.152. The regression of 1 on A” was de- 
termined separately for each sample. The values for b vx which were 
secured from the 5 samples varied from —0.136 to +0.449, as shown 
in Table 74. When 5 samples of 50 observations each were drawn, and 
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the regressions computed for each, the range was reduced to —0.297 
to +0.175; but the variation between samples was still large. Even 
when 100 observations were included in each sample, the regressions 
were by no means identical, though the range was reduced still more. 

It is evident that the observed values of b yx fell both above and 
below the true value for the universe from which the samples were 
being selected. 1 It is also evident that the smaller the number of 
observations, the larger the variation in the results between different 
samples and the greater the possibility of a serious difference between 
the true value and that indicated by the sample. The amount of 
variation likely to be present in regressions determined from random 
samples of any specified size may be estimated by the equation 


Standard error of b yx 




Since this constant is computed from the adjusted value, S y . T , no further 
adjustment is required. 

If only one of the samples in Table 74 had been obtained — say the 
first one with 50 observations — the observed value for b yx would have 
been +0.175. The standard error of estimate for this sample was 
2.46, and the <r x was 2.44. Computing the standard error of b vx for 
this sample by means of equation (69), 


2.46 2.46 

ab ~ 2.44V50 ~~ 17.25 " 

the value of b vxt as determined from this single sample, may therefore 
be stated to be 0.175 d= 0.143. 

The standard error of the regression coefficient is interpreted exactly 
the same as the standard error of the average was interpreted in 
Chapter 2. In two samples out of three, on the average, the observed 
regression will miss the true regression by not more than one standard 
error calculated from the sample. Therefore, if in this case we say 
that the true regression lies between 0.175 — 0.143 and 0.175 + 0.143, 
or between 0.032 and 0.318, we are making a statement of a type which, 
if made for a succession of such samples, will be wrong one time out of 
three, on the average. Similarly, if we said that the true regression 


1 In some textbooks, b yr would be used to represent the regression as determined 
from the sample and would be used to represent the true value of the corre- 
sponding regression in the universe from which the sample was drawn. In this 
notation, in Table 74, the value for /?„* = 0.152. In consulting textbooks using 
this notation, we should not confuse this use of the (3 with the special definition 
given it in Chapter 13, equation (52). 
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probably lies between -0.111 and 0.461, i.e., within a range of twice 
the standard error from the observed value, we are making a statement 

of a kind which, if made for a series of samples, will be wrong in one 
sample out of twenty, on the average. 

It happens, in this particular case, that four out of five of the 
observed regressions (for samples of 50) fall within one <r & of the re- 
gression from the first sample. 2 It also happens that the true value 
also falls within that range. This will not always be true, however. 
For example, if the sample had happened to give the same results as 
the third sample of 30 observations, with b ux = -0.136, the case might 
have been different. For that sample, the values of the other con- 
stants were such as to make = 0.109. The value of b vx as indicated 
by this sample, therefore, -0.136 ± 0.109, is such that the observed 
value lies 2.6 times its own standard error from the true value, 0 152 
Although a departure as large as this would ordinarily be expected 
o occur only once out of every 100 samples on the average (0.009), 
still it may happen with any particular sample. 3 For that reason, if 
very great accuracy is desired, a range of three times the standard 
error may be used as the criterion. There is but one chance out of 
nearly 400 (0.0027) that a given random sample will yield a constant 
such as a regression coefficient which will fall more than three times its 
own standard error away from the true value for the universe. 

These probabilities apply only in case there are thirty or more 
degrees of freedom (n-?n) in the sample. As was pointed out in 
Chapter 2, if the number of degrees of freedom is less than thirty, 
the probabilities of falling outside of any given range of the true value 
are increased, as shown in Table A on page 23. In using this table 
for regression coefficients, subtract 1 from the number of cases in the 
sample before looking the probability up in the table. 4 

Thus if a \alue of b vx = 0.50 zt 0.12 were found from a random 
sample of 11 cases, the reliability of the observed regression could be 
judged from the column headed 10 in Table A. That column indicates 

2 A more precise way of stating this comparison would bo to show a series of 
regressions from samples drawn from the same universe, such as those listed in 
table ,4, with each sample regression followed by ± its own standard error. If 
that were done it would then be found that, in two samples out of three, on the 
axerage the value b VI -f o 6 would overlap the true value of b vr for the universe. 

• Probability tables, such as that given in Table A of Chapter 2, or shown 
graplucuHy in Figure A. page 505. list these odds for various multiples of the a. 

iat is Jecause two constants (a and b) have been determined simultaneously 
in io process of getting b, whereas the table is stated for arithmetic means, which 
represent the determination of only a single constant. (See page 22, footnote 7.) 
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that, with samples of this size, 34 out of each 100 samples, on the 
average, would miss the regression in the universe by as much as 0.12 
(1 a b ) ; about 8 out of each 100 would miss by as much as 0.24 (2 <r b ) ; 
and 15 samples out of each 1,000 would miss by as much as 3 a b) or 0.36. 
Thus in this case, if we say that the true value probably lies between 
0.14 and 0.86, we are making a statement of the sort which is likely to 
be wrong only once or twice out of each hundred such statements — if 
the sample was drawn under such conditions that the formulas of 
simple sampling hold true. 

It should be noted from equation (69) that the standard error of 
the regression coefficient varies inversely with the square root of the 
number of observations. The effect of this is illustrated in Table 74. 
The variation of the regression coefficients obtained from samples of 
100 observations is only about half as great as the variation of the 
regression coefficients from samples of 30. 

Regression line. Not only may the observed slope of the regression 
line vary from the true slope, but the elevation of the line, as observed 
from a sample, may vary from the true elevation. Formula (69) has 
already indicated a way of determining the standard error of the 
regression coefficient, and so of estimating the probable range within 
which the true slope lies. The height of the regression line is most 
accurately determined for the mean estimated value, M y „ of the de- 
pendent factor, corresponding to the observed mean value of X, the 
independent factor. If we define the mean as 

My’ = Qyz H" b yx M x 


we may find its standard error by the formula 




The standard error of the whole regression line may now be deter- 
mined from equations (69) and (70). We may illustrate by data from 
the cotton-yield problem used as an example in Chapter 8, on page 147. 
With 14 observations, the values were b yT = 16.70, a yjD =— 2.261, 
M x = 1.97, S vx = 8.28, crx = 0.73, M y = M v > = 30.64, <7, = 14.43. 


My> =- 2.261 + (16.70) (1.97) = 30.64 


8.28 

= vS = 2 - 21 
8-28 , 
abyt 0.73 \/l4 
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Since the estimated value, Y' equals M v > + b (x ) , the standard error 
ot the estimate for any value of x will be composed of the sum of 
the standard errors of M y > and of b(x). Standard errors are standard 
deviations; hence they can be summed only by adding their squares 
(as demonstrated in Appendix 2, Note 1). The standard error of Y' 
for any particular value of x, is therefore given by the equation 5 

S' = 4- (< y byz x ) 2 (70.1) 


By using this relation, the calculation of the standard error of Y' 
for selected values of X, is shown in the following tabulation: 


Selected 

values 

of 

X 

Departures 

from 

mean 

X 

Calculation of <r v > 

<r bvx x 
= (3.03a:) 

(°b vz x) 2 

° 2 m v ’ 

= (2.21) 2 

2 

(<7bX) 2 
+° 2 M v ' ) 

<Ty' 

0.97 

-1.00 

-3.030 

9. 1809 

/ 

4.8841 

14.0650 

3.75 

1.47 

1 f\* T 

-0.50 

-1.515 

2.2952 

4.8841 

7. 1793 

2.68 

1 . 97 

0 

0 

0 

4.8841 

4.8841 

2.21 

2.47 

0.50 

1.515 

2 . 2952 

4.8841 

7. 1793 

2.68 

2.97 

J MM 

1.00 

3.030 

9.1809 

4.8841 

14.0650 

3.75 

3.47 

1.50 

4.545 

20.6570 

4.8841 

25.5411 

5.05 

3.97 

2.00 

6.060 

36 . 7236 

4.8841 

41.6077 

6.45 


Theie are 14 cases; subtracting the one extra constant involved in 
correlation determinations gives 13 as the number of observations with 
which to judge from Table A the significance of these standard errors. 
Taking values midway between those for 10 and for 16 cases, we find 
that the statement that the true values of b vx and of M v > do not differ 
fiom the observed values by more than the calculated standard errors 
w ill be wrong for 34 out of each 100 such statements, on the average. 
Similarly, the statement that they do not differ by more than tw r ice the 
calculated standard errors will be wrong for 7 out of 100 such state- 


ments, on the average. The chances are therefore 93 out of 100 that 
the true regression line would fall w r ithin twice the standard errors just 
calculated. Plotting 2<v above and below the corresponding values of 
1 , given by the regression line, show's this range. These limits are 


Holbrook YY orking and Harold Hotelling, Applications of the theory of error 
to t lie interpretation of trends, Journal of the American Statistical Association 
Papers and Proceedings, xxiv, pp. 73-85, March supplement, 1929. 
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plotted in Figure 59, together with the original observations and the re- 
gression line. The limits within which the line probably fell could be 
shown in a similar manner for any other desired limit of probability. 
It is now clear why great caution must be exercised in extending even a 
linear regression line beyond the range of the data from which it 
is derived. As is evident in the figure, the true position of the line 
becomes very uncertain as the limits of the data are approached, 
and increases rapidly beyond them. 



Fia. 59. Linear regression of cotton yield on irrigation water applied, and range 

within which the true relation probably lies. 

In many correlation problems, the regression line is the most im- 
portant result of the study. The confidence that can be placed in the 
line determined from a random sample is no greater than is indicated 
by the probable error of its slope, or the standard error zone of its 
position. Accordingly, the final statement of the regression coefficient 
or regression line should always indicate clearly the standard error 
or probable error zone, and should also state the number of observa- 
tions on which the conclusions are based. This will serve to caution 
the reader of the extent to which the values may vary from the true 
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value simply due to chance fluctuations of sampling, and so caution 

him not to attach more importance to them than their significance 
justifies. 

Correlation coefficients. In exactly the same way that regression 
coefficients will vary from sample to sample, all other statistical con- 
stants tend to vary. Regression coefficients from random samples 
tend to be normally distributed around the true value, so that the 
probability of a given departure from the true value occurring may 
be judged from the normal curve; 6 but that is not equally true of 
correlation coefficients. If the number of observations in the sample 
is exceedingly large, so that fairly stable results are secured, the dis- 
tribution of the observed correlations will tend to be nearly normal, 
so that the standard error may be estimated by the formula 7 


Standard error of r yx 




This equation applies only when n is large, say 100 or more. To 
test the significance of correlation coefficients obtained from small 
samples, Fisher has developed the equation 



(71.1) 


The value t is used to judge the probability of the occurrence of 
such a correlation purely by chance, in exactly the same way that 
the number of times an average is times its standard error is used 
to judge the probability of the significance of the average. Thus 
if a correlation of 0.60 is secured with a sample of 21 cases, t = 3.26. 
Looking up this value in Table A on page 23, or Figure A of Ap- 
pendix 3, using 20 for n , 8 we find that only in one sample out of 200 
landom samples, on the average, would a value this large or larger 
be obtained from a universe with no correlation present. If, however, 
a con elation of 0.60 had been secured with only 7 cases, t would equal 


. norma l curve is the basis for the probability data given in the last column 

of Table A of Chapter 2. 

' Equation (71) holds precisely true only when the value used for r is the true 
correlation in the universe, rather than the value observed in the sample. This 
limitation does not apply to equation (71.1). 

8 Just as with regression coefficients, 1 less than the number of cases should be 

a 'on or n when Table A is used to judge the significance of a correlation coeffi- 

cient. The unadjusted correlation, r, should be used in all tests of significance, not 
the adjusted value r. 
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1.68. Figure A indicates that, with this value of t, the chances of 
getting a correlation this large or larger from random samples drawn 
from a universe with no true correlation would be almost 0*16. This 
means that out of 100 such samples obtained from a universe in which 
the true correlation was zero, 16, on the average, would show a cor- 
relation as high as 0.60. 9 

Although this method may be used in conjunction with Table A 
to determine whether or not the correlations computed from small 
samples are any valid indication of a correlation in excess of zero, it 
cannot be used to determine the significance of the difference in cor- 
relation between two samples or to determine whether or not the 
correlation in a given sample exceeds any specific value. In the first 
illustration, for example, where r = -f 0.60, one might wish to know 
the probability that the true correlation in the universe exceeds -f 0.20. 
Owing to the skewed distribution of values of r when computed from 
small samples, this cannot be determined by a simple sampling formula. 
R. A. Fisher has devised a method, however, of so transforming 
observed values of r as to give them a normal distribution, and then 
solving such problems as this from the transformed values. For 
methods of dealing with this phase of sampling, the reader is referred 
to his presentation of the method in Statistical Methods for Research 
Workers, seventh edition, pages 202 to 211. 

Certain of Fisher’s methods to determine the reliability of observed 
correlations may be put into more simple form for general use, as 
shown in Figure B in Appendix 3. This figure is based upon the idea 
that, although we cannot state the true correlation existing in the 
universe from the correlation shown in a given sample, we can estimate 
a minimum value for the true correlation, with a given chance of being 
wrong. Figure B has been calculated, by Fisher’s methods, to show 
such probable minimum correlations in the universe, with the prob- 
ability that the statements based on the figure will be wrong for 
1 sample out of 20, on the average. The results have been plotted 
for different sizes of sample and observed correlations. Thus if a 
random sample of 20 gives an observed correlation of 0.70, the figure 
shows at a glance that we can say that the true correlation is greater 
than 0.44, with the expectation that such statements will be wrong 
only once in twenty times, on the average. Similarly, for an observed 
correlation of 0.55 with a sample of 35 cases, reading from the line 

9 See R.,A. Fisher, Statistical Methods for Research Workers, seventh edition, 
Oliver and Boyd, London and Edinburgh, 1938. pages 197 to 202. for a fuller dis- 
cussion of the use of t in judging the reliability of correlation coefficients. 
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forobservcd correlation = 0.55, and interpolating between n = 30 and 

n ~ 40 ’ S. 1VCS 0 32 > which me ans that we can say that the true correla- 
tion is greater than 0.32, with the same degree of confidence. The 
gure can be used in a similar manner for any other size of sample 
up to 100, and any observed correlation. 

Figure B deserves close study, for it tells a great deal about the 
sampling reliability, or, rather, unreliability, of correlation coefficients. 
The bottom line, for example, shows that, when samples are drawn 
from a universe where the true correlation is zero, 1 sample out of 
20 will show a correlation as high as ±0.60, on the average, with 
samples of 10 cases; as high as ± 0.49, with samples of 15 cases; and 
as high as ± 0.35, even with samples of 30 cases. Similarly, if the 
samples are drawn from a universe where the true correlation is 0.50, 
1 sample out of 20, on the average, will show a correlation as high 
as 0.81, with samples of 10; as high as 0.73, with samples of 20; 
and as high as 0.69, with samples of 30. Many other similar com- 
parisons can be made readily. For example, if the true correlation 
is 0.80 and samples of 10 cases are used, 5 per cent of the samples 
will show correlations as high as 0.93. These facts do not take into 
account the tendency of many students to examine a number of pos- 
sible independent variables and to select for more detailed study those 
which show the highest correlation with the independent factor. If 
that is done, the possible minimum correlation in the universe, cor- 
responding to the correlation observed in the sample so selected, will 
be even lower than Would be estimated from Figure B. 

Correlation indexes. The reliability of indexes of (curvilinear) 
correlation, P , determined from very large samples, may be .judged by 
the use of the following equation: 

Standard error of index of correlation = p (72) 

v n — m 

In using Table A to test the significance of such correlations for small 
samples by the t method, we must deduct 1 less than the number of 
constants necessary to represent the regression line mathematically 
[the value m of equation (26) minus 1] from the number of cases 
before using Table A. Thus if a correlation index computed for a 
cubic parabola fitted to 7 observations were to be judged, its reliability 
would be determined by using the column headed 4. Since 4 constants 
would be represented in the regression equation, 7 — (?/i — 1) =4. If 
the computation gives t = 2.8, Table A (or Figure A) indicates that 
7 out of 100 such samples, on the average, would give a correlation 
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as high or higher than the observed correlation, even if there were 
no true correlation in the universe. 

Empirical studies of the sampling variability of indexes of correla- 
tion indicate that they tend to be skewed in their distribution, just as 
do coefficients of correlation; therefore parallel special methods must 
be employed in judging their significance. Figures C, D, and E, on 
pages 507 to 509, prepared to apply to multiple correlation coefficients 
in the same way that Figure B applies to simple correlation coefficients, 
may be used tentatively to judge the reliability of indexes of correla- 
tion, until more exact measures have been developed. Where m — 4, 
Figure C (for R 1 , 234 ) may be used; where m = 6, Figure D (for 
Ri. 23456) *» and where m = 8 , Figure E (for # 1 . 2 345G7s)- These figures, 
also, are based upon methods developed by R. A. Fisher. 

Multiple Correlation 

Coefficients of multiple correlation and net regression. Correla- 
tion constants derived from multiple regression studies are even more 
subject to chance variation than are those from simpler analyses. In a 
random sample of 30 cases drawn from a known universe, for example, 
the following values were obtained: 

fli.234 = 0.538; b 12 . 34 = 0.583; & 13 . 24 = 0.366; 6 14 . 2 3 = 0.949 

By drawing 15 more random samples of 30 cases each, 10 of 50 cases, 
and 5 of 100 cases, values were secured for R and the b's as shown in 
the following statement and in that on the next page. 


Distribution of Values for Multiple Correlation Coefficients for 
Repeated Samples Drawn from the Same Universe (True Value 0.563) 


Range of values 

30 observations 

50 observations 

100 observations 

0. 300-0. 399 

4 

1 


0.400-0.499 ' 

3 

5 


0.500-0.599 

4 

1 

4 

0.600-0.699 

4 

3 

1 

0.700-0.799 

1 




From these two tables we can see how the variation decreases as the 
number of cases increase, and can also see what values the constants 
from the several samples tend to center around, and so estimate the 
approximate true value. But some definite idea of the range within 
which this true value probably would lie could have been obtained by 






.234 


V: 


\/ n — 


m 


(73) 
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computing the standard error of each constant by means of the 
formulas: 10 

Standard error for a coefficient of mul-] 1 — R\ 
tiple correlation Ri. 2 za . . . n 

Standard error for a coefficient of par- 
tial regression 6 12 . 34 . . . „ " 71 * 5(1 - #f. 34 n ) 

Reliability of multiple correlation coefficient. The standard error 
for the value of R, 0.538, given for our first sample works out to be 

Distribution of Values for Net Regression Coefficients for Repeated 

Samples Drawn from the Same Universe 


(74) 


Range of values 


Values for 612 . 34 : 
-0.79 to -0.60 
-0.59 to -0.40 
-0.39 to -0.20 
-0. 19 to -0.00. 
0 to 0.19. 
0.20 to 0.39. 
0.40 to 0.59. 
0.60 to 0.79. 
Values for 613 . 24 : 

— 0. 19 to — 0. 


30 

observations 


50 

observations 


0 to 

0.19 

0.20 to 

0.39 

0.40 to 

0.59 

0.60 to 

0.79 

0.80 to 

0.99 

1.00 to 

1.10 

Values for 614 

.23 • 

0 to 

0.19 

0.20 to 

0.39 

0 . 40 to 

0.59 

0 . 60 to 

0.79 

0.80 to 

0.99 

1 . 00 to 

1.19 

1 . 20 to 

1.39 

1 . 40 to 

1.59 



100 

observations ^’ rue va lue 


1 

4 


2 

2 

1 


2 

3 


+0.320 


+0.377 


+0.824 


10 The standard errors of the several net regression coefficients can be deter- 
mined at the same time that the regression coefficients are determined, and as part 
of the same set of computations. See Appendix 1 , “Methods of Computation” 
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0.139. If we ignore the fact that the distribution of R, just as of r, 
is not normal, we may interpret that roughly by saying that in 2 out 
of 3 such samples, on the average, the true value of R in the universe 
will be within the range R =b v Rl or between 0.40 and 0.68. As it 
happens for this particular sample, the true value, 0.563, does lie within 
“this range. Ten of the 16 samples, or 63 per cent, gave values falling 
within 0.139 of the true value, so the computed standard error is not 
so misleading in this particular case. For still smaller samples, or for 
higher correlations, the standard error computed by equation (73) 
would be less reliable. For such cases we would use instead the 
equation : 

t = ffl 234 V/ ” ~ (74.05) 

This equation is used together with Table A to judge whether there 
is real evidence that the true correlation exceeds zero, just as equation 
(71.1) is used in the case of the correlation coefficient and index. In 
using Table A, m — 1 must be subtracted from the number of observa- 
tions. (This also applies in using Table A for coefficients of net re- 
gression.) For more exact interpretations, Fisher’s transformation 
method, previously referred to, may be utilized. 11 

For small samples, the reliability of coefficients of multiple correla- 
tion varies not only with the correlation and the size of sample, but also 
with the number of independent variables. Fisher has developed 
an exact method for judging the probable significance of observed 
coefficients of multiple correlation. 12 Figures C, D, and E on pages 507 
to 509 provide a simple method of applying his conclusions for mul- 
tiple correlation coefficients, in the same way that Figure B provides 
for simple correlation coefficients. For problems involving 3, 5, and 7 
independent factors, respectively, these figures show the approximate 
minimum true correlation that probably exists in the universe with any 
size of sample up to 100, and for any observed correlation, with the 
probability that the statements based on the figure will be right for 
19 samples out of 20, on the average. Thus if. with 30 observations, 
a correlation of R^sam = 0-80 should be obtained, we can say that 
the true correlation (from Figure D) is at least 0.58. Similarly, if 

11 See pages 469 to 474 in Appendix 1. “Methods of Computation,” for the most 
effective method of computing the standard errors of net regression coefficients, 
according to equation (74). 

1 2 R. A. Fisher, The general sampling distribution of the multiple correlation 
coefficient, Proceedings of the Royal Society, A, Vol. 121, pp. 654-673, 1928. 
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for 50 observations a correlation of R l23 4 = 0.62 were obtained, 
Figure C gives 0.42 as the probable minimum correlation in the sample. 
These conclusions, of course, apply only if the conditions of random 
sampling are fulfilled. Problems with 2, 4, or 6 independent variables 
may be considered by interpolating between the corresponding values 
given for 1, 3, 5, or 7 independent variables. 

Considering the problem mentioned above, where a sample of 30 
observations showed ^ 1.234 ~ 0.538, Figure C gives a value of 0.16 as 
the probable minimum correlation. From the single sample we could 
then say that the true correlation is probably at least 0.16 in the 
universe from which the sample was drawn, with one chance in 
twenty of being wrong. 

Figures C, D, and E show the possibilities of getting high correla- 
tions from a random sample, even when there is little or no correlation 
in the universe from which that sample was drawn. Thus for three 
independent variables, Figure C shows that, if samples of 15 observa- 
tions are used, in 1 sample out of 20, R 1.234 will be as large as 0.69, 
even if the correlation in the universe is zero, and as large as 0.78, 
even if the true correlation in the universe is only 0.40. Similarly, if 
there are 7 independent variables, Figure E shows that, if samples 
of 20 cases are used, in 1 sample out of 20, on the average, R u 23 4567 s 
will be as high as 0.79, with zero correlation in the universe; 0.85, 
with 0.50 in the universe; and 0.91, with 0.70 in the universe. Even 
with samples as large as 100 cases, R^ 2345078 in 5 per cent of the 
samples will be as high as 0.37 for samples drawn from a universe with 
zero correlation, and as high as 0.57 for samples drawn from a uni- 
verse with 0.40 as the true correlation. Figure D gives similar prob- 
abilities for 5 independent variables. Many other combinations of 
size of sample, true correlation in the universe, and observed correlation 
for 5 per cent of the samples are given in these figures. 

If the several independent variables in the multiple correlation 
had been selected by considering a large number of possible inde- 
pendent variables, and by retaining only those which showed the 
highest gross or net correlation with X lf there is a much larger pos- 
sibility of the correlation in the sample exceeding the true correlation 
in the universe by a wide margin. In fact, it is almost certain to be 
erroneously high. If error calculations are to be used to judge the 
sampling significance of the correlations or regressions observed, the 
variables must be selected purely on logical or deductive grounds (as 
discussed at length in Chapter 24), rather than on any such basis of 
empirical selection of those which show the apparent closest relation. 
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It should always be remembered that, if the choice is purely empirical, 
the next following period might readily reverse the order of apparent 
importance of the several variables. 

Reliability of net regression coefficients. Turning to the meaning 
of the regression coefficients, we may illustrate the case with one con- 
stant, b 12 . 34 . The value given by the original sample was 0.538. For 
that sample <r 2 = 2.53, S 1234 = 2.81, and # 2.34 = 0.708. If these 
values are substituted in equation (74), the standard error works out 
to be 0.287. The observed regression may therefore be stated to be 
0.538 ± 0.287. This indicates that we can say that the true regression 
probably lies between 0.251 and 0.825, with the expectation that such 
statements will be right two times out of three, on the average; or 
we can say that it lies between —0.036 and 1.112, with the expectation 
that such statements will be wrong only one time out of twenty 
(0.045). Actually, the true value in this case was 0.320, or within 
the first range. It may be noted that 11 of the 16 samples showed 
regression coefficients for b l2 34 within 0.287 of the true value, and 
all but one fell within 0.574 of the true value. Again this illustrates 
how the variability of constants which tend to be normally distributed 
may be estimated by appropriate error formulas, and hence how the 
reliance to be placed in conclusions from a given sample may be 
judged. 

From equation (74) it is evident that the reliability of a net regres- 
sion coefficient varies directly with the multiple correlation of the 
dependent factor with the other factors, but inversely with the multiple 
correlation of the particular independent factor with the other inde- 
pendents. The more closely a particular independent factor can be 
estimated from the other independent factors present, the less ac- 
curately can the net relation of the dependent factor to it be determined. 

The qualifications the use of this error formula throws around 
regression results may be illustrated in a problem where the theory 
of sampling is v fairly applicable, namely, the relation between the feed 
a herd of cows receives and the resulting milk production. Table 
75 shows these results for two different studies. 

This table illustrates two points: first, that the regression results 
are not very accurate even with a multiple correlation of 0.80; and, 
second, that the reliability of the regressions varies from variable to 
variable, being much greater in some cases than in others. It is obvious 
that some of the regressions would have no statistical significance at all, 
whereas others would indicate the probable relations within a fairly 
close range of accuracy. 
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Thus for the percentage of lime, with the P.E. = 67.4 per cent of the 
regression, there is 1 chance out of 2 that the true net regression varies 
from that observed in this sample by two-thirds of the observed value, 
and 1 chance out of 6 that the true net regression is of opposite 
sign from that observed. With the total digestible nutrients, on the 
other hand, with the probable error only 12 per cent of the observed 
value, there is but little chance that the observed value differs from the 
true regression by more than 30 per cent, and very little chance that it 
differs as much as 40 per cent. 

If the regression equation is to be used solely as a basis for making 
new estimates of the value of the dependent factor to be expected 
for given values of the independent factors, then the accuracy of the 
several regression coefficients does not make such a great difference. 
Any deficiency in one may be compensated for by an excess in an- 
other. (This does not hold true, however, if estimates are made for 
extreme values of variables whose regressions are subject to large 
errors. See Chapter 19 on this point.) But if the major interest is not 
in the total estimate, but in the changes in the dependent factor with 
changes in each particular independent factor, then the reliability of 
each particular regression coefficient becomes of real importance. In 
the illustration cited, for example, it would not do to know merely 
that the milk production per cow varied both with protein content and 
with lime, if it was desired to know how much to allow for protein and 
how much for lime in compounding a ration. Instead, the probable 
errors indicate that the influence of protein (as represented in the 
“nutritive” ratio) has been fairly accurately measured, whereas the 
influence of lime has not been accurately measured at all. Not much 
confidence therefore can be placed in the conclusions as to this latter 
factor. 

In any correlation study where the results are based upon a sample 
of observations drawn at random from a known universe, and where 
any importance is to be attached to the values found for the several 
regression coefficients, it is essential that the standard errors of each 
of those coefficients be determined and considered. As is illustrated 
in the examples just discussed, a sample may have a very significant 
multiple correlation and yet yield regression coefficients for some 
variables which are almost entirely the result of chance fluctuation, 
and therefore of little or no significance. This may occur even with 
moderately large samples, such as the sample of 95 cases in the first 
example just considered. Computation, presentation, and discussion 
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of the standard errors of the regression coefficients are therefore vital 
parts of any such multiple correlation study. 13 


TABLE 75 

Probable Errors of Partial Regression Coefficients, in Per Cent 

of the Value of the Coefficient * 


Item 

Wisconsin study 

Minnesota study 

Number of observations 

95 

77 

Number of variables 

10 | 

8 

Multiple correlation, adjusted for number of 
• variables 

0. 805±0.039 

0.862 ±0.034 





Probable Error of Regression Coefficients t 


Independent variable 

Per cent 

Per cent 

Total digestible nutrients . 

12.0 

11.5 

Nutritive ratio. ... 

12.4 

9.5 

Per cent of Drotein 11 good ” 

28.3 


Per cent of lime ... 

67.4 


Per cent summer feeding 

17.5 


Per cent silage 

21.5 

13.7 

Fat test of milk 

- 10.6 

3.7 

Per cent fall freshening 

18.5 

11.8 

Value per cow 

26.8 


Af?e of cows 


17.9 

Per cent irrain in ratio 


20.2 





* Mordecai Ezekiel, The application of the theory of error to multiple and curvilinear corrcla 

tion, Journal of the American Statistical Association, \ ol. XXIV, No. 165 A, Marc >, 1J- , • upp c 

ment, p. 103. . , „ r 

t The coefficients are for the net regression of milk production on the factors stated, i E 

= 0.6745 of the standard error. 


Multiple curvilinear correlation. All the formulas for multiple 
regression constants cited lip to this point have been derived loi 

13 For illustrations of ways of presenting net regression coefficients, together 
with their standard errors, see M. J. B. Ezekiel, P. E. McNall, and F. B. Momson, 
Practices responsible for variations in physical requirements and economic costs o 
milk production on Wisconsin dairy farms, Agricultural Experiment Station of 
Wisconsin Research Bulletin 79, August, 1927, pp. 21-23; and Kathryn H. Wyhe 
and Mordecai Ezekiel, The cost curve for steel production, Journal of Political 
Economy, Vol. XLVIII, pp. 792-93, December, 1940. 
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linear correlation use. For curvilinear multiple correlation results, 
however, no measures of the probable error have yet been devised for 
the freehand process by logical and mathematical deduction. Ex- 
periments mentioned previously were initiated to provide at least 
some empirical measures of reliability. The results indicate that the 
'index of multiple correlation must be corrected for the number of 
constants involved or assumed just as much as the coefficient of mul- 
tiple correlation, as has already been illustrated. 

The reliance to be placed on regression curves requires separate 
treatment. Where those curves are determined by fitting mathematical 
functions, the probable accuracy with which the true relation is ex- 
pressed by the mathematical curve may be judged by error formu- 
las which have been worked out mathematically by an extension of 
the same methods upon which those previously presented were based. 
For regression curves determined by the successive approximation 
process or by the graphic approximation process, no such mathemati- 
cal treatment is possible. Experimental study of the reliability of 
regression curves determined by successive approximations, however, 
has thrown some light on the reliability of such curves and made it 
possible to state the following general principles: 

First, the reliability of regression curves appears to vary inversely 
with the standard error of estimate for the entire sample. 

Second, the reliability of any point on a regression curve appears to 
vary directly with the square root of the number of observations on 
which that portion of the curve was based. 

Third, the reliability of any point on a regression curve, when 
stated as the difference between the value of the function at that 
point and the value of the function at the point corresponding to the 
mean of the independent variable, appears to vary inversely with the 
square root of the distance the selected point is from the mean of the 
independent variable, measured in units of the standard deviation of 
the independent variable. 

All these points apply equally to simple regression curves and net 
regression curves, computed while holding the influence of other factors 
constant. For net regression curves, one further point is involved, the 
extent to which one independent factor tends to vary with the other 
independent factors, which may be stated: Fourth, the reliability, of 
points on a net (or partial) regression curve appears to vary inversely 
with the multiple curvilinear correlation of the particular independent 
factor with the other independent factors. 
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The following formulas give a rough approximation to the standard 
error of net regression curves. These formulas express the four points 
just mentioned. In experimental work, these formulas, when com- 
puted from the results shown by individual samples have, on the 
average, successfully indicated the range within which the true re- 
gression curves lie 17 times out of 20 (using a range of twice the com- 
puted standard error). The proportion of very large errors, up to 
5 or more times the computed standard errors, has been larger than 
would be expected from a normal distribution of errors. These pre- 
liminary formulas may leave out some essential element in occasional 
cases, or the results of graphic freehand curve fitting may show errors 
in exceptional samples out of proportion to those ordinarily made . 14 

The formulas are: 


. iSyJM^X 

Of{X)-f(Xu) - \ 2 

V x n u 

(74.1) 

I Si./(2,3.4)^2 

(74.2) 

• 

-Mu( **!> - \ <r 2„ u (l _ p2 34 ) 


Since several new symbols are introduced in these two equations 
to cover the points which have been enumerated, they will first be 
defined. 

The symbols have exactly the same meaning for both equations, 
except for the additional term (1 — Pi. 34) m equation (74.2) for regres- 
sion curves determined by multiple correlation. The standard errors 
of estimate, S v ./( z) , and Si./ (2t 3 i 4> have the same meaning as defined 
in equations (21.1) to (22.2) and (64) or (65); <r x and <r 2 are the usual 
standard deviations of the independent variable. The new terms have 
the following meanings: 

means the reading from the regression curve /(A) for the 
point where X is equal to M x . 

/i 2 . 34 (Xjif t ) means the reading from the net regression curve / 1 2 . 34 (X 2 ) 
for the point where X 2 = M 2 . 

n u represents the number of observations falling within some 
selected group interval of X or X 2 , with X a , the point for which the 
accuracy of the curve is to be determined, at the center. This interval 

14 The derivation of these formulas is given in Mordecai Ezekiel, The sampling 
variability of linear and curvilinear regressions, Annals of Mathematical Statistics, 

September, 1930. 
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must be taken large enough to include the observations which were 
taken into account in determining the shape of that portion of the 
curve, yet small enough not to take in observations whose values did 
not enter into the determination of that part of the curve. 

u designates the range over which n u is taken, stated in units of the 

independent variable X or X 2 , and using the same units as those in 

which the standard deviation, <r 2 , is stated. Thus if the standard 

deviation is in units of pounds or dollars, u is also stated in pounds 
or dollars. 

The other term, x or x 2f has the same meaning as used previously — 
the deviation of the independent variable from the mean of that vari- 
able, stated in the same terms as the standard deviation is stated in. 
Thus for the point along the curve where the independent variable 
has the value X a , x = X a — M x . There is this difference from the 
* usual usage, however,— in equations (74.1) and (74.2) x and x 2 are 
to be taken as positive numbers without regard to sign. 

The se\ eral steps in working out the reliability of a regression curve, 
and the meaning of the results, may be illustrated by applying these 
equations to one of the curves previously determined. 

The reliability of the regression curve worked out for cotton yields 
in Chapter 8 may be tested by equation (74.1). The curve obtained 
(Figuie 23), on page 154, shows that with an average application of 
water, 1.97 feet, a yield of 328 pounds of cotton would probably be 
obtained, whereas with an application of 1.4 feet of water, a yield of 
195 pounds would probably be obtained. Apparently reducing the ap- 
plication of water 0.57 foot would reduce the yield of cotton by 133 
pounds. How accurate is this last conclusion? 

Picking out the values necessary to compute the standard error 
according ^equation (74.1), we have S„. f(x) = 80.7 pounds, <r* = 0.73 
foot, and x — 0.57 foot. Noting that the average yield in the groups 
of 1 to 1.4 feet of water and 1.5 to 1.9 feet of w^ater both had some 
influence in determining the position of the curve at 1.4 feet, we may 
let the interval for which we take the number of cases extend half way 
into the upper group, or to 1.7, and an equal distance below 1.4, or to 
1.1. The number of items for n u , then, will include all the cases having 
1.05 or more feet of water applied, and less than 1.75 feet applied, 
a lange of 0.70 foot. The number of cases falling in this range 
(Table 31 on page 000) is found to be 6; so n u = 6 and u = 0.70. 
Substituting these several values in equation (74.1), we find the 
arithmetic to be as follows: 
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Standard error of decrease of 133 pounds 

lsl /(z) ux I (80. 7) 2 (0.70) (0.57) /( 6523) (0.70) (0.57) 

^ ^ ^ (0.73) 2 (6) ^ (0.5348) (6) 

Standard error — 28.5 


= V81L11 


The difference of 133 pounds, therefore, has a standard error of 
29 pounds. The statement that the reduction of 0.57 foot in water 
applied reduces yields by 133 pounds, therefore, really means that 
the reduction is probably between 104 and 162 pounds, but there is at 
least 1 chance in 20 that it is as little as 77 pounds, or as much as 189 
pounds. That is, if we make the statement that the true value for all 
the farms in the universe lies between 77 and 189 pounds, we should be 
wrong in at least 1 out of 20 such statements, on the average. (Table A 
need not be considered in computing these chances, unless the total 
number of observations in the problem, n — m, is less than 30. Then 
n — m should be used to find the column to determine the probabilities 
from, rather than n u . In this case, with n — m = 11, the conclusions 
are not quite so reliable as these statements indicate.) 

It should be noted that the estimated range of error would not 
have been changed very greatly if a different interval had been used for 
u. Had the range from 1.25 to 1.45 been taken instead, u would have 
been 0.30 and n u would have been 5. If these values are substituted 
in equation (74.1) instead of the ones used previously, the standard 
error works out as somewhat lower than before. The greater the total 
number of observations, the less effect a change in u will have on the 
computed error — it is only the small number of cases and very irregular 
distribution that causes as considerable a difference as in this par- 
ticular case — and even so, the indicated reliability is still of the same 
order. 

To compute the range of error for the entire curve, we may pick 
out a number of selected points — say at each 0.2 foot of water — and 
work out the error for the reading at each of those points. The process 
may be shortened by noting that, in equation (74.1), the values of the 
several terms remain unchanged for every point along the curve, with 
the exception of u , n u , and x\ and that, if the same range is taken for 
u at each point, only the two other values are changed. Accordingly, 
equation (74.1) may be restated as follows: 


<7(X)-/(XAf) = 



where 



(74.11) 
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Since the value of k is the same for every point along the curve, it can 
be worked out once for all; then all that needs to be computed at each 

X X 

point is — , the product k — , and the square root of the product. 
n u n u 

The work of applying this process to the cotton-yield curve may be 
shown in tabular form. First the value of k must be worked out. If 
we continue to use the same range for u as before, 0.70 foot of water, 
the computation is: 




(80.7) 2 (0.70) 

(0.73) 2 


= 8,538 


The next step is to enter X for each selected point, compute the 
value of x, and determine the value of n u and of x/n u \ then multiply 
by k and extract the square root. These several steps are shown in 
Table 75A. 


TABLE 75 A 


Computing the Standard Errors for Points Along a Regression Curve 


X 

X 

n u 

X 

71 u 

(Error) 2 

*(=) 

Error 

Jk— 

V riu 

1.2 

0.77 

6 

0. 12833 

1095.71 

33.1 

1.4 

0.57 

6 

0.09500 

811.11 

28.7 

1.6 

0.37 

8 

0.04625 

384.89 

19.6 

1.8 

0.17 

6 

0 . 02833 

241.91 

15.5 

2.0 


5 

0 . 00600 

51.23 

7.1 

2.2 

0.23 

4 

0.05750 

490.94 

22.1 

2.4 

0.43 

3 

0. 14333 

1223.78 

35.0 

3.5 

1.53 

2 

0.76500 

6531.57 

80.8 


The values of n u are determined just as in the single case before, 
by taking all the cases falling within 0.35 foot above and 0.35 foot 
below the value of X selected. Thus for X = 1.2, there are 6 cases 
between 0.85 and under 1.55; whereas for X = 2.4, there are but 3 cases 
between 2.05 and below 2.75. The series of values in the n u column 
add to considerably more than the total number of observations, since 
the range taken is such that there is considerable overlapping. This 
does not affect the final errors computed, however, since the unit 
selected for u tends to have no effect on the size of the computed error. 
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The importance of the errors shown in the last column of Table 
75A may be judged by comparing them to the values to which they 
apply — the difference between the estimated cotton yield for the several 
values of X and the yield estimated for the mean value of X. Table 
75B shows this comparison. 

TABLE 75B 

Deviation of Points on a Regression Curve from the Value for the 

Mean, and the Standard Errors 


X 

/(*) 

f(X) -J(X m) 

Standard errors * 

2.25 (standard error) f 

1.2 

145 

-183 

±33 

±75 

1.4 

195 

-133 

±29 

±65 

1.6 

248 

- 80 

±20 

±44 

1.8 

293 , 

- 35 

±16 

±35 

1.9 

328 

0 



2.0 

335 

7 

± 7 

±16 

2.2 

376 

48 

±22 

±50 

2.4 

414 

86 

±35 

±79 

3.5 

543 

215 

±81 

±182 


* From Table 75A. 

t For a case where n — m = 11, range from the true value within which 95 per cent of the 
sample values will fall, on the average. 


The standard errors will have to be interpreted with respect to the 
total number of observations, adjusted by m. For this problem, m = 3, 
so Table A should be entered with 12. Interpolating, we. find that for 
such samples a departure of more than one standard error from the true 
value is likely to occur 34 times out of 100, and a departure of more 
than twice the standard error is likely to occur about 8 times out of 100 
' (as compared to less than 5 times for a very large sample). To 
estimate the extent of the true differences in yield lying beyond the 
observed differences which will be exceeded only in one sample out 
of 20, on the average, it is necessary to add about ± 2.25 times the 
standard error to the observed differences. This value is accordingly 
entered in the final column of Table 75B. >5 

15 In view of the rather rough approximation to the true standard error of the 
curves given by these formulas, this use of Table A may be a refinement which is 
hardly justified. As indicated before, 2 or 3 samples out of 20, on the average, 
may show departures exceeding twice the standard error, as calculated by this 
method. 
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Just as with a regression line, the value of Y corresponding to the 
mean value of X is not exactly certain. No special sampling study 
has been made of regression curves in this connection. It would hardly 
be correct to apply equation (70) directly to this, as the central value 
for a freehand regression curve is not as definitely determined as for a 
straight regression line. Accordingly, the errors may be interpreted 
only with respect to differences from the mean value, rather than with 
respect to actual values. 

The regression curve with its computed standard error is shown in 
Fig. 60, together with the wider range to reduce the probability of error 
to 0.05. This chart indicates the interpretation which may be given 
to the computed errors. The inner borders indicate the range within 
which the relation probably lies, with the regression curve from 1 
sample out of 3, on the average, differing from the true curve by more 
than the range shown; whereas the outer borders indicate the range 
within which the true curve probably falls, with at least 1 sample out of 
20, on the average, giving a regression curve which differs from the 
true curve by more than the range shown. 

It is now quite evident why the table showing the relation according 
to the regression curve, as set forth in Chapter 8, page 154, was not 
carried beyond 2.5 feet of water. In fact, it might be just as well not 
to carry it beyond 2.25 feet, to judge from Figure 60, for at 2.5 feet 
there is at least 1 chance out of 20 that the true difference in yield 
above the yield for the average water application differs from that 
estimated by nearly the difference shown in the estimate. The wide 
range of possible error for the true position of this curve reflects both 
the small number of observations upon which it is based and the 
relatively low correlation shown by those observations. Even so, the 
computed range of error indicates what degree of reliance can be 
placed in the findings under these limiting conditions, and so makes 
the results of the analysis of more value than if we had no knowledge 
of their probable stability. 

It is evident from the illustration that certain portions of a regres- 
sion curve may be much less accurately determined than certain other 
portions. It is not merely the total number of observations in the 
sample, but the way they are scattered or bunched along the curve 
which is fitted, which affects the reliability of the various portions of 
the regression curve. 

The process of working out the standard error for a net or partial 
regression curve is exactly the same as that just illustrated, except 
that equation (74.2) is used instead of (74.1). The computation may 




*» , 

MULTIPLE CURVILINEAR CORRELATION 335 


be broken into two steps just as illustrated for simple correlation, as 
follows : 


°7l J . J4 (^ 2 ) — /l2 . M ( j) 



where 


*Sl./(2,3,4)M 

°f(l — P 2 . 34 ) 


(74.21) 

# 


The multiple curvilinear intercorrelation of each independent vari- 
able with the remaining independent variables can be determined fairly 
rapidly by the use of the short-cut graphic method. Thus for the 



Fra. 60. Curvilinear regression of eotton yield on irrigation water applied, and 

range within which the true relation probably lies. 


second problem used in Chapter 16, computation of the standard error 
zone for the several independent_variables involves determination of 

the index of multiple correlation, P, for each of the three supplementary 
regression relations, as follows: 

(A ) P 2.34 from X 2 =/ 23 . 4 (X 3 ) +/ 24 . 3 (X 4 ) 

® Pa. 2 4 from X 3 = / 32 . 4 (X 2 ) + / 34 . 2 (X 4 ) 

fC) P4.23 from X 4 = / 42 . 3 (X 2 ) +/ 43 . 2 (X 3 ) 
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In these three regression equations, to prevent confusion the same 
notation has been used for the subscripts to the “/’ s ” in designating the 
several net regression curves as is used ordinarily in distinguishing 
the several net regression coefficients. 

After the three sets of regression curves, (A), (B), and (C), are 
determined by the short-cut process, the final residuals for each may 
be read off from the final charts, the values of <r 2 and 0-3 and z £ , 
<74 and z± determined, and the values of P 2 . 34 , P 3 . 24 , and P 4.23 com- 
puted from these by equation (66.3), just as was illustrated in Chapter 
16. With these three values, and the standard deviations of all the 
variables, we can then compute the standard error zone for each net 
regression curve by equation (74.21), carrying through for each variable 
in turn computations similar to those just indicated. 

TABLE 75C 


Computing the Standard Errors for Points along the Net Regression 

Curve /i2.34(A 2 ) 


*2 

X2 

7? u . 1 

*2 

«u 

(Error) 2 

(=) 

Error 

yj k' *- 

25 

37.97 

3 

12.66 

24.41 

4.9 

35 

27.97 

4 

6.99 

13.48 

3.7 

45 

17.97 

3 

5.99 

11.55 

3.4 

55 

7.97 

2 

3.98 

7.67 

2.8 

65 

2.03 

6 

.41 

.79 

0.9 

75 

12.03 

7 

1.72 

3.32 

1.8 

85 

22.03 

7 

3.15 

6.07 

2.5 

95 

32.03 

4 

8.01 

15.44 

3.9 


Carrying out these curvilinear correlation analyses, we obtain values 
of Pi .34 = 0.6986 and P 3.24 = 0.4809. The standard deviations are 
also computed, giving a\ = 513.76_and o\ — 44.43. The M 2 = 62.97, 
and M 3 = 69.87. The values of S 2 and page 294, are 14.93 and 

51.70, respectively. 

Using equation (74.21), we next calculate the value of k . This 
involves deciding on the value of u to use. For X 2 , where the observa- 
tions run from 18.3 to 88 . 3 , an interval of 20 seems appropriate, begin- 
ning at 15. Accordingly, k' becomes 

. , _ *Si,/( 2 .3.4)K _ (14.93) (20) _ ^ 

_ o-l(l - Pl.34) " (513.76)(1 - 0.6986) 
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Table 75C shows the work set up in the same form as in Table 
75A. The values in the n u column are taken from Table 69A of 
Chapter 16, by calculating the frequency of X 2 in each 20-unit range 
around the X 2 values stated. Thus, for the group with X 2 = 35, 
there are four observations in the range from 25 to 45, and 4 is there- 
fore the n u value for this group. The next group, X 2 = 45, includes 
the range 35 to 55, with three observations. The fact that some ob- 
servations are counted twice makes no difference, as that is allowed for 
by the inclusion of the u value in equations (74.2) and (74.21). 

Similarly, for the regression /i 3 . 24 (A 3 ), k' becomes 

5l./(2.3.4)U _ (14.93) (10) 

<r§(l - P 3 . 24 ) (44.43) (1 - 0.4809) 

Here, with A r 3 varying from 59 to 86, units of 10 are used for u. The 
computation of the errors is as follows: 

TABLE 75D 


Computing the Standard Errors for Points along the Net Regression 

Curve /13.24U3) 


*3 

xz 

n u 

£2 

n u 

(Error) 2 

k' - 
n u 

Error 

Jk'~ 

\ Wu 

60 

9.87 

4 

2.47 

15.99 

4.0 

65 

4.87 

3 

1.62 

10.49 

3.2 

70 

0.13 

12 

.01 

.06 

0.3 

75 

5.13 

12 

.43 

2.78 

1.7 

80 

10.13 

1 

10.13 

65.57 

8.1 

85 

16.13 

1 

15.13 

97.94 

9.9 


The values for n u are likewise obtained from Table 69A, taking the 
frequencies of X 3 in each 10-unit range around the X 3 values selected. 

The standard errors as computed in Tables 75C and 75D could 
next be compared with the values to which they apply, by working 
out the departures of the net regression curves from their means just 
as was shown in Table 75B. That step will be omitted here. Instead, 
the errors are plotted graphically as d= departures from their respective 
net regression curves, as shown in Figure 61. In this case, with n = 18, 
and m = S (note page 293 of Chapter 16), we enter Table A (or 
Figure A) with 11 to find the significance of the departure. That 



338 


RELIABILITY OF CORRELATION RESULTS 


gives us approximately 0.34. Accordingly, we conclude that in one 
sample out of three, on the average, the net regressions would miss the 
true regressions in the universe by larger amounts than those indicated 
in Figure 61 for this particular problem. 

When we compare the zones of standard error in Figure 61 with the 
distribution of the original observations as shown in Figures 51 and 52 
of Chapter 16, we see that the values of the independent variable for 
which the regression is fairly accurately determined are the values 

x, 




Flg. 61. Curvilinear net regressions of steel costs per ton on operation rate and 

wage rates, and standard error range for the net regressions. 

where the bulk of the observations fall. Thus, in the case of X 2 , 
capacity operated, the observations are thickly clustered from 65 to 90, 
and thinly spread over the rest of the range. In consequence, the zone 
of standard error is narrowest in this region where relatively more 
observations were available to determine the slope of the curve. 
Similarly, for X 3 , wage rates, the bulk of the observations fell between 
70 and 75, with a thin scatter below 70 and with only one observation 
above 80. This distribution also is faithfully reflected in the standard 
errors, with a very wide error zone about 75, indicating that little 
is known of the slope of the regression curve in that range. The error 
equations (74.2) and (74.21) have this especial property of indicating 
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the accuracy of determination of the various portions of each regres- 
sion curve, in view of the adequacy with which that portion of the 

curve is represented by the distribution of the observations in the 
sample. 

It will also be noted, in Figure 61, that if a horizontal line were 
passed through the mean of each curve (the point of zero error) it 
would fall entirely within the standard error zone for most of its length 
/ 13.24 (X 3 ) > but would fall largely outside the zone of error for 
/12.34 (X 2 ) . That means that there is no certainty that there was 
any net relation between costs (Aj) and wages (A3), whereas there 
is definite indication of a net relation between costs (A \ ) and capacity 
operated (X 2 ). This result is secured even though the correlation of 
A 2 with X 3 and X 4 is materially higher than the correlation of X 3 
with X 2 and A r 4 . The net relation found between X x and A r 3 could 
readily have occurred by chance; there is much less possibility that 
the observed net relation between X t and X 2 could have been a chance 
result of the particular rates of operation which occurred during the 
years under study. The errors for / 4 (A r 4 ) are not calculated, since 
there seems little real meaning in a standard error for a trend regression. 

In a problem drawn from a time series, the meaning of error 
computations is less certain than in samples drawn at random from a 
true universe. Even in time series, however, the error computations 
may serve as some indication of the closeness within which the avail- 
able data can locate the underlying relationships. (See also the next 
chapter for the significance of error formulas in time series.) 

In all problems based on random sampling, where any generaliza- 
tions as to the relations in the universe are to be based on the shape 
or slope of the final curves obtained by the graphic method, the error 
zones should be computed and should be given due consideration when 
the data are presented. This is just as important for curvilinear regres- 
sions as is the use of standard error values for linear regression co- 
efficients. 

Regression curves fitted mathematically. Where regression curves 
are obtained by fitting definite mathematical equations to the data 
the standard error of the curve may be judged by the same methods’ 
previously presented for determining the probable errors of net rcgres- 
sion coefficients. Thus if a parabola of the formula 

X x = a + 6X 2 + b'X\ 

is determined, the standard errors of b and 6' may be determined 
y equation (74), treating X 2 and X\ as two independent variables. 
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The range within which the true curve probably lies may then be 
worked out just as has been illustrated for a linear regression. Simi- 
larly, if net regression curves are determined by fitting several mathe- 
matical equations simultaneously (as presented in detail in Chapter 
22), an extension of this same method may be used to judge the relia- 
bility of each of the net regression curves so obtained. 16 

Summary. Coefficients of correlation and of regression, indexes 
of correlation, and regression curves, when determined from a limited 
sample, may depart more or less widely from the true value for the 
universe from which that sample was drawn. This chapter presents 
methods by which the possible extent of that variability may be judged. 
These methods represent an extension of the methods presented in 
Chapter 2 for judging the reliability of averages. 

The methods of this chapter apply only when the correlations are 
determined from samples so selected as to comply with all the assump- 
tions of random sampling. Where the samples are selected by other 
methods, the results may be of greater or of less reliability than if 
random sampling had been employed. Furthermore, in many types 
of problems, such as in time series, the observations can hardly be 
regarded as samples drawn from a universe. In such cases, statistical 
measures of reliability have a less precise meaning, but may still be 
valuable as a caution on the use of the results. 

16 See Henry Schultz, The standard error of a forecast from a curve, Journal of 
the American Statistical Association, pp. 130— 1S5, June, 1930. 
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THE RELIABILITY OF AN INDIVIDUAL FORECAST AND OF 

TIME-SERIES ANALYSES 

The preceding chapter has indicated the kind of variability from 
sample to sample that may be expected in determining statistical con- 
stants, such as regression and correlation coefficients, and in determin- 
ing regression lines and curves. It has provided means of estimating, 
from the values obtained from a single sample, various indications of 
how far and how frequently the results from successive samples of 
the same size are likely to vary from the true values in the universe 
from which the samples are drawn. 

Reliability of an Individual Forecast 

The practical statistician frequently has to deal with a quite dif- 
ferent problem. Having taken a given sample, and having determined 
from that sample how the selected dependent variable is related to 
one or more independent variables, he then has the problem of draw- 
ing new observations of the same independent variable (s) from the 
same universe, and of estimating from those new values the most 
probable value of the dependent variable for the new cases. In series 
involving time relations, this becomes the problem of forecasting. In 
the corn-yield problem of Chapter 14, for example, it is possible to 
forecast the ultimate yield for the season as soon as the rainfall and 
temperature during the growing season are recorded. In problems in- 
volving crop production and price, it is possible to forecast the average 
price for the season as soon as the average crop is known. In these 
two cases, involving successive observations in time, theories of simple 
sampling do not apply rigorously, since the observations are not drawn 
fully at random. (See discussion of the time series problem later in 
this chapter.) 

In other problems, however, sampling theory may be fully ap- 
plicable. In a sample of children drawn at random from the school 
population- of a given city, certain relations may be determined be- 
tween their age and height and their weight. From these relations, 
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how closely can we expect to estimate the weight of a new child, 
selected at random from the same population? In problems such as 
this, we are concerned with the possible difference between the esti- 
mated value, X[ t and the actual value, X 1} for new observations drawn 
from the same universe as the sample. Heretofore we have calculated 
standard errors for the regression coefficient and line and standard 
errors of estimate for the observed errors in estimating X or X lf in 
the sample under study. Also we have used methods of adjusting 
the standard error of estimate to obtain the most probable variation 
from the true regression line in the parent universe. The present prob- 
lem, however, involves the accuracy of. estimates made from the line 
or curve obtained from the sample, in the light of the possible sampling 
errors of that line, as compared to the true line, plus the possible range 
of errors of the estimates around the true line. What we need, there- 
fore, is a means of combining the standard error of the regression line, 
o h , with the standard error of estimate, S 1>2 3 . . . n . 

Simple correlation. For a simple two-variable correlation, the 
square of the standard error of a single estimate is given by the 
equation 1 

o\'-y = a 2 \r v ' + (*6 yx *) 2 + *S 2 .r (75) 

Applying this equation to the illustration used previously, on page 
316, we can tabulate the calculation of various values as follows: 


Selected 
values 
of X 

(1) 

Departures 
from 
mean, x 

(2) 

Calculation of o v ~ v ' 

O 

Gy 

(3) 

Six 

(4) 

2 

a v-v ~ 

(3) + (4) 
(5) 

<T V - V > 

0.97 

-1.00 

14.0650 

67.6784 

81 . 7434 

9.0412 

1.47 

-0.50 

7. 1793 

67.6784 

74.8577 

8 . 6520 

1.97 

0 

4.8841 

67.6784 

72 . 5625 

8.5183 

2.47 

0.50 

7.1793 

67.6784 

74.8577 

8.6520 

2.97 

1.00 

14.0650 

67.6784 

81.7434 

9.0412 

3.47 

1.50 

25.541 

67 . 6784 

93.2194 

9.6550 

3.97 

2.00 

4 1 . 6077 

67.6784 

109.2861 

10.4539 


The last column gives the standard errors of estimate for values of 
Y' estimated from new values of A" drawn from the same universe. 
It is apparent from these values that standard errors for individual 


1 The derivation of this equation is given in Note 13, Appendix 2. 
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forecasts near the mean of X are but little larger than S vx . Thus the 
standard error for the forecast of 26.8 for Y' when X = 1.47 is only 
= 8.65, as compared with S vx = 8.28. The further the observed 
value of X departs from the mean, the larger the uncertainty of the 
individual forecast. Thus when X = 3.97, = 10.4539. We can 

state this uncertainty of the estimate more simply by expressing the 
relation as follows: 

When X = 1.47, Y = 26.8 db 8.65 

When X = 3.97, Y = 67.6 db 10.45 

Here we have introduced a new symbol, Y, to designate the probable 
range within which the true value will lie, for two estimates out of three 
on the average. 

These standard errors of individual forecasts are interpreted in 
the same way as any other standard error, as indicating (for various 
selected multiples of the standard error) the proportion of a succession 
of such forecasts which will show departures from the true values of 
stated sizes. Thus, in the problem illustrated on pages 147 and 151, 

when yields are estimated for new plots with 3.97 feet of w^ater ap- 

plied, two out of three new observations, on the average, should show 
yields falling within 10.45 ten-pound units of the estimated yield. 
Table A, in Chapter 2, should be used in interpreting this standard 
error in exactly the same w r ay it has been used before. 

If we wish to know r the ranges within wiiich the actual value will 
agree with the forecasted values except for a specified proportion of 
the estimates, say 5 out of 100, w*e can determine those ranges by 
computing each one of them from the formula 

Y = Y' ±t <T U '- V (76) 

The value to be used for t is obtained from Table A, page 23, or 
Figure A, in Appendix 3, by selecting the value which gives 0.05 as the 
proportion of cases. (In Table A, t corresponds to the values in the left- 
hand column; in Figure A, to the abscissas, shown across the bottom.) 
For example, assume that w'e w'ere estimating the probable yield of 
cotton for a new plot wiiere 2.97 acre-feet of w^ater had been applied. 
The estimate, Y\ is 51.9 ten-pound units. What is the true yield likely 
to be? Equation (70.21) then becomes 

Y = 51.9 ± (9.04)* 

The regression line (page 148) w-as determined from a sample of 
14 observations. The straight line involves tw r o constants, so the n for 
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Table A, Chapter 2, = 14 — 2 + 1 = 13. Interpolating between the 
lines for n = 12 and n = 16 in Figure A (page 505) on the ordinate 
corresponding to 0.05, we find the corresponding abscissa gives t as 2.16. 
Upon substitution, the equation becomes 

F = 51.9 ± (9.04) (2.16) 

Y = 51.9 d= 19.5 


Accordingly, we estimate that the true yield will lie between 32.4 and 
71.4 ten-pound units, or between 324 and 714 pounds, knowing that we 
are likely to be wrong only in one out of twenty such estimates, on 
the average. 

Multiple correlation. The equation for the standard error of an 
individual forecast made from a multiple regression equation is similar 
to that given for simple correlation, with the addition of expressions 
for the additional variables, as follows: 


2 — 2 

"*'1.234 -*1 = S'- 234 


1 H h 022*2 + C33X3 

n 


+ C44X4 + 2023*2*3 + 2024*2*4 + 2c 34 * 3 *4 (77) 


In this equation x 2 , *3, and x 4 are the values of the independent 
variables for which the forecast is made, stated as departures from 
the respective means M 2 , A/ 3 , and A/ 4 , as calculated in the original 
sample from which the regression equation was calculated. The 
c values for equation (77) are obtained by the simultaneous solution 
of the following equations: 


(2*2) c 2 2 + (2*2*3)023 + (2 x 2 *4 )o 2 4 = 1 ' 
(2x2* 3 )c 2 2 + (2x 3 )c 23 + (2X3X4)024 = 0 

(2x 2 X 4 )C22 -f (2 x 3 x 4 )c 23 + (2X4)024 = 0. 



(2x2)032 + (2x2X3)033 -f- (2x2X4)034 — 0 

(2x2X3)032 -T (2x5)033 + (2x3X4)034 = 1 

(2x2X 4 )c 3 g + (2x3X4)033 + (2X4)034 = 0 



(2x2)042 -f (2x 2 x 3 )c 43 + (2x 2X4)044 = 0 
(2 x 2 x 3 )c 42 + (2 x 3 )o 43 -f (2x3X4)044 = 0 
(2x2X 4 )c 4 2 + (2X3X4)043 + (2X4)044 = 1. 
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If these equations are solved, it will be found that c 23 = c 32 , 
c 24 = c 42> an d c 34 — 43. Also, it is evident that the coefficients of 
the equations to the left hand of the equality signs are identical in all 
three sets of equations and are also identical with those of the normal 
equations (38), used in determining the net regression coefficients. 
These two facts make it possible to compute the values of all the 
c’s at the same time that the 6’s are computed, with only a relatively 
slight additional amount of work. This process is given in detail in 
the appendix, “Methods of Computation;’ pages 469 to 474. 

The c’s for a large number of independent variables are obtained 
. by an expansion of equations (78) to (80), setting up as many sets of 
simultaneous solutions as there are independent variables and placing 
the 1 on the right-hand side of the equations opposite the variable 
whose (2^) occurs with the c nn ’s, just as for the second set of equa- 
tions (79) above; 1 occurs to the right of the equation where (2.r^)c 33 
occurs as one of the items on the left of the equality sign. 

The standard error of the individual forecast, according to equation 
(77), will differ for each combination of values of the various inde- 
pendent variables shown in the new observation. If the values of 
these several independent variables all Jjall at about their mean values, 
o*_ r , will be only slightly larger than S 12 3 4 . If they fall far from it, 
or even if one independent variable falls far from it, where the standard 
error of the net regression for that variable is very large, the standard 
error of the estimate will be correspondingly large. 

For n variables, the general formula for the square of the standard 
error of the individual estimate is given symbolically by 

2 _ 

. . . n--ri — 

-§1.23 * • • n + “ + ( C 2*2 + C 3 X 3 + ...+■ *,.)’] (81) 

In expanding equation (81) for any number of variables, it must be 
interpreted by the special condition that c 2 c 2 = c 22 , c 2 c n = c 2n , etc. 

The standard errors of individual estimates made from multiple re- 
gression equations, according to equations (77) or (81), can be inter- 
preted in exactly the same way as given above for standard errors of 

individual estimates from simple regression equations, from equation 
(75). 

Curvilinear correlation. Where a simple or multiple curvilinear 
relation is determined by fitting mathematical regression equations, 
the standard error of individual estimates can be computed by an 
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extension of equation (77). Thus if a cubic parabola has been fitted 
using 

Y = a + b 2 X + b 3 X 2 + b A X 3 


we can compute this equation most readily by writing it in the form 

Y = a + b 2 X + b 3 U + hV 
where U = X 2 and V = X 3 

The standard error of an individual estimate is then given by the 
equation 

Cr V'xuv — y &y-xuv I 1 “F" — “t” Cxx% “I - C uu ll -f“ C vv V 

L n 

+ 2 c xu xu + 2 c xv xv + 2c up t/vJ 

Similar expansions are available for mathematical regression equations 
for two or more variables. 2 

Where the regression curve has been determined graphically, the 
standard error for simple correlation is as follows: 

= «*/<*>( 1 + ^) + [standard error oif(X) - f(X M )] 2 (82) 


In equation (82), the last term of the equation is that determined by 
equation (74.1), for the particular value of X for which Y is to be 
estimated. 

In the case of multiple curvilinear correlation, with the regressions 
graphically determined, no precise equation has yet been developed 
to give the standard error of individual estimates. A roughly ap- 
proximate value may, however, be calculated as follows: 


o 

ov 

* l*/(234) x 



+ a MX 2 ) + *MX») + <4(X<) 



where the second, third, and fourth terms arc the standard errors of 
the curvilinear regressions for the particular values of X 2 , X 3 , and X A} 
which arc represented in the estimate of X ]t calculated according to 
equations (74.2) or (74.21). 

2 Henry Schultz, The standard error of a forecast from a curve, Journal of the 

American Statistical Association, pp. 139-185, June, 1930. 
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Equation (83) gives only a rough approximation to the true stand- 
ard error because it excludes the terms which provide for the cross- 
products between Jhe different independent variables. Where the 
inter correlations (P 2 . 34 , etc.) between the independent variables are 
low — say, 0.50 or lower — this will probably not affect the calculated 
error very much. Where the intercorrelations are quite high, this 
estimated value may overestimate or underestimate the true error by 
a considerable margin. 


The Applicability of a Regression Equation to an Extrapolation 

beyond the Observed Range 

We have already seen examples, in Chapters 14 and 16, of how 
estimates might sometimes need to be made for new observations which 
lie beyond the range included in the original sample. We have also 
seen the possibility of exceptionally large errors of estimate when the 
formulas or curves are extrapolated in this way beyond the observed 
range. A rough rule-of-thumb has been given that estimates beyond 
the observed range should never be made, or, if they must be made, 
should be regarded as exceptionally hazardous. This present section 
will explore further the meaning of the statement “beyond the range 
of observation.” 

Where only two variables are concerned, there is no question as to 
the range covered in the original observations. Thus if we consider 
the data plotted in Figure 23, on page 154, it is apparent at once that 
the independent variable, X , covers the range from 1.2 to 3,5. Any 
new values of X smaller or larger than those values would be beyond 
the observed range. 

Where two or more independent variables are concerned, the situa- 
tion is more complex. Thus the data of the example plotted on 
page 170, in Figures 25 and 26, show that the acres range from 60 to 
240, and the cows range from 0 to 18. Suppose a new observation were 
drawn from the same universe, with 225 acres and 17 cows. Would 
that observation be within the original range? At first it might seem 
that it would, since the number of acres falls within the original 
acreage range, and the number of cows within the original range for 
cows 

Multiple correlation, however, is concerned not merely with the 
relation of the dependent variable to each independent variable sepa- 
rately, but with the composite relation to all the independent variables 
together. Is the combination of 17 cows and 225 acres, whose effect 
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was represented, either exactly or approximately within the original 
observations? This combination involves the joint values for X 2 and 
A' 3 , which were represented in the original observations. These are 
shown plotted on Fig. 27, page 170. It is evident from this figure 
that the new combination lies well outside the observed joint distribu- 
tion of cows and acres. 

The original sample had some farms of between 200 and 250 acres, 
but none of them had more than 6 cows. It also had some farms of 
15 or more cows, but none of them had more than 120 acres. The 
single original case that came anywhere near the new observation was 
a farm with 14 cows and 180 acres. Even this one case is quite dif- 
ferent from the new observation with 17 cows and 225 acres. Since 
the new observation lies well outside the joint distribution or combina- 
tion of values represented in the original sample, any estimate made 
for it from a regression equation based on that sample is subject to 
an extra degree of hazard, beyond that given by the error formulas 
discussed in the preceding portion of this chapter. Those formulas 
give accurate values of the probable error of individual estimates only 
within the range represented by the original sample. Extrapolation 
of the regression equation or curves beyond that range, or combination 
of values, represents an extension into unknown fields, where sudden 
changes in the nature of the relations might conceivably occur. 
A priori knowledge of the relations, based on technical facts and the- 
ories, or on other evidence, may justify extrapolations of the curves. 
Any assumption that the errors of such extrapolations can be calculated 
from the error formula derived from the sample depends on a con- 
tinuation of the observed relations into the unsampled range of values. 
Such an assumption can be justified only by other information, inde- 
pendent of the observed values and the constants calculated from them. 
Estimates of error for such extrapolations are only as reliable as the 
assumptions on which the extrapolations are based. 

Where there are three or more independent variables, it is still more 
difficult to determine whether a given new combination of values lies 
outside the joint distribution of the three or more variables in the 
original sample. In many cases this can be determined by careful 
checking of the new observation against such dot charts as those in 
Figure 42, on page 270 of Chapter 16. Thus, suppose a new observa- 
tion were drawn with 2 cows, 100 acres, and 4 men. Would this be 
within the range of the original observations? 

Careful inspection of the charts on page 270, and of the data on 
page 199, reveals that, although the combination of 2 cows and 100 acres 
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is well within the observed joint distribution for those two variables, 
no such combination occurred with 4 men, or even with 3 men. The 
nearest values are one observation (No. 7) of 3 men with 6 cows and 
170 acres and one other (No. 12) of 3 men with 15 cows and 120 acres. 
The new observation, of 4 men with 2 cows and 100 acres, would ap- 
parently involve much more human labor, to care for that many cows 
and acres, than was represented in the original observations, and 
therefore lies far outside the joint distribution represented in the 
sample for the three values. It is quite possible that that much 
labor would represent a wasteful use, so that the additional men would 
be more likely to reduce the farm income rather than increase it. An 
estimate of income for this new farm, based on the relations shown 
in the sample for quite different farms, might therefore be very sadly 
in error. 

The rough process of comparing the new observation with the values 
of the independent variable for the original observations, as illustrated 
above, may serve reasonably well for determining whether the new 
observation is or is not represented in the original sample. Methods 
are available for computing the exact probability of the new observa- 
tion being drawn from the distribution represented in the original 
observations. 3 Carrying through such calculations ordinarily would 
seem to involve an amount of labor out of proportion to the value of 
the information obtained. For very exact work, or for estimates of 
very great importance, however, it might be worth working them out. 
This would be true especially where the new observation happened to 
fall at about the edge of the distribution zone of the previous observa- 
tions, so that it was uncertain whether or not it would be safe to 
estimate the dependent variable from the relations previously observed. 

The Use of Error Formulas with Time Series 

Many of the problems that are important in economics and other 
social sciences involve measurements in time. Even in crop forecast- 
ing and in some other problems involving biological reactions, time 
series must be analyzed. 

All the error formulas presented in this chapter and in the preced- 
ing chapter, as well as those in Chapter 2, are based upon the theory 

3 The article by Waugh and Been, cited in full at the end of this chapter, gives 
formulas for calculating this probability. This article also considers the standard 
error of the individual estimate and gives error formulas similar to those presented 
earlier in this chapter. 
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of simple sampling. That theory assumes that each observation in a 
sample is selected purely at random from all the items in the original 
universe. It also assumes that successive samples are selected in such 
a way that value found in one sample have no relation or connection 
with the values found in the next sample . 4 If the successive months or 
years in a time series are regarded as successive observations, the first 
assumption obviously may not hold true. Each successive item of a 
linear trend line is perfectly correlated with each preceding item. Each 
price of a given commodity on succeeding days or months may show 
some relationship to prices in the preceding period. If the correlation 
between each item of a series and each item of the same series fol- 
lowing it in time is calculated by the usual methods, the resulting 
correlation coefficient is termed the coefficient of serial correlation. In 
time series, almost every variable will show serial correlations that 
differ significantly from zero. That fact has been urged as a reason 
why the theory of errors cannot be used at all with such data. It 
also has been urged as a reason for not even using ordinary correlation 
techniques with time series, unless special devices, such as successive 
first differences, are used to eliminate the serial correlations . 5 

Time series also differ from the situation assumed in simple sam- 
pling in their lack of constancy of the universe. The formulas of simple 
sampling assume that there is a large or infinite universe of similar 
events, from which the sample is drawn at random. Such a universe 
might be, for example, the number of dots turned up at each throw by 
throwing a pair of dice a large number of times. They also assume 
that new observations or new samples will be obtained by drawing 
in exactly the same way from exactly the same universe, as by making 
additional throws with the same set of dice under exactly the same 
conditions. Precise probability forecasts can be made from the original 
sample concerning the proportions of new samples or observations that 
will show certain characteristics under these ideal and highly simplified 
conditions. 

When any phenomenon is sampled at successive intervals of time 
the “universe” being studied can never be precisely the same. Even 

4 Note the way this assumption comes into the derivation of the equation for 
t lie standard error of the arithmetic average, in Note 1, Appendix 2. See also 
Richard von Mises, Probability, Statistics and Truth, The Macmillan Co., New 
York, 1939. 

r ’ See Alexander Sturges, Price analysis as a guide in marketing control: the use 
of correlation in price analysis, Journal of Farm Economics, Vol. XIX, pp. 699-706, 
August, 1937. 
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successive astronomical observations differ, even if in imperceptible 
degrees, because of the loss of matter radiated from the various stars. 
Surveying measurements in successive years may differ because of 
slight geological shifting of the earth’s surface, or because of erosion 
or other changes in the soil surface. Normal crop or livestock yields, 
as seen earlier, may change because of improvements in the biological 
make-up of the seed or in the strains of stock so that what would be 
normal yields for certain weather or feed at one time become sub- 
normal yields at another. The “population” of corn plants or of cows 
is not static it changes constantly as one generation passes away and 
new ones come upon the scene. Human populations, too, change con- 
stantly by birth, growth, and death, so that what is the normal average 
height or weight in one year is different in another. The habits and 
ideas of living men may change much faster than the people them- 
selves change. Ordinarily, perhaps, those habits and ideas change 
slowly — most people will react to the idea of “socialism,” for example, 
one day in much the same way that they reacted to the same idea a 
week or a month earlier. But sometimes, under the force of social 
pressures, world-sweeping events, or economic or other catastrophes, 
ideas change swiftly and dramatically. Many Iowa farmers who, in 
1928, were born-and-bred Republicans of the most conservative type, 
were threatening to hang judges to prevent foreclosure sales four 
years later, in 1932. 

To the extent that changes in the universe follow a steady rate of 
progression, they can sometimes be allowed for by trend factors (as 
shown earlier) or by progressive shifts in the regressions themselves. 
So long as the. composition of the universe— in correlation analyses, 
the character of the relations or reactions which are under study in a 
given set of circumstances — remains substantially constant from period 
to period, with at most only well-defined patterns of change, the 
changing character of the universe can thus be allowed for, at least in 
part. In such cases, forecasts of future changes depend upon a con- 
tinuation of the same rate or degree of change. It is never possible 
to be certain, however, that a new event may not make a sudden 
change or break in the trend— as the declaration of war in September, 
1939, produced a sudden change in prices and markets. 

But what of the independence of successive observations? Does 
the fact of serial correlations mean that correlation cannot be applied 
successfully, and that regression relations found in past cases will 
never work out equally well in practice? 

We have seen already in several cases (notably in Chapters 14 
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and 16) that forecasts worked out by extrapolating an earlier formula 
to subsequent years have given results which agreed remarkably well 
with the standard error of estimate. Had we calculated the wider 
standard error of individual forecasts (equation [77] or [82]) for 
these cases, the agreement of the actual errors with the expected range 
of error would have been even better. This agreement is contrary to 
what we would have expected, on the basis of the theories set forth 
above. Is it merely a lucky accident, or does it indicate that the 
sampling equations have a wider applicability than their basic assump- 
tions would lead us to expect? 

This problem is one of the greatest unsolved questions in the whole 
field of modern statistical methods. It is one where the widest pos- 
sible range of judgments may be found among the experts who should 
be able to agree upon the answer. Without presuming to give a final 
answer to the question, we may advance certain considerations to ex- 
plain why correlation results with time series may be more reliable 
than some critics have believed they could be: 

In the discussion to this point, we have assumed that after we knew 
the values for, say, 1940, the values for 1941 constituted the next 
observation. Also, we have tacitly assumed that since 1941 will have 
only a single set of values — say of rainfall, temperature, and corn 
yields — we are not selecting a new observation at random, but are 
drawing a unique and predetermined set of values. 

Let us examine this a little closer. So far as the trend value is 
concerned, that is so. The trend reading for 1941 (as for variable X 4 
in the problem of Chapter 14) is bound to be one unit larger than for 
1940, and the estimated contribution of trend to the yield is therefore 
expected to be exactly in line with that of preceding years. As ex- 
plained above, this is inherent in our assumption of a gradual yet con- 
tinuous shift in the composition of the universe. But what of the 
values of the other variables? Are they predetermined? 

Rainfall in a given season, so far as meteorologists have been able 
to explain it, is the final result of a large number of accidental circum- 
stances, mainly unpredictable very far in advance. Efforts to forecast 
the rainfall from that of the preceding season or seasons have yielded 
unsatisfactory results. There seems to be something of an irregular 
periodicity in weather over considerable periods of time, but the un- 
predictable year-to-year fluctuations around that irregular trend are of 
much greater magnitude than the trend itself. Much the same is true 
for temperature. So far as the rainfall and temperature are concerned, 
then, the values encountered in a given year may be regarded as pretty 
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completely random “drawings” out of nature’s grab-bag of all the pos- 
sible weather combinations that might occur that year. The yield 
of corn, in turn, represents a similar “drawing” out of all the pos- 
sible yields that might accompany that weather combination, for a 
year when the gradually shifting elements in the universe were of the 
magnitude as measured (more or less accurately on its extrapolation 
into the new territory) by the trend. Explained in this way, all the 
observations may be regarded as reasonably “random” sampling from 
the observations that otherwise might have been secured for the given 
year. And if the drawings for that year, as well as the drawings for 
each of the other years, have no particular relation with what other 
observations might have been drawn each year if the forces of nature 
had nodded another way instead, we may feel reassured that the 
successive observations were really random— always excepting the 
factor of progressive change measured, more or less accurately, by the 
trend element. (It must be remembered, also, that this is not a trend 
in yield or a trend in rainfall but rather a trend for the yield secured 
under constant conditions of rainfall and temperature. The trend 
is itself a net regression, measured while eliminating the variation in 
yield associated with changes in the other variables.) For the meteoro- 
logical problem, then, we may feel that we can calculate standard 
errors with reasonable propriety, even though all the data are time 
series. Also, we see that we can construct a reasonably satisfactory 
explanation for why the data behave as if the theory of sampling did 

a PP ] y> in the sense of the forecast showing about the expected range 
of error. 

But what of time series where the data are economic, and not 
meteorological? How about the steel-cost problem of Chapter 16? 
In that problem, steel costs, wage rates, and percentage of capacity 
operated are all parts of a progressing and evolving economic system. 
It was obvious from the data that wage rates changed progressively 
and in most cases slowly, with relatively little change from one year 
to another. Also, it was evident (as revealed eventually in the trend 
factor) that costs changed gradually and progressively with relation 
to such factors as price level which also changed with time and which 
were not otherwise explicitly recognized in the analysis. 

Once the trend allowance has been made to take care of the chang- 
ing nature of the universe (including, in this case, rough and imperfect 
allowance both for technology changes and price-level changes), the 
ordering of the data in time has no influence on the final correlation 
result. If the costs adjusted for the (net) trend were taken as the 
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dependent factor, the observations could be jumbled in any sequence 
selected and the net regressions on wages and percentage capacity 
would still be the same. Although wages cannot be regarded as random 
events for any year, the cost rate can be regarded as a random selec- 
tion from all the possible cost rates that might accompany that par- 
ticular wage rate and operation rate. It is precisely by revealing the 
distribution of cost rates for given values of the other factors that 
the net regressions are determined. So it seems that from this point 
of view we can say that the cost (adjusted for net trend) which ac- 
companies a given combination of values of each of the other factors 
is a random sample from all the costs that might accompany that 
combination — and that the error formulas may therefore be used. 

There are two limitations, however, on the conclusions concerning 
the possible independence of events, even in economic time series. 
(1) In the steel-cost problem, there was some indication of a lag in 
effect. For example, an increase in wage rate one year (because of 
accounting difficulties or even because of length of process in the 
production of finished products) might not show up fully in per-unit 
costs until the next year, and vice versa. To the extent that values 
of the dependent factor one year reflect not current year values but 
previous year values of the independent factors, that might introduce a 
systematic error in the regressions. This error would be particularly 
serious if the serial correlation was high for the independent factor 
involved, such as the wage rate. Only if such a lagging effect was 
specifically allowed for and measured by introducing the wage rate 
of the preceding year as an additional independent variable affecting 
the cost of the given year, could such erroneous results in the regres- 
sions be definitely eliminated. 

(2) In the previous examples we have been using illustrations — 
crop years or production periods — where there is a natural break be- 
tween the successive intervals. Suppose we were studying corn prices, 
though, and took weekly prices, weekly national corn supply available, 
and weekly values of other factors. Over four years we should have 
208 separate sets of values. Should we be correct in saying we had 
20S independent observations of the effect of these several variables on 
corn prices, in the same way that we could say that observations of 
corn yields for 25 years gave us 25 independent observations of the^ 
factors influencing yield? Obviously, we should not be correct. In- 
stead of having observations of 208 different phenomena, we have a 
number of repeated observations of what are essentially the same phe- 
nomena. To calculate sampling errors at all, or even to judge what n 
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to use in applying the various corrections to our constants, we must 
take our successive observations of time-series phenomena at suffi- 
ciently long intervals so that we sample essentially different phenomena 
at each successive observation. With crop years or other natural breaks 
in the process, it is easy to pick such appropriate breaks. Where the 
process is a continuous one, such as the production of steel, it is more 
difficult to select appropriate intervals for making the “ 01118 ” to pro- 
vide independent cross-sections of the continually changing phenomena. 
If the variables represent the total of output or production over given 
periods, these successive “cuts” must be uniformly spaced in time. 
If the variables are rates in time, however, that would not be essential, 
and the observations might be spaced at varying intervals so as to 
catch particular values of independent variables. Thus in the steel- 
cost problem of Chapter 16, we might have selected the observations 
from the months in which operation rate (percentage of capacity) made 
new highs or lows, and used those as the basis for our analysis. (For 
the reasons set forth in Chapter 20, such selection could be applied only 
to independent factors. If applied to the dependent one, it would 
seriously bias the results.) The guiding principle must be to select 
the observations in such a way as to make each successive observation 
a new observation of a new set of the variable phenomena, except for 
such continuously progressive elements as can be appropriately elimi- 
nated by the simultaneous fitting of a trend or trends. 0 

The preceding discussion suggests some ways in which economic 
time series can be examined to see if conditions are present which would 
prevent the theory of sampling from applying, or can be selected so 
as to make the use of the theory reasonable. If they are found or can 
be made reasonably free from such conditions, forecasts based on such 
analyses might be expected to follow reasonably well the error limits 
given by the formulas based on sampling theory. That may explain 
why forecasts from economic time series, such as those shown for the 
steel-cost problem of Chapter 16, may in fact agree quite well with 
what would be expected if the error formulas did apply. 

Where there is clear indication of lagging effects from period to 
period which cannot be specifically allowed for, or where the serial 
correlations in the data are so high as to make the several observations 

6 A rou g h method for judging the length of intervals necessary to obtain such 
independent values is given by L. R. Hafstad, On the Bartels technique for time- 
series analysis and its relation to the analysis of variance. Journal of the American 
Statistical Association, Vol. 35, July, 1940. Pages 347 to 353 are especially germane 
to the discussion here. 
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not really independent observations at all, then the sampling formulas 
simply do not apply, because the assumptions on which they are based 
are not fulfilled in the given problem. In such cases the error formulas 
may still be calculated, in the hope that they will indicate the minimum 
possible reliability of the results instead of the maximum possible 
unreliability. But whether they will do even that correctly is not 
yet known. 

In closing this discussion of the time-series problem, one word may 
be added on practical procedure. That is on the possibility of testing 
the actual forecasting efficiency of an analysis by saving the last two 
or three observations as test values on which to try out the adequacy 
of the regression equation derived from the earlier observations. This 
technique, illustrated in several of the examples analyzed in previous 
chapters, has been found a useful precaution in practical research work. 
But sometimes the test values will indicate a sudden change in the level 
of the trend, or will suggest a change in one of the other regressions. 
In such cases it will usually be better to recalculate the data, using 
all the information down to the latest year, rather than to base the 
real forecast for the next year to come on an extrapolation already 
found to be in doubt. For, as illustrated in several of the problems 
and as demonstrated in the first section of this chapter, the longer the 
extent of extrapolation beyond the base data, the greater the possibility 
of error. And that applies just as definitely when a net trend regression 
is being extrapolated as any other regression curve. So save a few final 
values for test cases — but do not hesitate to add them to the sample 
analyzed, if that is found necessary to account satisfactorily for the 
most recent relations. 

Practical Procedures in Judging the Reliability of Forecasts 

Up to this point this chapter has presented mathematical procedures 
for judging the confidence that can be placed in an individual forecast, 
solely in the light of the information given by the individual sample 
from which the estimating (regression) equation was derived. In 
actual practice, the statistician has usually only this single set of 
sample data to judge from. Usually (and almost universally in time 
series) he cannot draw a new sample and contrast the results of the 
second sample with the first. He may, however, have other prior 
information to help guide him in making and interpreting his forecast. 
Or he may be able to draw a series of samples, each one throwing light 
on a different aspect of the same problem. Each one of those samples 
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may give results subject to a wide margin of random error. Yet if the 
results of the several different approaches are all consistent with one 
another, the whole set together will provide a more dependable basis 
for a forecast than is indicated by the calculated standard errors for 
any one taken separately. Other relevant information may be of a 
quite non-quantitative nature, yet it may serve to help guide the 
analyst in making his forecast. 

Any forecast is hazardous, for the future can never be perfectly 
known. Yet life always consists in making plans for the future. Every 
business man, every farmer, every consumer is constantly making 
judgments as to the future, and making commitments or taking action 
based upon those judgments. The success or failure of the actions in 
reaching the ends sought often depends in large measure upon the 
accuracy of those estimates. In every-day life such estimates are 
usually based on hunches, waves of opinion, the most recent happen- 
ings, rule-of-thumb analyses, or even blind guess-work. If the statis- 
tician is to serve society, it must be on this action front, where his 
analysis of past relations will help provide a surer guide into the 
unseen over the horizon. Many statisticians hesitate to make fore- 
casts, for they know how little statistical dependability they can place 
in them. They fear to risk their reputations upon forecasting an 
uncertain event. They need not be so hesitant. To be useful, all 
that is required is for their forecasts to be more reliable, on the average, 
than the forecasts on which such judgments have been based in the 
past. Many business forecasting services have been accurate only to 
55 per cent, yet have kept in business on the gain over the 50-50 odds 
of the completely uninformed guess. In events characterized by waves 
of emotions or by common response of many individuals to the same 
stimuli, as in the business cycle or the hog cycle, the accuracy of the 
uninformed guesses — and actions — of producers may have averaged 
only 30 to 40 per cent right. Even a forecast which is very fallible 
when judged by its mathematical or statistical significance may yet 
yield a greatly improved guide to human actions. If the statistician 
will base his forecast on all the information at his command, quantita- 
tive and non-quantitative, and will guard his forecast by some state- 
ment as to its range of dependability, he can both aid judgments and 
protect his reputation. In the end, he must be willing for that reputa- 
tion to rest upon the average accuracy of a long series of estimates 
rather than upon the lucky calling of any one individual event. And 
the more the technical operations on the statistical side can be rein- 
forced by the knowledge, theories, experience, and judgments of the 



358 


ERROR OF THE FORECAST 


researcher as practical agronomist, sociologist, economist, meteorologist, 
or other technician, the more valuable the statistical operations will be- 
come as a basis for an informed and useful projection from the events 
of the past into the still-malleable future . 7 

Summary. In this chapter we have discussed the problem of the 
accuracy of individual estimates of the dependent variable for new 
observations drawn from the same universe as the original sample and 
have presented methods of estimating the probable range of error fol’ 
such estimates. We have considered the question of whether the new 
observations of independent factors represent portions of the distribu- 
tion of the same factors present in the sample or whether they include 
new and therefore untested values or combinations of the same varia- 
bles, with resulting unpredictable effects upon the estimates of the 
dependent variable. Finally, we have discussed the question of the 
applicability of error theory to time series, shown how in many cases 
it may still be applied, and indicated some rough tests to judge whether 
or not the time series is or is not of a character that will make error 
calculations completely inapplicable. Finally, we have given some 
hints for the handling of time-series correlations in such a way as to 
minimize the errors when extrapolating the regressions for purposes 
of practical forecasting, and have made some suggestions for combining 
tests of significance with other prior information as a basis for making 
and judging forecasts. 
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CHAPTER 20 


INFLUENCE OF SELECTION OF SAMPLE AND ACCURACY OF 

OBSERVATIONS ON CORRELATION RESULTS 

Selection of Sample 

Methods of determining linear and curvilinear regressions, together 
with appropriate measures of their significance and accuracy, have 
been set forth in previous chapters. These methods do not yield results 
representative of the universe from which the sample observations have 
been drawn, however, if that sample is not truly representative of the 
particular relation being determined. There are various ways in which 
the sample may fail to represent the universe, and the resulting extent 
to which the correlation constants will be biased will vary both with the 
character of the unrepresentativeness and with the individual coeffi- 
cients. Each type of abnormality must therefore be treated separately. 

The samples may be selected from the universe in such a way as 
to exclude all the observations falling beyond a certain value of a 
given variable, thus ruling out values either at one or at both extremes, 
or perhaps ruling out middle values and selecting only extreme ones. 
This may be done for either the dependent variable or the independent 
variable or variables, or for both together. Such a selection of observa- 
tions produces certain specific effects upon the correlation constants. 
Under some conditions it may be very desirable to select the observa- 
tions in this way, if only the resulting aberrations in the correlation 
constants are recognized and allowed for. 

A second and somewhat more difficult type of problem to deal with 
arises when there are errors of measurement in obtaining the values 
of one or more of the variables— such errors as might arise, for example, 
in estimating the total production of corn in the United States within 
a given year, or in working out, from a farmer’s memory, what was the 
income on his farm the previous year. Here again the effect on the 
correlation constants will depend upon whether the errors are random 
or biased and upon which variable or variables are affected by the 
cirors. A separate discussion must therefore be given each case 

The clearest way of indicating the effect of these various departures 
from truly representative sampling may be by first stating the general 
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principles involved, and then illustrating the way those principles work 
out by concrete illustrations. Except where specially stated otherwise, 
the discussion will apply solely to linear relations. The effects for 
curvilinear relations are in general analogous to those to be discussed. 

Selection of sample with respect to values of independent variable. 
If the sample is selected with respect to values of the independent 
variable, that will not tend to affect the slope of the regression line but 
will affect the value of the coefficient of correlation. If the selection 
is such that extreme values are rejected but intermediate ones are left 
in, the correlation will be lowered below that prevailing in the universe; 
if intermediate values are rejected and only extreme ones are used, the 
correlation will be raised above that prevailing in the universe. If the 
values of both variables are normally distributed, the standard error 
of estimate will tend to remain the same, regardless of the selection. 

These principles may be illustrated by the set of hypothetical data 
shown in Table 76. 

TABLE 76 


Correlation Table, Showing Hypothetical Frequencies at Specified Values 


Values of Y 

Values of X 

o 1 

1 

2 

3 

4 

0 



1 

1 

1 

1 


1 

2 

9 

** 

1 

2 

1 

2 

4 

2 

1 

3 

1 

2 

2 

1 


4 

1 

1 

1 




For the data shown, r = — 0.47, u x — a v = 1.134, and b ux = —0.50. 
If now the values had been selected with references to A’, so as to 
exclude values below 1 or above 3, the number of observations would 
have been reduced from 28 to 22. For this restricted set of observa- 
tions, f = — 0.26, <7, = 0.739, <7„ = 1.09, but b VI = —0.50. Comput- 
ing the standard error of estimate, we arrive at S v x = 1.02 for the first 
case and 1.07 for the second. It is quite apparent that th* 1 correlation 
has been lowered by the restriction in the selection of the values of A; 
but the regression of y on x has not been changed at all, and the 
standard deviation of the residuals has been only slightly changed. 

If now the selection is such that onlv extreme values of X are taken, 

% 

say below 1 and above 3, the number of observations is reduced to 6. 
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Computing .the results for those values, we have <r x = 2.00, a v = 1.29, 
r= — 0.71, but b yx = — 0.50! Also S vx = 1.00. 

Bringing the three sets of results together for comparison, we have 
the following tabulation. 

With X used as independent variable: 










<Jy 


$yx 

byx 

All cases 

1.13 

1.13 

-0.47 

1.02 

-0.50 

Extreme values of X excluded 

0.74 

1.09 

-0.20 

1.07 

-0.50 

Only extreme values of X used 

2.00 

1.29 

-0.71 

1.00 

-0.50 


These three examples thus illustrate the principles stated before: 
that selection with respect to the independent factor does not tend to 
change the regression or the standard deviation of the residuals but 
does affect the correlation, lowering the correlation if it has lowered 
the dispersion of the independent factor and raising the correlation if 
it has increased the dispersion of that factor. 

Selection of sample with respect to values of dependent factor. 
Selection with respect to values of the dependent factor is more serious, 
in that it affects all the constants. According as the effect is to raise 
or to lower the standard deviation of the dependent factor, such selec- 
tion tends to raise or lower both the regression coefficient and the 
coefficient of correlation from the value for the universe and likewise 
to raise or lower, respectively, the standard error of estimate. 

These principles may be illustrated from the three examples just 
used, by regarding X as the dependent factor and Y as the independent 
factor and noting the influence of the selection with regard to the 
dependent factor, X, upon the regression of X on Y, b xy . For the first 
case, with all values left in, b xy = — 0.50 and S xy ~ 1.02. For the 
second case,_however, with extreme values of X left out, b xv drops to 
— 0.23 and S xy becomes 0.73. For the third case, with only extreme 
values of X included, b xv increases to -1.20 and S x . u becomes 1.55. 
Bringing these three sets together yields the following comparison. 

With X used as dependent variable: 









Oz 

<r„ 

r zy 

•S’,, 

bxy 

All cases 

HEM 

1.13 

-0.47 

1 

1.02 

-0.50 


Extreme values of X excluded 


1.09 

-0.26 

0.73 

-0.23 

Only extreme values of X included . . 

2.00 

1.29 

-0.71 

1.55 

-1.20 
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These results indicate the extent to which selection with regard 
to the dependent factor may completely destroy the significance of 
all the results. 

Selection of samples with reference to values of both variables. 

Selection of cases with reference to values of both independent and 
dependent variables has an even greater effect upon the conclusions 
than the two cases discussed because selection of extreme values tends 
to exaggerate the correlation and regression, and of central values to 
lower both, to even greater extent than where the selection is with 
respect to the dependent factor alone. 

If, in the data of Table 76, only those cases are selected in which 
values of A below 2 are associated with values of Y above 2, and in 
which values of X above 2 are associated with values of Y below 2, 
the observations are reduced to ten cases, as follows: 


Values 
of X 

Values 
of Y 

Number 
of cases 

Values 
of X 

Values 
of Y 

Number 
of cases 

0 

3 

1 

3 

0 

1 

0 

4 

1 

3 

1 

2 

1 

3 

2 

4 

; 

0 

1 

1 

4 

1 

4 

1 

1 

For these values, o- x 
and S vx = 0.68. 

— 1.48, <Ty ~ 

= 1.48, r xv = 

— 0.90, b vx 

= - 0.91, 


It is evident that such selection raises both the correlation and the 
regression above the true value for the universe. This is to be expected, 
for this selection is equivalent to picking out the pairs of values which 
do show correlation with each other. Restricting the selection to paired 
values of above 1 for both variables, and below 3 for both variables, 
likewise would be picking out cases so as to eliminate all correlation. 
Such selection obviously destroys the value of the results. 

Conclusions with reference to selection of data. If an investigator 
is interested only in the regression line and not in the degree of correla- 
tion, and if the regression is truly linear, selection of data with refer- 
ence to the independent factor (or factors) will not tend to change the 
slope of the regression line (or lines). Under those conditions selection 
of extreme cases of the independent factor may yield a reliable indica- 
tion of the regression with much fewer observations than if the cases 
were selected at random. This principle is frequently applied in experi- 
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mental or laboratory work, but is equally applicable in other types of 
investigations. 

If the regressions are curvilinear, however, special selection of 
either extreme or central items of the independent variables forestalls 
the determination of the nature of the function, since curvilinear regres- 
sions can be determined only for the ranges of the independent factor 
within which observations have been secured. For such regressions, 
therefore, the nature of the function may be more accurately deter- 
minded if the independent items are selected so as to be spread fairly 
uniformly through the whole range of values, thus affording a suffi- 
cient number of observations for accurate determination of the nature 
of the relation throughout the whole range. Selection purely at random 
frequently provides more observations than are needed for certain 
portions of the curve, and provides so thin a scattering of observations 
at other portions as to make its true position and shape quite indeter- 
minate, as has been illustrated previously. Even if curvilinearity is 
only suspected, such a uniform distribution of values for the inde- 
pendent variable provides an improved basis for determining whether 
or not the regression is truly linear, as compared with an equal number 
of observations selected at random. At the same time, where the 
dependent factor is normally distributed, selection with reference to 
the independent factor does not tend to change the standard error of 
estimate. 

If the primary interest, however, is not in the nature of the relations 
and in determining how closely values of the dependent factor may be 
estimated (regressions and standard error) , but instead is in determin- 
ing what proportion of the original variation in the dependent factor 
can be accounted for on the basis of the relations determined (correla- 
tion and determination), then anything other than random selection 
with reference to any factor will give estimates of the closeness of the 
correlation which either over- or underestimate the true correlation 
in the universe from which the sample is drawn. For most accurate 
results in such problems, the distribution of the dependent factor in 
the sample should be an accurate representation of the distribution in 
the universe from which the observations were drawn, and the only 
selection which would be justified would be aimed at securing such a 
sample. 

Since the correlation coefficient or index, and the parallel measures 
of determination, are of significance only with respect to the standard 
deviation of the observed values of the dependent factor, it follows 
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that when the dependent factor has such an abnormal distribution that 
its standard deviation is of little value as a descriptive statistic, the 
measures of correlation also tend to be of little value. For any series 
which actually yielded such an extreme distribution as the dichotomous 
values used in the third case of those just illustrated, measures of 
correlation would have little significance except their formal mathe- 
matical definition. Yet the regressions and standard errors of estimate 
would tend to retain all their usual value and significance, so long as 
no selection had been made with reference to values of the dependent 
variable. In such a case, attempting to select the values of the depen- 
dent factor so as to make the series more nearly normal might seriously 
bias the regression results. 


Accuracy of Observations 

The data with which the statistician has to deal are frequently 
subject to errors of observation. If corn yields are being studied in 
relation to fertilizer applications, for example, farmers may be able 
to estimate the yield per acre on a given tract only to within 5 or 10 
bushels of the true yield. If livestock prices are being studied, the 
market reporter may not be able to get his daily average nearer than 
within 10 or 25 cents per 100 pounds of the true average of all the 
sales for the day. Or if educational ratings are being studied, the 
instructor may not be able to grade the test papers nearer than to 
within 5 or 10 per cent of the grade each really deserves. All these 
illustrations are akin to the difficulties of the surveyor, who finds he 
cannot measure his angles more accurately than within a certain 
number of seconds; or of the astronomer, who finds his repeated obser- 
vations disagree from each other by fractions of a second. But the 
errors of measurement are ordinarily tremendously greater in bio- 
logical, economic, or social investigations than in physical observations; 
and for that reason statisticians must be particularly careful to use 
their data in such a way as to minimize the influence, upon their con- 
clusions, of the errors which may be present. 

Errors of observation may be such that they are not correlated 
with the value being observed, and hence tend to fall equally above 
and below the true values throughout the range of the variable; or 
else they may be such that they are correlated with the variable, tend- 
ing usually to make the observed value fall above the true value in 
the upper part of the range, and below the true value in the lower part; 
or vice versa. 
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In correlation problems, there are two sets of true values involved, 
those for the dependent and independent variables ; and there may also 
be two sets of errors, one tending to cause the observed values for the 
dependent variable to differ from the true values, and the other affect- 
ing the independent variable. The extent to which such errors, if 
present, modify or impair the results of correlation analysis depends 
both upon the type of the errors and the variables which they affect. 

If the errors affect only values of the dependent factor, and if they 
are not correlated with the true values, their presence tends to lower 
the correlation and to increase the standard error of estimate, but does 
not tend to change the slope of the regression line from the true slope 
for the universe. If, however, uncorrelated errors are in the inde- 
pendent factor, that not only tends to lower the correlation and increase 
the standard error of estimate, but also tends to decrease the regression 
below the true value. Both of these cases may be illustrated from the 
same set of data used before. 

Errors in the dependent variable. The data used in Table 76 may 
be modified by assuming some random error influences Y, making 
one-third of the values 1 unit higher, one-third 1 unit lower, and leaving 
one-third unchanged. With these changes, the data appear as follows: 

TABLE 77 


Correlation Table, Showing Hypothetical Frequencies at Specified 

Values, with Random Errors in Y 


Values of Y 

Values of X 

0 

1 

2 

3 

4 

-1 



1 


1 

0 


1 

2 

1 

1 

3 


1 

2 

2 

• » 

2 

3 

3 

4 

1 

2 


3 

1 

. . . . . & & 

1 

1 

5 

1 

1 




•••••••••• 




For these data, r ux — — 0.33, b„ x = — 0.50, and S ux — 1.46. The 
introduction of the random error into Y lias lowered the correlation 
from that of —0.47 for the original values and increased the standard 
error of estimate; but it has had no significant effect upon the regression 
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of Y on X, the new value —0.50 being identical with the value of —0.50 
for the original data in Table 76. 

Error in the independent variable. If, however, X is regarded as 
the dependent factor and Y as the independent, the regression coeffi- 
cient for the new values, b Ty = — 0.28, is found to be much reduced 
from that of —0.50 for the original values. Introducing even random 
errors into the observations of the independent factor markedly reduces 
the observed regressions below the true value. 

The errors considered to this point have all been . random errors. 
If, instead, the errors are correlated with either of the factors, their 
presence would obscure the true relationship and bias any correlation 
constants which might be computed, tending to make them either too 
high or two low, depending on the inter-relations between the errors 
and the variables. 

Errors in both variables. If random errors are associated with 
both variables simultaneously, their effects are a blending of those 
just illustrated, tending to reduce both the closeness of correlation and 
the regression below the true values. For example, if random errors 
of the same magnitude are introduced into X as well as Y of Table 76, 
the values appear as follows: 

TABLE 78 


Correlation Table, Showing Hypothetical Frequencies at Specified 

Values, with Random Errors in Both X and Y 



With these changes, the correlation is reduced to practically 0, 
the standard error increased to 1.524, and the regression of Y on X 
changed to —0.179. The comparison of these constants with those 
for the original data in Table 76 illustrates the extent to which the 
presence of random errors in the observed values of the variables may 
reduce the accuracy and effectiveness of correlation analysis. 






ERRORS OF OBSERVATION IN MULTIPLE CORRELATIONS 367 

Dealing with errors in both variables. The methods of computing 
the regression line considered to this point are methods which take one 
variable as given, or independent, and the other variable as based upon 
it, or dependent. If it is known that all the errors of observation are 
random and are in one variable, and none are in the other, the effect 
of those errors may best be eliminated by considering the one with no 
errors as independent and the other as dependent. As has just been 
demonstrated, the regression line then obtained will be practically 
identical with that which would be obtained if no random errors at 
all were present. 

In some cases it may be known that both variables are subject to 
random error, yet it may be desired to obtain a regression line which 
most accurately expresses the relation between the two. That can be 
done by a special method, which fits the line on the condition that the 
sum of the squares of the departures of each observation perpendicular 
to the fitted line shall be made a minimum (in contrast to the usual 
condition that the sum of the squares of the vertical departures from 
the fitted line shall be made a minimum, with the dependent variable 
plotted as the ordinate.) This special method involves an entirely 
different procedure for fitting the line, and is not given here. It has 
the disadvantage that it does not give a basis for estimating values for 
either variable from known values of the other, nor does it give a 
basis for measuring the closeness of the correlation between the two. 
It is referred to here merely to call attention to the fact that methods 
are available for determining the regression when both variables are 
known to be subject to random errors. 1 

Errors of observation in multiple correlations. The points which 
have been illustrated here for simple correlation are equally true for 
multiple correlation, both with respect to the influence of selection of 
sample and of the effect of errors of observation. The influence of 
errors of observation in multiple correlation problems may be illus- 
trated by a case based on actual economic data. 

Over the 17 years from 1907 through 1923, the monthly price of 
lambs shows a very high correlation with the price of wool and the 
price of dressed lamb. When X> z is used for the price of wool, in cents 
per pound, A" 3 for prices of dressed lamb, in cents per pound, and X l 
for prices of live lambs, in cents per pound, multiple correlation gives, 
for the 204 observations, R l23 = 0.991 and a:, = 0.144x 2 + 0.354ar 3 . 

To test what effect random errors would have had on this correla- 

1 Abraham Wald, Fitting of straight lines if both variables are subject to error, 
Annals of Mathematical Statistics, Vol. XI, No. 3, pp. 284-299, September, 1940. 
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tion, two dice were thrown 204 times, giving random values from 2 to 
12. These values were then added to the successive values of the 
dependent, and a similar set of 204 values to the successive observations 
of one independent factor, to see what effect that would have on the 
results. In the following tabulation the notation “X 4- e” is used to 
designate the variables to whose values these “random errors” had been 
added. 

Effect of Introducing Random Errors on Correlation Results 


Independent 

variables 

Dependent 

variable 

Multiple 

correlation 

Regression equation 

X 2 and X 3 

Xi • 

0.991 

0.144*2 4-0.354*3 

X 2 and X 3 

Xi4-c 

0.821 

0.112*2 4-0.424*3 

X 2 and X 3 4- e 

Xi 

0.953 

0.163*2 4-0.277*3 

X 2 and X 3 4- e 

Xi-f-e 

0.804 

0.152*2 4-0.306*3 


These results illustrate the principles just set forth. The introduc- 
tion of random errors into the dependent variable (X\) reduces the 
correlation, but does not greatly change the size of the two regression 
coefficients. It would appear, especially from the amount of the reduc- 
tion in net regression on X 2 , that the errors in this case may not have 
been completely randomly distributed and uncorrelated with X lf X 2) 
and X 3 , even though determined by throws of dice. 

But the second modification, where the error is introduced into the 
independent variable X 3 instead, is much more striking. The correla- 
tion is not reduced so much as in the first case, and the regression of X\ 
on X 2 is changed only slightly from the original value— and increased 
as it happens. The net regression of X l on A r 3 4- e, however, is only 
three-fourths as large as was the net regression of X x on X 3 , in spite of 
the fact that the error introduced was only enough to raise the standard 
deviation of X 3 from 6.14 to 6.64. 

The final case, with errors introduced into both X t and X 3 , shows 
the lowest correlation of any, as would be expected. The net regression 
of X 1 4- e on X 2 is but little different from what the regression of Xi 
on X 2 was, whereas the net regression of X 1 + e on X 3 4- e, though 
larger than what the regression of X t on X 3 4- e was, is still definitely 
lower than the regression of X x on X 3 . The regression equation in this 
last case, where X 1 4- e is the dependent, is not greatly different from 
what it was in the preceding case with X x as the dependent, in spite 
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of the fact that one of the independent variables — X 3 — had a signifi- 
cant random error of observation in its values both times. 

These cases illustrate the extent to which random errors may con- 
fuse the true relations, if they are allowed to creep into the observa- 
tions. Just how great an effect upon the results such random errors 
will have depends upon the magnitude of the errors, the original varia- 
tions in the variables, and the closeness of the inter-correlation. 
Although equations can be derived to show how great a reduction in 
correlation errors of a given magnitude will produce, they are of little 
practical use in economic work, since it is usually difficult enough to 
determine whether there are errors of observation or not, much less to 
determine what magnitude they have . 2 In using reports or estimates 
of prices or commodity production or supply, we know that the data 
are nearly always subject to more or less error. The same is true of 
many other economic data — errors of observation of greater or less 
magnitude are nearly always present. It may be of some slight reas- 
surance to know that observational errors even as large as those 
introduced in the example just considered still modify the regression 
results as little as these have been seen to do. 

The practical significance of the principles which are stated here 
is that, if there is known to be a large but random error in observing 
some variable, that variable may still be used as the dependent variable 
in a correlation study without making the regressions or estimating 
equation very far wrong, if determined with a large number of cases; 
but, on the other hand, any use of that variable as an independent 
variable will be certain to yield results which understate the actual 
relations. 


2 In the problem given, the significant values determining the effect of the 
errors are: 

ci = 3.96 cr l+€ = 4.74 

cz = 6.14 . oz+t = 6.64 

If the errors are in the dependent variable alone, the relations between the true 
and the apparent correlation are indicated by the equation: 



This gives what the new correlation would be if the errors were truly random, 
so that the new regression equation came out as identical with the old. In the 
problem given, this gives an expected value for R of 0.827 as compared to the 0.821 
actually obtained. 
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In cases where the errors are biased, they tend to make the results 
of correlation analysis more or less in error, quite regardless of the 
variables to which they apply. If the errors tend either to magnify 
or to minimize the differences which actually exist, they will have a 
parallel effect on the regression coefficients if they apply to the depend- 
ent variables and an inverse effect if they apply to an independent 
variable. There are so many different types of bias, however, that no 
more definite statement of the effects can be laid down. 

Random errors have the same type of effect in the case of curvi- 
linear correlation that they do in linear correlation, since if they are 
truly random they will tend to be balanced out along all the portions 
of the regression curve alike, if in the dependent variable; or tend to 
confuse the relations along the curve, if in the independent variable; 
and so reduce the differences observed. 

Biased errors, on the contrary, may happen to be concentrated 
along certain portions of the range, and hence have a much more 
marked effect at one point than at another. Although this might 
seriously disturb the significance of the curve, it probably would have 
an equally disastrous effect on the reliability of the straight line. 
About the only real difference between linearity and curvilinearity 
with regard to errors is that random errors in the dependent variable 
could be “balanced out” in the ease of a straight-line regression with 
a somewhat smaller number of observations than would be necessary 
to secure valid results for a curvilinear regression. 

Where, with random errors in the dependent factor, there are not 
enough cases available to “balance them out,” the effect of the errors 
is to throw a varying amount of error into the conclusions, the exact 
amount of the error depending on how closely the errors approach being 
canceled out. The illustrative case, where with over 200 observations 
the regressions were still changed somewhat, probably indicates what 
may be obtained by a combination of slight departures from true 
“randomness” in the errors with a sample not quite large enough to 
eliminate entirely all the resulting instability. This may be nearer to 
what would usually happen in practice than the theoretical complete 
elimination of the errors in the dependent variable. 

Summary. Modification of the observations from the true condi- 
tions, either by selection of the sample or by the presence of errors 
of observation, tends to alter the value of the coefficient of correlation. 
If the regression line or curve is of primary interest, however, its 
accuracy of determination may be increased by suitable selection of 
observations with respect to independent factors. Similarly, random 
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errors of observation may not influence the regressions, if the factor 
they affect can be treated as the dependent factor and if enough 
observations are available to balance out the errors. These points hold 
true for multiple correlation problems as well as for 2-variable 
problems. 


CHAPTER 21 


MEASURING THE RELATION BETWEEN ONE VARIABLE AND 
TWO OR MORE OTHERS OPERATING JOINTLY 

In working out the change in one variable with changes in other 
variables up to this point we have assumed that the relation of the 
dependent factor to each independent factor did not change, no matter 
what combination of other independent factors was present. In the 
case of the yield of corn, for example, as worked out in Chapter 14, 
we assumed that the effect of a given change in rainfall upon the yield 
was the same, no matter what was the temperature for the season. 
The significance of this assumption may be shown by combining the 
estimate for rainfall with the estimate for temperature, and plotting 
the combined influence of the two variables. In Table 68 (on page 252) 
we already have this combined influence worked out, so all we have 
to do is to plot it. Figure 62 shows the resulting figure. In reading 
this figure it should be noted that the inches of rainfall are read along 
the right-hand edge of the bottom of the cube, the degrees of tempera- 
ture along the left-hand edge, and the yield along the vertical edge. 
The yield for any combination of temperature and rainfall is then 
shown by the distance the upper surface of the solid figure is above 
the point of intersection of the corresponding values in the base plane. 1 

Inspecting Figure 62, we can now see what is meant by saying that 
the changes in yield are assumed to be the same for each change in 
rainfall, no matter what the temperature. As shown in the figure, the 
maximum yield with a temperature of 70° is obtained at about 12 
inches of rain — and that is also the rainfall which produces a maximum 
yield with a temperature of 72°, 74°, or 78°. Each curve has just 

1 The way this figure is made may be thought of as follows: Suppose we drew a 
series of charts of the estimated differences in yield with differences in rainfall, with 
one chart for an average temperature of 70°, one for 72°, one for 74°, etc. Then if 
we cut these charts off at the yield line, and arrange them one back of the other, 
at even distances, we have a figure looking much like Figure 62. The lines sloping 
across the surface from left to right represent what would be the tops of this senes 
of charts. (In this figure the estimates are charted for all combinations of the two 
variables, even for some not represented in the sample and not shown in Table 68.) 
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exactly the same shape, and the only difference is their elevation above 
the base. On looking at it the other way, we find that the same is true 
of temperature. With 9 inches of rainfall the maximum yield is ob- 
tained at about 75° temperature, and the maximum is also at 75° with’ 
other levels of rainfall. This relation necessarily follows the assump- 
tions made in measuring it. Figure 62 merely shows the estimate we 
get by the use of equation (54) : 

Xi = a + f 2 (X 2 ) + / 3 (X 3 ) 



I' hi. 62. Probable yield of corn for various specific combinations of rainfall and 

temperature, from multiple curvilinear correlation. 


In working out these estimates we simply add together the esti- 
mated value for X 2 and the estimated value for A r 3 . It does not make 
any difference what the value of is, the changes in X 1 assumed to 
accompany particular changes in X 2 are the same— and that is what 
the figure shows. 

Only a little reflection is needed to indicate that Figure 62 may 
not tell the whole truth of the relation of yield to rainfall and tem- 
perature. It is quite possible that the crop can use more rain in a 
hot season than in a cool one, so that the rainfall which will produce 
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the maximum crop may be higher in a season of high average tem- 
perature than in a season of low temperature. If that is really the 
case, equation (54) is unable to express the relationship, for, as just 
pointed out, that equation assumes that the change in yield with rain- 
fall is the same, no matter what the temperature. 

An extreme illustration of a changing relationship is shown in 
Figure 63. This figure, which is based on actuarial investigations, 2 



Fig. 63. Differences in mortality with differences in weight, for men of various 
ages. (Each in percentage of average mortality for that age.) Illustration taken 

from an article by Andrew Court. 

• 

shows the differences in mortality among men from the usual rate, 
for differences in weight at different ages. Taking the 22-year line, 
for example, we sec that men who are much over normal weight 
have a much higher mortality than normal for that age. Then as the 
weight is less the mortality is less, until at normal weight there is only 
normal mortality. But as the weight drops still more, the mortality 
increases again, until below 80 per cent of the normal weight the 
mortality is more than 20 per cent in excess of normal. 

The relation is somewhat different for 52-year-old men, however. 
For them the mortality is also higher for those who are above normal 

2 Medico- Actuarial Investigations, Vol. II, p. 24, 1913. 
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in weight and decreases as normal weight is reached. But as the 
weight falls below normal the mortality continues to decrease, until 
for men who are only 70 per cent of normal weight, the mortality is 
more than 15 per cent below the normal for that age. For ages inter- 
mediate between these two, the change is also intermediate — as is 
shown in the chart, 27 years is similar to 22, but not so marked, and 
the line for 47 years is similar to that for 52. At 42 years, there 
is apparently little difference in mortality anywhere between 70 
per cent of normal weight and 100 per cent. 



Fig. 64. Relation shown in previous figure, represented by equation 

X l = f 2 (X 2 ) +fs(X 3 ). 

Figure 63 illustrates a situation which the previous methods of 
analysis would be quite incapable of dealing with adequately. Were 
equation (54) used to represent this relation, the higher mortality 
with lower weights for young men would tend to balance out the 
lower mortality for the older men at the same weight. In fact, the 
erroneous conclusion might be reached that the age does not affect 
the mortality at all. Figure 64 shows the results of an attempt to 
represent this relation by the methods previously discussed. It is 

quite obvious that the results fall far short of the relations as shown 
by Figure 63. 
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Use of “joint functions’’ to show combined effects. What is needed 
in both the corn-yield problem and the mortality problem is some way 
of determining what the yield, in the one case, or the mortality, in 
the other, is most likely to be for any given combination of the two 
independent variables. That is quite different from asking for the 
separate effect of each one. Obviously, a small change in one inde- 
pendent factor will be expected to be accompanied by only a small 
change in the dependent, so that all the estimated yields (or mor- 
talities) will be expected to lie along a continuous surface like that 
shown in Figure 62 or 63; but the surface will be free to warp or change 
its shape in different portions like the surface shown in Figure 63, 
instead of being held rigidly to the same shape in each dimension, like 
the surfaces in Figure 62 or 64. Mathematically, such a changing 
relation between one variable and two or more others is known as a 
joint functional relation, and may be indicated by the equation: 

X, = /(X 2 , X 3 ) (84) 

This is read simply that “X l is a joint function of X 2 and X 3 ” 
That means only that, for any combination of values of X 2 and X 3 , 
there will be some particular value of X l . Equation (84) is therefore 
capable of representing either a relation such as that shown in Figure 
62, or the more complex relation shown in Figure 63. 

The problem of determining the extent to which corn yield varies 
with the joint effect of temperature and rainfall may be said to be 
one of determining the functional relation of yield to the two other 
factors, according to the relation shown in equation (84). 

Determining a joint function for two independent variables. 
Where only two independent variables are concerned, the joint func- 
tional relation may be determined quite simply, if a large enough 
number of observations is available. 

The process may be illustrated by data from a different problem, 
shown in Table 79. The observations are from a field study of hay- 
stack dimensions in the Great Plains area. Farmers in this area 
ordinarily sell their hay unbaled and in the stack. It is therefore 
necessary to estimate the quantity of hay each stack contains. Two 
measurements, which can be made readily with only a rope, are 
usually employed — the perimeter around the base of the stack and 
the “over,” or the distance from the ground on one side of the stack 
over the center to the ground on the other. The observations shown, 
in Table 79 are all for round stacks. These stacks vary in height 
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and shape to some extent, however, so their volume cannot be com- 
puted from the basal circumference by any simple mathematical rule, 
such as for the volume of a hemisphere. The volumes shown in the 
table are computed from careful surveying measurements of all the 
dimensions of each stack — much more exact measurements than a 
farmer would be able to make in practice. The problem is to estab- 
lish the average volume for specified circumferences and “overs,” so 
the farmers may be able to use these two measurements, and also to 
determine how much confidence can be placed in estimates of volume 
based on these two factors. 

The volume will tend to be some function of the basal area times 
the height. The basal area is a function of the square of the basal cir- 
cumference; the “over” is a function of both the basal diameter and 
the height — but attempts to separate the two have been unsuccessful. 
It is obvious, however, that any attempt to represent the relation by a 
regression equation of the type 

volume = / (circumference) -f / (“ over ”) 

will be unsatisfactory because of the multiplying nature of the relations 
that is, 

volume = / (circumference) (over) 

Such a relationship may be approached by use of the relation 

lo&volume = / (logcircumference) *f“ / (log ovor ) 

• \ 

Attempts to determine the relationship by this equation, however, have 

not been fully successful. The shape of the stacks apparently shifts 
with changes in size. 

The haystack problem is evidently one where the relation may best 
be expressed by a joint function such as 

volume = / (circumference, over) 

Such a relation could be determined directly from the data by the 
methods which will presently be described. It is evident that the cor- 
relation surface would have a marked upward slope as the two dimen- 
sions increased together, even if the usual volume formulas applied. 
The work for this particular problem may be somewhat simplified by 
first stating each variable as a logarithm and then determining the 
joint relation according to the equation 

1^8 volume = / (log c i rcuni f erencc> , log over ) 
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TABLE 79 


Data Taken from Nebraska Round Stacks Measured in 1927 and 1928f 


Volume, 
in cubic 
feet 

Circum- 
ference, 
in feet 

“Over,” 
in feet 

AV 

X 

CO 

* 

AT* 

x; 

z 

2853 . 00 

69.0 

37.00 

0.139 

0.168 

wm 1 

wm 

B9 

2702 . 00 

65.0 

36.50 

0.113 

0.162 

Bill 


Bn 

3099 . 00 

73.0 

38.50 

0. 163 

0.185 

0.491 

0.447 

0.044 

1306.00 

62.5 

26.50 

0.096 

0.023 

0.116 

0.143 


2294.00 

70.0 

35.00 

0.145 

0.144 

0.361 

0.436 


2725.00 

68.0 

36.50 

0.133 

0.162 

0.435 

0.421 


3309 . 00 

71.0 

39.25 

0.151 

0.194 

0.520 

0.557 


2790.00 

64.0 

36.75 

0.106 

0.165 

0.446 

0.450 

-0.004 

2756 . 00 

62.0 

38.50 

0.092 

0.185 

0.440 

0.478 


5237.92 

80.0 

43.00 

0.203 

0.233 

0.719 

0.705 


3149.82 

67.0 

37.60 

0. 126 

0.175 

0.498 

0.490 

0.008 

5498.46 

79.0 

44.60 

0.198 

0.249 

0.740 

0.739 

0.001 

3397.83 

66 . 0 

38.00 

0.120 

0.180 

0.531 

0.541 

-0.010 

3007 . 66 

62.0 

36.80 

0.092 

0.166 

0.478 

0.486 

-0.008 

4574.29 

79.0 

41.10 

0.198 

0.214 

0.660 

0.596 

0.064 

6228.59 

73.0 

48.00 

0.163 

0.281 

0.794 

0.780 

0.014 

2318.64 

63 . 0 

30.20 

0.099 

0.080 

0.365 

0.265 

0.100 

3176.71 

68.0 

37.75 

0.133 

0.177 

0.502 

* 0.502 

0 

2352.31 

70.0 

32.50 

0. 145 

0.112 

0.371 

0.363 

0.008 

2174.44 

69.0 

31.62 

0.139 

0.100 

0.337 

0.333 

0.004 

2694 . 72 

73.0 

34.50 

0.163 

0. 138 

0.431 

0.433 

-0.002 

3333.53 

70.0 

37.25 

0.145 

0.171 

0.523 

0.500 

0.023 

4328.92 

78.5 

40.00 

0.195 

0.202 

0.636 

0.617 

0.019 

2115.04 

67.0 

31.25 

0.126 

0.095 

0.325 

0.317 

0.008 

2489 . 08 

66.5 

33.75 

0.123 

0.128 

0.396 

0.388 

0.008 

2296 . 65 

64.5 

32.38 

0.110 

0. 110 

0.361 

0.338 

0.023 

3117.21 

65 . 5 

37.58 

0.116 

0.175 

0.494 

0.480 

0.014 

4088 . 36 

74.0 

40.33 

0. 169 

0 . 206 

0.612 

0.602 

0.010 

4180.88 

72.0 

40.50 

0.157 

0.207 

0.621 

0.594 

0.027 

2318. 19 

63 . 0 

33.00 

0.099 

0.119 

0 . 365 

0.346 

0.019 

1 946 . 90 

58.0 

31.00 

0 . 063 

0.091 

0.289 

0.255 

0.034 

2479.89 

0 1 . 0 

36 . 50 

0 . 086 

0.162 

0.394 

0.423 

-0.029 

3174.80 

73.0 

37.00 

0. 163 

0.168 

0.502 

0.506 

-0.004 

2151.54 

64 . 0 

33.00 

0. 106 

0.119 

0.333 

0.353 

-0.020 

3475 . 68 

73.0 

39.50 

0.163 

0. 197 

0.541 

0.576 

-0.035 

4393.08 

71.0 

42.00 

0.151 

0.223 

0.643 

0.624 

0.019 

2819.50 

69 . 0 

35.00 

0. 139 

0.144 

0.450 

0.432 

0.018 

3703 49 

70.0 

38.50 

' 0.145 

0. 185 

0.569 

0.530 

0.039 

2742.81 

72.5 

34.50 

0.160 . 

0. 138 

0.438 

0.430 

0.008 


* A ' 2 = log io (circumference) — 1.700, stated to three decimal places. 

X 3 = logio ("over”) — 1.4, stated to three decimal places. 

A'i = logio (volume) — 3.0, stated to three decimal places, 
t Acknowledgment is due W. H. Hosterman, of the Bureau of Agricultural Economics. U. S. 
Department of Agriculture, for the use of these data. 
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TABLE 79— ^Continued. 


Volume, 
in cubic 
feet 

Circum- 
ference, 
in feet 

"Over," 
in feet 

x 2 * 

*3* 

XS 

3002.40 

66.0 

35.50 

0.120 

0.150 

0.477 

1854. 19 

69.0 

30.50 

0.139 

0.084 

0.268 

1982.07 

62.0 

31.00 

0.092 

0.091 

0.297 

2470.86 i 

65.0 

33.50 

0.113 

0.125 

0.393 

1203.15 

60.1 

26.25 

0.079 

0.019 

0.080 

2843.84 

71.0 

36.00 

0.151 

0.156 

0.454 

2636.25 

66.0 . 

36.00 

0.120 

0.156 

0.421 

1998.39 

65.0 

32.00 

0.113 

0.105 

0.301 

2005.03 

64.0 

32.00 

0.106 

0.105 

0.302 

2568.76 

66.0 

35.00 

0.120 

0.144 

0.410 

2161.18 

65.0 

32.50 

0.113 

0.112 

0.335 

2112.20 

67.0 

32.00 

0.126 

0.105 

0.325 

3009.33 

65.0 

38.00 

0.113 

0.180 

0.478 

1992.24 

63.0 

31.00 

0.099 

0.091 

0.299 

2746.98 

70.0 

34.00 

0.145 

0.131 

0.439 

2238.27 

64.0 

35.00 

0.106 

0.144 

0.350 

1747.47 

67.0 

30.00 

0.126 

0.077 

0.242 

2863.91 

67.0 

36.00 

0.126 

0.156 

0.457 

3593.47 

72.0 

39.00 

0.157 

0.191 

0.555 

2435.48 

62.0 

35.00 

0.092 

0.144 

0.387 

2430. 18 

63.0 

34.00 

0.099 

0.131 

0.386 

2590 . 07 

67.0 

35.00 

0.126 

0. 144 

0.413 

3577.68 

70.0 

41.00 

0.145 

0.213 

0.554 

3299 . 24 

73.0 

40.00 

0.163 

0.202 

0.518 

1986.14 

64.0 

32.50 

0. 106 

0.112 

0.298 

3109.04 

68.0 

38.00 

0.133 

0. 180 

0 . 493 

2821.56 

71.0 

37.00 

0.151 

0. 168 

0.450 

2932.24 

67.0 

38.00 

0. 126 

0. 180 

0.467 

3304.63 

69.0 

38.00 

0. 139 

0. 180 

0.519 

2565 . 46 

72.0 

35.00 

0.157 

0. 144 

0.409 

4509 . 93 

74.0 

41.33 

0.169 

0.216 

0.654 

4804.01 

81.0 

42.00 

0.208 

0.223 

0.682 

4241.80 

75.0 

40.75 

0. 175 

0.210 

0.627 

4516.10 

69.2 

43.25 

0.140 

0 . 236 

0 . 655 

5011.62 

77.5 

43.10 

0.189 

0.234 

0.700 

2110.73 

65.0 

31.50 

0.113 

0.098 

0.324 

2775.70 

76.0 

34.60 

0. 181 

0. 139 

0.443 

3927.90 

72.0 

39.00 

0.157 

0. 191 

0.594 

4212.77 

80.0 

41.50 

0.203 

0.218 

0 . 624 

3562.64 

78.5 

38.50 

0. 195 

0. 185 

0.552 

• - log l0 (circumference) - 1.700, stated to three decimal place-* 

x * = logjo 0 over ”) - 1.4, stated to three decimal place*. 


Xi =» log l0 (volume) - 3.0, stated to three decimal places. 



X[ 


0.430 

0.297 

0.288 

0.373 

0.117 

0.469 

0.443 

0.330 

0.323 

0.418 

0.345 

0.333 

0.438 

0.288 

0.407 

0.406 

0.280 

0.448 

0.555 

0.443 

0.362 

0.423 

0.596 

0.598 

0.338 

0.508 

0.498 

0.501 

0.514 

0.450 

0.627 

0.683 

0.619 

0.643 

0.691 

0.316 

0.448 

0.555 

0.663 

0.575 


0.047 

-0.029 

0.009 

0.020 

-0.037 

-0.015 

- 0.022 

-0.029 

- 0.021 

-0.008 

- 0.010 

-0.008 

0.040 

0.011 

0.032 

-0.056 

-0.038 

0.009 

0 

-0.056 

0.024 

- 0.010 

-0.042 

-0.080 

-0.040 

-0.015 

-0.048 

-0.034 

0.005 

-0.041 

0.027 

- 0.001 

0.008 

0.012 

0.009 

0.008 

-0.005 

0.039 

-0.039 

-0.023 
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TABLE 79 — Continued 


Volume, 
in cubic 
feet 

Circum- 
ference, 
in feet 

“Over,” 
in feet 

AV 

n 3 * 

AT* 


z 

2853 . 96 

75.0 

35.50 


0.150 

0.455 

0.461 

-0.006 

3294.38 

69.0 

38.00 


0.180 

0.518 

0.514 

0.004 

1689.54 

63.0 

30.50 


0.084 

0.228 

0.274 

-0.046 

2228.84 

62.0 

33.00 

0.092 

0.119 

0.348 

0.341 


2362.61 

64.0 

- 34.00 

0. 106 

0. 131 

0.373 

0.379 


3088.28 

68.0 

38.50 

0.133 

0. 185 

0.490 

0.520 


3820.79 

70.0 

40.00 

0. 145 

0.202 

0.582 

0.570 


3126.64 

63.0 

36 . 90 

0.099 

0. 167 

0.495 

0.447 

0.048 

3624 . 75 

71.0 

38.45 

0. 151 

0. 185 

0.559 

0.536 


3023.97 

73.0 

36.50 

0. 163 

0. 162 

0.480 

0.493 


0045.42 

79.0 

47.00 

0.198 

0.272 

0.781 

0.798 


3100.11 

64.0 

37.00 

0. 106 

0. 168 

0.491 

0.457 

0.034 

3378.07 

70.0 

38.00 

0. 145 

0. 180 

0.529 

0.519 

0.010 

3040 . 29 

77.0 

35.00 

0. 186 

0. 144 

0.483 

0.464 


2252. 16 

65.0 

32.50 

0.113 

0.112 

0.353 

0.345 

0.008 

3552.61 

76 . 0 

37.00 

0. 181 

0.168 

0.551 

0.481 

0.070 

2635.90 

66.0 

34.50 

0. 120 

0.138 

0.421 

0.405 


3201.41 

71.0 

35.50 

0. 151 

0. 150 

0.505 

0.455 


2590.21 

69.0 

35.00 

0. 139 

0.144 

0.413 

0.432 


3743.55 

76.0 

38.25 

0.181 

0. 183 

0.573 

0.558 


3858.03 

73.0 

39.50 

0. 163 

0. 197 

0.586 

0.576 

0.010 

3829.44 

74.0 

39.75 

0. 169 

0.199 

0.583 

0.586 


2556.44 

66 . 0 

33.00 

0. 120 

0.119 

0.408 

0.365 


3119.07 

69.0 

36.00 

0. 139 

0.156 

0.494 

0.460 


2122.38 

65.5 

32,00 

0.116 

0. 105 

0.327 

0.332 


2921.92 

69 . 0 

36 . 00 

0. 139 

0. 156 

0.466 

0.460 

0.006 

2936.35 

72.5 

34.50 

0. 160 

0. 138 

0.468 

0.430 

0.038 

2427.66 

76.0 

33.00 

0. 181 

0.119 

0.385 

0.399 

-0.014 

2069,38 

65.0 

31.50 

0.113 

0.098 

0.316 

0.315 

0.001 

1809.54 

72 0 

30 . 00 

0. 157 

0.077 

0.279 

0.285 

-0.006 

4289 . 28 

78.5 

40.50 

0. 195 

0.207 

0.632 

0.629 

0.003 

2407.39 

67.5 

32.50 

0. 129 

0.112 

0.381 

0.358 

0.023 

3097 . 99 

66 . 0 

35.50 

0. 120 

0.150 

0.491 

0.430 

0.061 

3893 . 67 

75.5 

39.25 

0. 178 

0.194 

0.590 

0.582 

0.008 

2238.66 

68.0 

31.75 

0. 133 

0.102 

0.350 

0.336 

0.014 

2314.79 

64.0 

33. 10 

0. 106 

0.120 

0.364 

0.356 

0.008 

2007.07 

66.0 

34.70 

0.120 

0. 140 

0.426 

0.409 

0.017 

2582 . 07 

68.0 

33.50 

0.133 

0.125 

0.412 

0.388 

0.024 

3420.50 

75.0 

37.00 

0. 175 

0.168 

0.535 

0.516 

0.019 

2307 34 

60.0 

33.40 

0.078 

0. 124 

0.363 

0.336 

0.027 

3960 4 1 

76.0 

39.30 

• 0. 181 

0. 194 

0.598 

0.585 

0.013 


* -V> = log 10 (circumference) — 1.700, stated to three decimal places. 
X 3 = logio ("over”) — 1.4, stated to three decimal places. 

X, = logio (volume) — 3.0, stated to three decimal places. 
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* 

The logarithms (to base 10) are accordingly also shown in Table 79, 
and are designated as X 2 , X 3 , and A\. (To facilitate the subsequent 
computations, 1.7 has been subtracted from the logarithm for circum- 
ference, 1.4 from the logarithm for “over,” and 3.0 from the logarithm 
for volume.) 

Subgrouping and averaging the observations. The first step in the 
process of determining the joint functional relation is to classify the 
observations according to X 2 , and subclassify according to X 3 , and de- 
termine the averages of A|, X 2 , and A" 3 for each group. Since there are 
only 120 observations, it would not be worth while to make too many 
groups. Four groups each way would give 16 subgroups, and 5 each 
way would give 25. If the cases were uniformly distributed through 25 
subgroups, that would make less than 5 cases to a group, which is 
rather thin for a satisfactory average (though it might be sufficient in 
this particular problem, where the correlation is much higher than in 
many problems which must be dealt with.) However, the cases will 
not necessarily be distributed uniformly through all the groups, so it 
will be best if we try the fivefold classification and see how the cases 
fall. 


TABLE 80 

Number of Haystack Observations, Classified Accordino to X2 and X3 

(Logarithms of Circumference and “Over”) 


X 3 values 

X 2 values 

Under 

0.090 

0 090- 

0.119 

0. 120- 

0. 149 

0. 150- 
0 . 1 79 

0. 180 
and over 

Under 0. 100 

2 

7 

3 

1 


0.100-0. 139 

1 

14 

10 

3 

2 

0.140-0.179 

1 

8 

17 

8 

2 

0.180-0.219 


2 

10 

14 

7 

0.220 and over 

• 



1 

2 

5 


There is a marked correlation between X 2 and X 3 , so a few groups 
have 10 or more reports, whereas 15 out of the 25 have under 5. Pre- 
liminary examination of the data indicates that a unit change in A r 3 is 
generally accompanied by a larger change in X x than is a unit change 
in A r 2 . Accordingly we may decide to halve the groups in the central 
portion of the range of X 3 , making the class intervals with respect to 
that variable under 0.100, 0.100 - 0.119, 0.120 - 0.139, 0.140 - 0.159, 
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% 

0.160 - 0.179, 0.180 - 0.199, 0.200 - 0.219, and 0.220 and over. With 
5 classes for X 2 , this will give a 40-group classification — but with many 
of the “cells” vacant. Averaging X 2 , X 3l and X 1 for each of the 
resulting groups gives means as shown in Table 81. 

Plotting the subgroup averages and drawing first approximation 
curves. Inspection of the averages of X 2 down each column in 
Table 81 shows that most of the variation in that factor has been elimi- 
nated, except in the upper subgroups of X 3 , above X 3 = 0.200, where 
the averages tend to fall above the mean of the range. There is a more 
marked tendency for the averages of X 3 to rise across the rows from left 



Average X 3 

Fig. G5. Differences in Xi, with differences in Xs for specified values of X 2 , aad 

first approximate curves. 

to right. Accordingly the groups classified with respect to X 2 will be 
studied first, to determine the changes in X Y with changes in X 3) X 2 
being held (approximately) constant at various values. This may be 
done by plotting separately the average difference in X 1 with differences 
in A r 3 , for each column. Figure 65 shows these averages, with the 
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TABLE 81 

Haystack Data: Average X 2) X$, and X\ } for Observations Classified by 


X 2 AND X% 


X% values 

Number of 

cases 

Xi under 0.090 

Mean X 2 

Mean Z s 

Mean Xi 

Under 0.100 

2 

0.071 

0.055 

0.185 

0.100-0.119 

i 


N 


0.120-0.139 

1 

0.078 

0.124 

0.363 

0.140-0.159 





0.160-0.179 

1 

0.086 

0.162 

0.394 



X 2 0.090-0.119 

_ Under 0 . 100 

7 



0.278 

0.100-0.119 




0.332 

0. 120-0.139 

4 



0.379 

0.140-0.159 

2 


0.144 

0.369 

0.160-0.179 

6 


0.167 

0.473 

0.180-0.199 

2 

0.103 

0.183 

0.459 



X 2 0.120-0.149 

Under 0. 100 

3 


0.085 


0.100-0.119 

6 


0.108 


0.120-0.139 

4 


0.131 


0.140-0.159 

12 

0.129 

0.149 


0.160-0.179 • 

5 

0.135 

0.171 

0.483 

0.180-0,199 

8 

0.135 

0.181 

0.515 

0.200-0.219 

2 

0.145 

0.208 

0.568 

0 . 220 and over 

1 

0.140 

0.236 

0.655 

• 


A' 2 0.150-0.179 

Under 0. 100 

1 

0.157 

0.077 

fMWWTIiKm 

0.100-0.119 





0.120-0.139 

3 



0.446 

0.140-0.159 

4 



0.456 

0.160-0.179 

4 



0.492 

• 0.180-0.199 

9 

0.161 


0.558- 

0.200-0.219 

5 

0.167 


0.606 

0.220 and over 

2 

0.157 


0.719 




t 0. 180 and over 

0.100-0.119 

1 

0.181 

0.119 

0.385 

0.120-0.139 

1 

0.181 


0.443 

0.140-0.159 

1 

0.186 


0.483 

0.160-0.179 

1 

0.181 

0. 168 

0.551 

0.180-0.199 

3 

0.186 

0.187 

0.574 

0.200-0.219 

4 

0.198 

0.210 

0.638 

0.220 and over 

5 

0.199 

0.242 

0.724 
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number of observations represented by each one indicated. Apparently 
the relation, for each group of averages, tends to be linear, so straight 
lines are drawn in by eye as first approximations to the final relation. 
It should be noticed, however, that these lines are not all of the same 
slope but tend to slope more steeply as X 2 increases. In some problems 
curves instead of straight lines would be indicated by these group aver- 
ages. In such a case, separate curves would be fitted freehand to each 
6et of averages. In drawing such curves it is desirable to keep them as 
nearly of the same shape as the data will permit, and to change the 
shape only gradually from one to the next. 

Obtaining a second approximation to the joint surface. After the 
first approximation lines or curves have been drawn along the X 3 axis, 
the next step is to smooth along the X 2 axis. To do this the values of 
X 1 according to the first approximation curves are read off at intervals 
on X 3 , corresponding to the central values of the groups of A r 3 in 
Table 81. These values are shown in Table 82. 

TABLE 82 


Estimated Values of Xi for Specified Values of and X3, from First 

Approximation Lines 


v 



a 2 



A 3 

* 

Under 0 090 

0 090-0.119 

0.120-0 149 

0.150-0.179 

<- 

0.180 and over 

0 . 000 

0.110 

0. 195 
0.307 

0.233 

0.334 

0.247 

0.359 

0.354 

0.382 



0.374 

0.403 

0.404 

0.433 



0.415 

0.448 

0.454 

0.484 


0.442 

0.455 

0.492 

0.505 

0.535 



0.496 

0.537 

0.555 

0.586 




0.583 

0.650 

0.605 

0.681 

0.637 

0.713 


The readings shown in Table 82 may next be smoothed along the A 2 
axis by plotting the estimated value of A'j for the specified values of A 3 , 
with varying values of A' 2 . This process is shown in Figure 66. The 
values used as the coordinates for A' 2 are the corresponding average 
values of A r 2 for each subgroup in Table 81. Thus in plotting the values 
of X 1 for A' 3 = 0.060 — the first line in the table above — the values for 
A' 2 are the averages from the first lines in Table 81 — 0.071, 0.102, 
0.130, etc. By using these actual averages allowance is made for 
cases such as those noted previously, where not even the process of 
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subgrouping has completely removed the influence of the other inde- 
pendent variable. 

The averages plotted in Figure 66 show a slight but consistent curvi- 
linear relation of X 1 to X 2 , with a gradually increasing slope for the 
higher values. In two cases straight lines would fit as well as curves, 
but, since all the remaining groups show consistent slight curves, they 
are drawn in here as well. The averages, smoothed freehand along the 
X 2 axis, give a second approximation to the joint functional relation. 

Making the final smoothing of the approximation curve. As a final 
check, values from the curves in Figure 66 may be read off for stated 



Average X 2 

Fia. 66. Differences in X\ with differences in X 2 for specified values of X 3 , read 

from smoothed curves in Fig. 65. 

values of X 2 , and smoothed again with reference to X 3 . Since the 
variation in the averages of X 2 in each column of Table 81, and in the 
averages of X 3 in each row, have now been allowed for by the methods 
used in constructing Figures 65 and 66, the new readings may be taken 
for any convenient interval on X 2 . The values 0.070, 0.080, 0.100, 
0.120, 0.140, 0.160, 0.180, and 0.200 may be used, giving convenient 
values for subsequent interpolations. Reading off the corresponding 
Xj values from the curves in Figure 66, just shown before in Table 82, 
and plotting with the X 3 values as abscissas, gives the results shown in 
Figure 67. 
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After the X x readings from Figure 66 are plotted, as indicated by 
the hollow circles in Figure 67, they are smoothed with reference to the 
A" 3 axis. It is found again that straight lines serve to describe the 
relation, and these are accordingly drawn in by eye, with some con- 
sideration of adjacent lines where otherwise the line would be out of 
agreement, as for X 2 = 0.200. These lines, showing the estimated 
values of X 1 for specified differences in X 2 and A3, may be taken as 
defining the functional relation between the three variables. This 
figure indicates very clearly the “warping” of the regression surface. 
The increase in X x per unit increase in A 3 is much greater for large 
values of X 2 than for small values. That fact could not have been 
expressed in any regression equation of the form X x = /2(A 2 ) + 
/ 3 (A 3 ) . The shape of the “correlation surface” may be seen in Figure 



Fio. 67. Differences in A”! with differences in A 3 , from second smoothed curves. 


68, where the final lines from Figure 67 have been combined into a 
three-dimensional diagram. 

Estimating X l from the joint function. Estimates of X 1 for any 
combination of values of A 2 and A 3 may be made directly from Figures 
67 or 68 by making the necessary interpolations. The process may 
be more conveniently carried out by making a “contour chart,” which 
shows the differences in A lf for different combinations of A 2 and A 3 , 
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by a series of lines passing through combinations of the other two 
variables which will produce equal values of X x . Thus if a series of 
planes were passed through the cube in Figure 68, parallel to the base 
plane, at X x = 0.300, 0.400, 0.500, etc., they would cut the top surface 
of the solid in the intersections indicated by the dotted lines. Then 
if one were to look straight down upon the top of the solid, these dotted 
lines would appear as shown in Figure 69. Other lines have been 
drawn in between these to indicate 0.050 differences in X v 3 



Fia. 68. Probable value of Ad for specific combinations of X-> and X 3 , from 

smoothed surface. 


Determining the standard error of estimate and index of multiple 
correlation. Estimated yields for each observation may now be worked 
out by the use of Figure 67 or 69, interpolating for the distances be- 
tween the adjacent lines where an observation falls off the line. Table 
79 also shows these estimated values (A r J), and the difference between 
the actual and the estimated. The standard deviation of the original 

3 Figure 69 may be most readily drawn from Figure 67. By noting the value of 
Xz necessary to produce a value of X\ — 0.300, for each X-> line, a series of values 
for X 2 and X 3 may be located, through which the contour for A r i = 0.300 is drawn. 
The values for X\ = 0.400 are then noted, giving the location of the 0.400 con- 
tour, and so on. 
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values of X t is 0.1265, whereas the standard deviation of the residuals 
computed in Table 79 is 0.0295. Apparently the regression surface 
accounts for almost all the variation in volume. The accuracy with 
which estimates of X ± may be made from X 2 and X z may be de- 
termined by adjusting <j z in the usual way. 

Values 



Fio. 69. Probable value of Xi for specific combinations of X 2 and X 2 , shown by 

contours. 

For the type of surface shown, the relations might be quite closely 
represented by an equation of the type 4 

Xi = a + b 2 X 2 + (&3 + b 3 X 2 )X z 

This equation expresses the relation shown in Figure 68: for a constant 
value of X 2 , the regression of X l on A r 3 is linear; but as X 2 changes, 
this regression also changes at a uniform rate. The equation given has 

4 See page 408 for a further discussion of the possibilities of this type of formula- 
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4 constants, so in adjusting o> to determine the standard error of esti 
mate, m = 4. Hence 


l/(*t*j)] 


- 4 —) 

\n — m/ 


= (0.0295) 2 


/120 


\116 


5xi[/(xjx 3 )] — 0.0300 


Similarly, the index of multiple correlation for X 1 as a joint func- 
tion of X 2 and X 3 may be computed in the usual manner: 


=1 _(0W 

< j \ (0.1265) 2 




0.000870 

0.01600 


= 0.9456, 

and adjusting for the number of constants, 


P 2 = 1 - (1 


- p 2 ) (i 

\n 



m 


= 1 - (1 - 0.9456) 
= 0.9442 


119 

116, 


P = 0.972 


It is evident that the volume of a round haystack may be very 
closely estimated from the rough farm measurements of circumference 
. and “over.” The standard error of estimate, 0.0300, indicates that the 
logarithm of volume can be estimated to zb 0.0300 of the true logarithm 
for two-thirds of the observations and to zb 0.0600 of the true logarithm 
for 95 per cent of them. Taking the antilogarithms of 0.0300 and 
1.9700, and of 0.0600 and 1.9400, we find that that means the volume 
can be estimated to between 107.2 per cent and 93.3 per cent, or 
between 114.9 per cent and 87.1 per cent, of the true values, respec- 
tively, for the proportions stated. 

Stating the conclusions shown by the joint function. After the 
joint relation of one variable to two others has been determined by the 
method sketched, the final regression surface, as expressed in Figures 
67, 68, or 69, may be restated in simpler terms by preparing tables 
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showing the average or expected values of X x for stated combinations 
of X 2 and X 3 . In this particular problem, where the surface was de- 
termined with respect to logarithmic values, that involves determining 
the logarithms of X 2 and A r 3 for the selected values, reading off from 
the charts the corresponding estimated value for the logarithm of X u 
and finding its antilogarithm. Carrying out this process, we obtain the 
values shown in Table 83. 

TABLE 83 

\ 

Average Volume of Round Haystacks for Different Combinations 

of Circumference and “Over” 


Circum- 

• 

i 

‘Over,” in feet 


ference 

30 

34 

38 

42 

46 


Cubic fed 

Cubic feet 

Cubic feet 

Cubic feet 

Cubic feel 

60 feet 

1,730 

2,244 




65 feet 

1,871 

2,432 

3,097 



70 feet 

1,928 

2,553 

3,319 

4,150 


75 feet 

80 feet 


2,655 

3,524 

4,467 

4,710 

5,623 

6,026 





Determining joint influence of two independent variables, holding 
other independent variables constant. In many cases it may be 
desirable to allow for the joint influence of two variables while simul- 
taneously eliminating or holding constant the effect of one or more 
additional independent variables. In the corn problem it would be 
desirable to determine the relation of yield to rainfall and temperature 
jointly, while simultaneously allowing for the upward tendency in 
yield during the period studied. This may be done by determining 
the relation according to the equation 

A', = h. 3 (X 2 , X 3 ) + UX 4 ) (85) 

This relation may be worked out by combining the method just 
shown for determining a joint function for two independent variables 
with the method of successive approximation for handling many vari- 
ables, as discussed in Chapters 14 and 16. The essential steps are (1) 
to determine the curvilinear changes in X l with changes in X 2 , X 3 , anc * 
A r 4 , according to the simpler equation, 

Xi = a +/ 2 (X 2 ) +/ 3 (X 3 ) +/ 4 (X 4 ) 
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and then (2) to compute the residuals for each observation, using 
these curves, and subclassify the residuals according to the two variables 
for which the presence of a joint function is to be tested. If these 
averages of residuals indicate any significant warping of the surface, 
(3) they are next smoothed by the method presented following Table 
81. The residuals may then (4) be adjusted to take account of this 
joint relation in addition to the individual curvilinear relations pre- 
viously allowed for, and their standard deviation computed. If the 
variance has been significantly reduced, the residuals may then (5) 
be averaged with respect to the remaining independent factor, to see 
if the curve for that factor will be changed now that the joint relation 
to the other factors has been allowed for. If it is changed, the residuals 
are recomputed to see if any further change need be made in the 
joint function and the process continued until the final shape of the 
curve and joint surface is determined. 

Measuring correlation with respect to joint functions. The correla- 
tion may be measured with respect to joint functions just as before 
it was measured with respect to curvilinear regressions. The standard 
error of the residuals, adjusted for the estimated number of constants, 
indicates the standard error of estimate; and this adjusted standard 
error, substituted in equation (66.2) , gives the index of multiple correla- 
tion and of multiple determination. But since the combined influence of 
X 2 and X 3 is being determined, it is not possible to compute coefficients 
of partial correlation, or other measures of individual importance, for 
the variables which are being considered jointly. It would be possible 
to work out what portion of the variance in X } was accounted for by 
X 2 and X 3 together and how much by X 4 , but that would be all. 5 It is 
something of a guess how many constants should be allowed for in com- 
puting the correlation and the standard error. It will be higher than 

for the individual curves for / 2 ( ^ 2 ^ and f 3 (X 3 ), in general. If the joint 

relation merely involves a gradual regular shifting of the slope of the 
curves across the surface, one additional constant would be enough ; if it 
involves a shifting at an increasing rate, two might be assumed; and if 
it involves several changes in shift, even more might be needed. 

Determining joint influence of three or more independent variables. 
The methods just described might be used to determine several joint 

5 This would involve determining, by least squares, the equation 

X\ = a -f- 621/2.3(^2. A3))+ 6 3 [/i(X 4 )I 

The separate determination with respect to b-> would then indicate the determina- 
tion by Xo and X 3 combined. See Note 11, Appendix 2. 
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relations at the same time, each relation involving two' independent 
variables. Thus if X 2 = rain in July, X 3 = temperature in July, 
X 4 = rain in August, X 5 = temperature in August, and X 6 = time, 
the yield of corn might be explained by a set of relations represented by 
the equation 

= f2.3(^2, X 3 ) f 4 , 5 (X 4 , X 5 ) + fe(Xe) (86) 

The functions would be determined by first getting the net regression 
curves for each factor separately, then the joint curves for / 2 , 3 (A 2 , 
X 3 ) and / 4i 5 (A r 4t Jf 5 ) by classifying the residuals by the method just 
described, and then determining the final shapes by successive approxi- 
mations. But there will be some cases where even so flexible a relation 
as represented in equation (86) will not be sufficient really to represent 
the relations. For example, yield might depend jointly on rainfall, 
temperature, and length of growing season, and a change in any one 
factor might cause differences in the effects of others as well. Such a 
relation would be represented by such equations as 

Xi = f(X 2 , X 3 , X 4) . . . Xn) (87) 

To determine the shape of such a function for even three inde- 
pendent variables would require a large number of observations, since 
a threefold subclassification would be needed. If only 4 classes were 
used for each variable, 64 subclasses would be possible. Not unless 
there were sufficient observations so that say 3 to 5 might fall in each 
class, on the average, could such a relation be determined with any 
degree of accuracy, unless the correlation was very high indeed. If the 
joint correlation were perfect, one case to a subclass would be sufficient 
to indicate the nature of the function. 

With three independent variables, successive smoothing in three 
dimensions would be involved. Where an adequate number of obser- 
vations was available, the process might be simplified by dividing the 
observations into several groups according to one variable, determin- 
ing the functional relation to the other two independent variables 
separately for each group, and then smoothing the results for the 
different groups together to determine the change in joint function 
with changes in the first variable. 

Figure 70 illustrates some results of this sort, for a four-dimen- 
sional joint function. These results were obtained from an analysis 
of 190 observations of sales of individual lots of apples. The records 
were first separated into those for each of the 5 sizes of apples, and 
the joint functional relation of price to amount of insect injury and 
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amount of scab determined separately for each size. These results 
were then smoothed between apples of different sizes, to make the 

“surface” of the imaginary four-dimensional solid diagram show a 
gradual continuous change over every dimension. 0 



3 inch apples 





2 Vz /nch apples 



3 inch apples 


Fio. 70. 


Average price of apples of given sizes, for various combinations of amount 

of insect injury and amount of scab. 


While, of course, it is not possible to draw a single diagram ex- 
pressing the four-dimensional relationship 


Xi = f(X 2t X,, X ,) 


6 This is done by reading expected prices for 0 scab, 0 insect injury, for apples 
o each size, and smoothing that series; reading for 0 scab, 20 percent insect injury, 
and smoothing that series; and so on until every portion of the surface has been 
smoothed with respect to the third independent variable. The smoothed values 
could then be read off and smoothed again in. other dimensions, until the final 
continuous function was obtained. This illustration is from an analysis supplied 
by Frederick V. Waugh. For a more elaborate study of the same type, see John It. 
Raeburn, Joint correlation applied to the quality and price of McIntosh apples, 
omell University Agricultural Experiment Station Memoir 220. March, 1939. 
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the relation may be visualized by a composite diagram, as illustrated 
in Figure 70. This figure in particular illustrates the significant 
relations brought out by the joint functional treatment. Thus it is 
seen that large apples, with neither scab nor insect injury, sold for 
a material premium over perfect apples of small size; but that if the 
apples were badly damaged it did not make much difference what size 
they were. This may be stated another way — the presence of defects 
reduced the price of large apples much more than the price of small 
ones. The figure also shows that the presence of either defect alone 
reduced the value of apples of any size materially, whereas the presence 
of both defects together reduced the price only slightly more. Thus 
for 3-inch apples, apples with 0 scab and 0 insect injury sold for 
$1.05; those with 0 scab but 100 per cent insect injury, for $0.66; those 
with 100 per cent scab and 0 insect injury, for $0.65; and those with 
100 per cent scab and 100 per cent insect injury for $0.42. Increasing 
the insect injury from 0 to 100 per cent reduced the price 39 cents 
for apples with no scab, and only 23 cents for those with 100 per cent 
scab. Likewise for apples with neither scab nor insect injury 3-inch 
apples sold for $1.05, and 244-inch ones for 75 cents; whereas for apples 
of these two sizes with 100 per cent of both injuries, the prices were 42 
cents and 39 cents, respectively. These comparisons show what a 
difference the recognition of joint relations may make in research con- 
clusions, and how important may be the resulting differences in the 
statement of relations. 

Theoretically there is no limit to the number of variables which 
could be considered jointly. The only practical limitation is the num- 
ber of observations available. Where it is possible to determine the 
joint relation, that affords by far the most satisfactory statement of 
the relationship, since then the real relation is not obscured by the 
assumptions hidden in the regression equation used. When a limited 
number of observations precludes a full recognition of joint relations, 
the use of mathematical transformations such as logarithms, logical 
grouping of the variables to determine the combinations of variables 
for which joint relations are most likely to obtain, and trial study of 
the residuals will serve to make the final regression equation set forth 
the true nature of the relations as closely as possible from the limited 
evidence available. 

Just as the accuracy of net regression curves depends largely on 
the number of observations along various portions of the curve and 
the standard error of estimate, so the reliability of a joint regression 
surface (such as that shown in Figure 68) would depend on the standard 
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error of estimate and the number of cases falling within the selected 
portion of the area. Where the joint regression surface is determined 
mathematically, its reliability can be estimated by an extension of the 
same equations presented in Chapters 18 and 19. Methods of estimat- 
ing the standard errors of a surface determined graphically have not 
yet been, developed. 

Summary. This chapter has developed means by which the rela- 
tion between one variable and two others operating jointly may be 
determined, either where no other variables are concerned or where 
one or more additional independent variables are taken into account. 
Methods are also discussed for measuring the influence of three or 
more independent variables operating jointly; but the increased num- 
ber of observations necessary for such determinations restricts the field 
of usefulness of this type of analysis. 
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CHAPTER 22 


SUPPLEMENTARY METHODS FOR DETERMINING 
CURVILINEAR AND JOINT RELATIONS 

Chapters 14, 16, and 21 have set forth means by which curvilinear 
regressions may be determined for functions either of the simpler type 

X\ = /2CX2) + /3CX3) +/ 4 (A 4 ) + ... + f n (X n ) 

or of the more complex joint type 

X 1 = f(X 2 , X 3 , . . . , Xn) 

In each case the methods were purely empirical and depended 
on a combination of freehand smoothing with successive approxima- 
tion to the best curve as the influence of other factors was gradually 
eliminated. In addition to the methods which have been presented, 
there are other techniques which have been suggested for considering 
even more complex relations. On the other hand, if a specific mathe- 
matical function is assumed, the curves may be determined by a more 
rigid process, using the principle of “least squares.” This chapter 
presents some of these further methods, both for multiple curvilinear 
regressions of the simpler forms and for joint functional relations. 

Determining net regression curves by mathematical functions. 
After the shape of the several net regression curves has been determined 
by the successive approximation method, a definite mathematical state- 
ment of the several functions may be obtained by an extension of the 
method presented on pages 221 and 222. The freehand curves would 
provide the basis for selecting functions which would fit the net shape 
of the regression curves fairly well, giving at least this empirical cri- 
terion as to what function to use. Applying this method to the egg 
problem mentioned on page 302, for example, the final curves indicate 
that a straight line is probably adequate to describe the net regression 
of price on X 3 , that a cubic parabola would probably be required to 
describe the net regression on X 2 , and that a second-degree parabola 
might be sufficient to fit the net regression on X 4 . Accordingly, the 
equation 

Xi = a -b boX 2 -b & 2 ' (-Xl) 62 " (Xi) ~b & 3 X 3 -b & 4 X 4 ~b &4'(X^ 
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might be fitted to the data. After the values for the seven constants 
weie determined by the usual method for linear correlation, the close- 
ness with which the several mathematical curves fitted the net regres- 
sions could be judged by computing the residuals from the new regres- 
sion equation, and then plotting them as deviations from the several 
net regression curves, exactly as the residuals from the linear regres- 
sions were plotted in Figures 34, 35, and 36. If modifications in the 
fitted curves were found necessary, they could be determined by the 
approximation process again. 

here the original relations indicate a marked curvilinear rela- 
tion, as in Figures 33 and 41, the mathematical curves may be fitted 
light at the start, just as described above, and these curves used as 
the basis for subsequent corrections by the approximation method. 
Whether determining net linear regression, as illustrated in the corn- 
yield problem, or determining net curvilinear regressions, as just sug- 
gested, will prove the most expeditious way of beginning the suc- 
cessive approximation method will depend on the circumstances in 
individual problems. Thus if one regression is known to be markedly 
curvilinear, while the others are substantially linear, taking that 
curvilinearity into account in the equation may bring the linear re- 
gressions for all the other variables much closer to their final form, 
and so reduce the number of steps necessary in the successive approxi- 
mation determinations. 

Determining the curves by least squares. The process of deter- 
mining net regression curves by the use of a definite mathematical 
equation may be illustrated for the following data: 
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Preliminary examination by the graphic method indicates that the 
net regressions of X 1 on both X 2 and X 3 may be approximately repre- 
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sented by parabolas. Accordingly, a net regression curve may be 
assumed of the type 

Xi = a -f* 6 2 X 2 4- 6 2 (X 2 ) 4- 6 3 X 3 4* 6 3 (X§) 

The arithmetic required to determine the five constants can be reduced 
by “coding” the squared values. Let U = X 2 /10, and V = Xf/10. 
The regression equation then may be written 

Xi = a + £> 2 X 2 4- b u U 4~ 63 X 3 + b v V 

The normal equations to determine the four constants are next obtained 
in exactly the same manner as described in Chapter 12 for a multiple 
correlation involving four variables. The resulting normal equations 
are: 

(Zxl)b 2 -f ( Xx 2 u)b u + ( 20 : 2 X 3)63 -f- ( 2 x 2 t>)& v = 2 xix 2 

(2x 2 u)6 2 + ( 2 u 2 ) 6 u + 2 (x 3 w) 6 3 + ( 2 wv) 6 w = Sxi u 

(2x 2 x 3 )6 2 4- (2ux 3 6 u 4 - 2 (xa) 6 3 4 - ( 2 x 3 v) 6 v = 2 x x x 3 

(%x 2 v)b 2 4 " (Euv)b u 4 ~ 2(x 3 v)6 3 4 ~ ( 2 v 2 ) 6 w = 2 xiv 

Carrying out the required computations, the equations are found 
to be: 

171.7506 2 4- 170.6256„ + 165.0006 3 4- _207.6006„ = - 2.50 
170.6256 2 4- 181.1656 u 4- 153.5406 3 4- 192.3166 v =- 5.31 
165.0006 2 4- 153.5406 u 4- 295.2006 3 4- 441.4806, = - 50.80 
207.60062 4- 192.3166 u 4- 441.4806 3 4- 696.0726 w =-86.52 

The (2x5) = 24.20. 

Solving tliese equations by the usual method and computing a from 
equation (41) by restating it 

a 1 , 2 u 3 t> = 4/i — b 2 M 2 — 6 „Af u 6 3 A / 3 b v Mv 

we find the regression equation to be 

Xi = 9.411 4- 1.2709 X 2 - 0.7337 U - 0.9957 X 3 4- 0.3309 F 

The net regressions of X x on X 2 and X 3 are now shown by the two 
parabolic equations: 

Xi = 5.596 4- 1.2709 X 2 - 0.7337 X\ 

and Xi = 12.515 - 0.9957 X 3 + 0.03309 X\ 

The graph of these two curves is shown in Figure 71. 
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The (unadjusted) multiple correlation of X 1 with X 2 , U, X z and V 
is 0.968. Since there are five constants in the regression equation, and 
20 observations, this gives (by equation [47]) an adjusted correla- 
tion of 0.963. This is then the index of multiple correlation of X x with 
X 2 and X 3 , according to the parabolic regressions. The standard error 
of estimate, similarly adjusted, is found to be 0 . 101 . 

It should be noted that where net curvilinear regressions are found 
by this method, the number of constants assumed in the regression 


Fio. 71. 



Parabolic regression curves, fitted simultaneously, and net residuals. 


equation is definitely known, and there can be no question as to the 
exact correction to apply to the computed correlation and standard 
error, or as to the probable significance of the observed correlation. 
On the other hand, the shape of the regression curve obtained is 
conditioned by the type of curve assumed ; except where there is some 
logical basis for assuming a particular type of relation, the selection 
of the formula is still a purely empirical process. If the formula se- 
lected does not fit the data well, the resulting curves may fail to reveal 
the true relations. 
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Testing the fit of the curves graphically. The extent to which 

\ 

mathematical net regressions fail to fit the data adequately may be 
investigated, in any particular problem, by the same graphic methods 
set forth in Chapter 14. To make this check, after the regression 
equation is determined for the particular curves selected, estimated 
values of X x are calculated from the equation. The residual differences 
between X x and these estimated values are then computed. These 
residuals are then plotted as departures from the mathematical net 
regression curves, in the same manner that the residuals from linear 
regressions were plotted as departures from the linear regressions 
in Chapter 14. Carrying this out for the problem illustrated, we obtain 
these results: . . 
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The residuals obtained above are then plotted as departures from 
the parabolic net regressions, as also shown in Figure 71. It is evident 
in this case that the parabolic regressions represent the relations quite 
well, with the departures in general evenly distributed on both sides of 
each curve throughout their length. Only in the curve for X x = / 2 CX 2 ) 
is there any indication of failure to obtain a good fit. Here most of the 
individual observations lie slightly above the curve for values of Xo 
below 2. Above X 2 = 8 the individual observations do not agree with 
the downward turn of the parabola. Using a third-degree parabola 
for f 2 (X 2 ), which would mean adding a new term, b" (X|), to the 
regression equation, would produce a better fit for this function. 

Where the graphic check on the adequacy of a mathematical net 
regression curve indicated that the functional relation was such that 
it could not be readily represented by a higher-order parabola or 
other simple mathematical expression, a freehand curve might be 
fitted to the residuals instead, and the final shape of the curves de- 
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termined by successive approximations, just as described in Chapter 14 . 
The determination of parabolic net regressions may thus be substi- 
tuted for the determination of linear net regressions as the first step 

in the successive approximation method of obtaining net regression 
curves. 

Any other type of mathematical function, the parameters of which 
can be expressed in the first degree, can be used to determine net regres- 
sions by the method of least squares. Besides still higher powers of X 2) 
such transformations as 10/X 2 2 , 100 /A log X 2 , and 1 /log X 2 may be 
employed as independent variables, either in place of the previous in- 
dependent variables or as an addition to the simple statement of them. 

Supplementary methods of determining the final shape of net re- 
gression curves. After the shapes of the several regression curves 
have been determined by the method of successive approximations, 
it is sometimes desirable to use the method of linear correlation to 
determine whether any further adjustment should be made in the 
slope of the several curves, to give the closest possible estimate of the 
Xy values. There are two alternative ways of doing this, yielding 
slightly different types of corrections. The first and simplest method 
is to correlate the final residuals, 2"", with the values of the several 
independent variables. That is, a new multiple correlation is run to 
determine the regression equation 

Z "" = G *.234 + b z2 . 34 X 2 + b z3 . 24 X 3 + &<4.23^4 (88) 

• If significant values are obtained for any of the b’s, they indicate 
that the corresponding regression curve should be rotated counter- 
clockwise, if the net regression coefficient is positive; or clockwise if 
the coefficient is negative. The final values of the several functions will 
then equal the readings for the curves as previously determined, 
plus the additional linear correction. That is, if the final curvilinear 
multiple regression equation is to be 


X\ — k +/2CX2) + /3CX3) -f / 4 (.Y 4 ) 


the several terms will be: 


MX 2 ) 

fs(X 3 ) 

h(X 4 ) 


tnt 

a 1.234 + g z.234 

= /2 (A 2 ) + b z 2.34X2 
= ^3 (A3) + b z 3 i 24 X 3 
= f\ (A4) + b z 4.23A4 
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Since the intercorrelations between X 2 , X 3f and X 4 have already 
been computed in determining the original linear net regressions, much 
of the work required in determining the constants for equation (88) 
has already been performed, and the additional computation involved 
is not very heavy. 

A somewhat different type of correction is obtained by determining 
the regression equation 

%1 = Gl.2'3'4' + biv .Z’Af'iXXi)] + &13'.2'4'L 

+ &14'.2'3' (89) 

To compute the new constants required in equation (89), the functional 
readings corresponding to the independent variables are correlated with 
the original values of the dependent variable. Thus, if the values in 
Table 64, page 246, had been obtained from the final curves determined 
by the successive approximation process, the values read from the 
curves, shown in the fourth, fifth, and sixth columns, would have been 
substituted for the original independent variables in running the mul- 
tiple correlation with X\. If X 2 , X 3 , etc., are used to represent these 
transformed values, the data to be correlated for the first four sets of 
observations would be: 
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If the net regression coefficients come out 1.0, in equation (89), that 
indicates that no change need be made in the curves. If any b comes 
out other than unity, however, the values read from the corresponding 
curve should be adjusted as indicated by the regression results. The 
adjustment may be worked out as follows: 

In the same way that f"'(X 2 ) was used to indicate the values read 
from the final set of approximation curves, let /"' (x 2 ) represent the 
deviations of those readings for each variable from the average of all 
the readings for the particular variable. That is, for each observation 

f 2 (*2) = /2 (X) ~ 

The regression equation (89) may then be restated 

• r l = hl2'.3'4' [/2 fo)] ~f* hi3'.2'4' L/3 (-**3)] ~f* &14'.2'3' f/l C 1 "**)] 
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and the corrected functions will be as follows: 


X, 
♦ i.o 




•1.0 - 
- 2.0 ^ 
-3j0 - 
-4.0 - 
-5.0 
- 6.0 



/.5 


\ 


/2fe) == &12'.3'4' [/ST.fe)] 

fz( x s) — &i3'.2'4' [fa ($ 3 )] 

f^(, x i) = &14'.2'3' t/Tfo)] 

The difference between the two types of corrections is illustrated in 
Figure 72. Here the final curve for / 4 (-X" 4 ) , from the corn-yield prob- 
lem, has been plotted, and in addition it is shown as if a correction 
+ 0.5*4 had been worked out by the first method, equation (88), or a 
correction 1.5[F 4 (* 4 )] had been 
determined, by the second method, 
equation (89). It is evident that 
the first correction rotates the curve, 
so as to make its upward slope 
greater throughout, and its down- 
ward slope less ; whereas the second 
correction merely expands the 
curve, making all the high values 
higher and all the low values lower, 
no matter where they fall with re- 
spect to X 4 . This is typical of the 
effect of these two types of correc- 
tions when applied to a curve of the 
type shown here. For curves which 
do not depart so far from a straight 
line and which either rise or fall through their entire length, the dif- 
ference between the two types of correction is less marked, as may 
readily be determined by experiment. For a straight line the correc- 
tion given by the two methods will tend to be identical. 

The Bruce adjustment. Besides the two methods shown of adjust- 
ing the final curves by linear correlation (the method of least squares), 
there is a somewhat different adjustment of the final readings, termed 
the Bruce method after its originator. 1 This method consists essen- 
tially of (1) constructing a dot chart showing the relation between 
the original values of X l and the values, X'", estimated from the 
final set of curves (even after corrections such as those just men- 
tioned have been applied) ; (2) drawing in a curve showing average 
values of X x for corresponding values of X'”\ and (3) using this 

1 See list of references at end of this chapter. 
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70 72 Ih- 76 78 

Temperature, in decrees 

Fig. 72. Two types of corrections to 
net regression curves. 



404 


SUPPLEMENTARY CURVILINEAR METHODS 


curve as the basis for making the final estimate. This method thus 
consists in finding the function 0 for the equation. 

X"” = d(X';') (90) 

X'i" = e[a + / 2 "(A’ 2 ) + / 3 "(X 3 ) + / 4 "(X 4 )] (91) 

The function 0 corresponds to the curve just described. 

The curve for 9 can be determined only after all the other /’ s are 
worked out. The average value of X 1 is determined for each group of 
estimated values, X"', treating X'[ f as if it were a single independent 
variable. Plotting the average values of both variables against each 
other, just as in Figure 23, a curve may be fitted freehand if it is indi- 
cated, to show the change in X t with changes in X '” . This curve is 
then the function 6 for equation (90). 

This function may then be used to work out new estimates, X"" } 
which should have still higher correlation with X x than the previous 
estimates. 

The Bruce adjustment is likely to prove of value in certain types 
of joint functions. Thus in the egg-price problem, it might be that 
when all the values of several factors, each of which by itself tended 
to lower the price, occurred in combination, the resulting price would 
be, on the average, even lower than the sum of the effects of each of 
the variables would indicate. On the other hand, it might be that 
when values of several factors, each of which would raise the price, 
occurred together, the price would not go quite as high as the sum 
of the probable effects of the several factors would indicate. The 
Bruce adjustment thus makes it possible to determine one type of 
joint relation without the considerable extra work described in Chap- 
ter 21 for determining joint functions in general. 

Determining joint relations by contours. The method for determin- 
ing joint relations presented in the last chapter is essentially one of 
subclassification and then two-way smoothing of the resulting aver- 
ages, by successive smoothing for each of the two (or more) 
independent variables. A somewhat different method has been worked 
out by which a three-variable surface may be smoothed directly in 
both independent dimensions at the same time. The Waugh method 
is based on determining contours directly, instead of indirectly as 
described in the last chapter. In using this method, the averages of 
subgroups (either of original observations, as in Table 81, or of 
residuals) are plotted directly on a two-variable diagram, with 
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one independent variable as ordinate and the- other independent 
variable as abscissa, and with the group averages used for the two 
independent variables. The average of the dependent variable (or 
residual) is then written in next to the dot which designates the 
subgroup. Figure 73 shows such a chart for the averages of Table 81. 
The next step is to connect averages of equal values by a continuous 
line, or, if none are the same, to run in contour lines which will enclose 
averages within the same limits. Thus the lines on the chart have 
been drawn so as to separate off the groups with X x under 0.300, 

Values 



Fio. 73. Average values of Xi for various combinations of X-> and X 3 , and con- 
tours fitted directly to the data. 


between 0.300 and 0.400, from 0.400 to 0.500, etc. Once the shape 
and direction of these contours are determined, they may then be 
redrawn so as to keep a similar shape or a continuously changing 
shape, and an even or a regularly changing interval, across the whole 
surface. It is evident that Figure 73 is quite similar to Figure 69, 
determined by the other method. 

Where the correlation is high, so that the individual observations 
define the regression surface rather closely, the Waugh method may 
be used directly with the individual observations, plotting each ob- 
servation in the same way that the group averages were plotted in 
Figure 73. The following data illustrate this use of the method. 
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The data from Table 84 are plotted in Figure 74, with the yield 
adjusted for trend used as the dependent factor. Drawing in con- 
tours so as to separate years of similar yields, we find that a very 
peculiar type of surface is indicated — one that changes elevation very 
rapidly between the combination of high early rainfall and low late 
rainfall, and high early rainfall and high late rainfall. When these 
results are used to forecast the yield in 1928 (which year, it will be 
noted, was not plotted or used in determining the contours) a yield 
of about 175 bushels is indicated. This is only in fair agreement 

Rainfall 



Fig. 74. Yield of potatoes for years of specified rainfall before August 1 and after 

August 1, and contours fitted directly to the data. 

with the final yield of 219 bushels, determined several months after 
the climatic data were available to give the forecast stated. 

Reading off the estimated values for each year shown, the esti- 
mated adjusted yields as shown in the next to the last column 
of Table 84 are obtained. The standard deviation of the residuals, 
shown in the next column, is 10.6 bushels, whereas the <r of the devia- 
tions from trend is 63.0. If five constants are assumed to be necessary 
to represent the surface mathematically, the standard error of estimate 
would be 13.0 bushels and the index of correlation for the surface 
indicated by the contours would be 0.98. If it is assumed that the trend 
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line could be fairly accurately projected, the standard error of esti- 
mate indicates that an error as great as that in 1928 would be likely 
to occur only very rarely. 2 The fact of high correlation and of low 
standard error could be judged directly from the closeness with which 
the contours fit the individual observations, in just the same way that 


TABLE 84 


Weather Conditions and Yield of Potatoes in Maine 


Year 

Rainfall to 
August 1 
(July 
doubled) 

Rainfall 
August 1 
to Sep- 
tember 15 

m 

Yield 

Adjust- 
ment for 
trend * 

Yield 
adjusted 
for trend 

Estimated 

yield 

Residual 


Inches Xi 

Inches Xz 

Bushels X\ 

Bushels 

Bushels X i 

Bushels 

z 







f(X 2 , Xz) 


1913 

13.17 

3.66 

220 

+26 

246 

248 

- 2 

1914 

11.33 

4.08 

260 

+27 

287 

260 

27 

1915 

15.96 

4.12 

179 

+31 

210 

229 

-19 

1916 

15.46 

3.77 

204 

-t-33 

237 

236 

1 

1917 

17.77 

5.53 

125 

+31 

156 

155 

1 

1018 

18.09 

3.87 

200 

+22 

222 

220 

2 

1919 

12.25 

5.41 

230 

+ 17 

247 

248 

- 1 

1920 

13.29 

7.62 

177 

+ 15 

192 

196 

- 4 

1921 

7.82 

6.11 

298 

+ 13 

311 

323 

-12 

1922 

16.40 

5.12 

187 

+ 12 

199 

197 

2 

1923 

10.61 

3.51 

258 

+ 9 

267 

278 

-11 

1924 

9.10 

6.13 

315 

+ 7 

322 

308 

14 

1925 

11.30 

5.38 

250 

+ 5 

255 

262 

- 7 

1926 

9.60 

5.60 

290 

+ 3 

293 

297 

- 4 

1927 

13.98 

6.02 

232 

+ 1 

233 

226 

7 

1928 

15.45 

6.45 

220 

- 1 

219 




* Simultaneously determined while allowing for trend. See F. V. Waugh, Methods of fore- 
casting New England potato yields, U. S. Department of Agriculture, Bureau of Agricultural 
Economics, Mimeographed Report, February, 1929. 


closeness of the observations to the regression line indicates high cor- 
relation in the case of simple correlation. 

Determining joint functions by definite mathematical functions. 
In exactly the 8ame way that definite equations can be deter- 
mined by the method of least squares to represent curvilinear net re- 
gressions, certain types of joint functional surfaces can be represented 

2 If the standard error of this particular estimate could be calculated along the 
lines indicated in Chapter 19, the error might not appear so unusual. 
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by definite equations. The simplest type is that shown by the haystack 
volume problem in Chapter 21, where the regression of X x on X 3 is 
substantially linear for any given value of X 2 but where the slope of 
the regression b 13 2 changes as the values of X 2 change. If it is assumed 
that the slope of b 13 2 changes at a constant rate with changes in X 2f 
this assumption may be expressed in the relation 

= « + b(c + dX 2 )X 3 

Multiplied out, it becomes 

X\ = a -f- bcX 3 T - bdX 2 X 3 

which may be stated 

= a + eX 3 + g(X 2 X 3 ) (92) 

The values of a, e, and g may then be determined by the usual methods 
of linear multiple correlation, with A r 3 and the values of the product 
( A" 2 X 3 ) used as the independent factors. 

If it is assumed that X l varies with X 2 , other than through its in- 
fluence on 6 13 2 , an additional term may be added to the equation, 
making it 

X l =a + eX 3 + g(X 2 X 3 ) + hX 2 (93) 

Determining the values of the four constants of equation (93) from 
the haystack data, and working out estimated values of X x for specific 
combinations of values of A r 2 and X 3 , we shall arrive at the same joint 
functional surface as was determined by the graphic method presented 
in Chapter 21. 

We may extend the same method to n independent variables, 
assuming similar linear net regressions for X 1 on each independent fac- 
tor, with the other independent factors constant at any given values 
and with these net regressions changing their slope progressively and 
uniformly as the other independent factors change. For three inde- 
pendent factors (four-dimensional space) the regression equation 
would be 

Ai = a + b 2 X 2 -f~ b 3 X 3 + 64X4 + c 2 (X2X 3 ) 

+ c 3 (X 2 X 4 ) + c 4 (X 3 X 4 ) 

» 

Determination of the seven constants would thus make possible a 
definite mathematical representation of a very complex set of relation- 
ships. 
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If it is assumed (1) that the regression of X 2 on X lf for any given 
value of X 3 , is a curve and (2) that the slope of this curve changes at 
a changing rate as X 3 changes, this assumption may be stated 

= a+f [a + 0 (X 3 )]X 2 

This equation may be approximately represented by the following 
form : 

Xi = a + } 2 {X 2 ) + f 2i 3 (X 2 X 3 ) + f 3 (X 3 ) (94) 

Using X 2) X 3t and the product (X 2 A r 3 ) as the independent factors, we 
may determine the shape of the three functions by any of the methods 
presented previously. Then working out estimated values of X 1 for 
various combinations of X 2 and X 3) we can determine very warped 
curvilinear surfaces for /(X 2 . X 3 ). This last method is extremely 
flexible, and can be used to determine a wide variety of joint func- 
tional relations. It, too, may be generalized for n variables, with 
increasing numbers of observations. For three independent variables 
it would be 

-^1 ~ aJ rf 2 (X 2 ) +f 3 (X 3 ) +f ±{X ±) -\~f 2 i 3 (X 2 X^) +f 2 ' 4 (A 2 X 4 ) +f 3t 4 CX3X4) 

Although these methods do not reduce greatly the number of ob- 
servations required to determine joint functions, they do make it 
possible to apply the systematic procedure developed in Chapter 14 
and to judge more accurately the number of constants represented 
in the regression surface; and they enable the methods of Chapters 18 
and 19 to be applied in judging the reliability of the conclusions. 

The Court method. The Waugh method is essentially a way of 
simplifying the smoothing of the surface, while still leaving it primarily 
a graphic freehand process. Another method, developed by ' Andrew 
Court, reduces the determination of joint functions to a more definite 
process, similar to the determination of the usual regression curves. 
This method depends upon a mathematical rotation of the surface of 
cubes such as those shown in Figures 62 to 64, so that, instead of 
averaging the values only when viewed with respect to the rectangular 
axes X 2 and X 3 , we may also average them with respect to axes cut- 
ting across the surface at an angle. Though similar to the mathe- 
matical method just described, this method is applicable to a some- 
what different type of surface. 

The characteristic feature of the method is the use of composite 
functions which represent two or more independent variables. Thus 
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the regression surface in Figure 70, for apples of one size, might be 
expressed by the equation 

^1 = / 2 OX 2 ) +/3(-^3) + / 2 + 3 CX 2 + X 3 ) (95) 

The effect of the introduction of the new composite element 
(X 2 + X 3 ) may be explained by working out what the values of this 
composite variable will be for various combinations of X 2 and X 3 . 
The following statement shows this in detail. 


Value of Composite Variable ( A2 ■+■ A3), for Various Values of X2 and X'z 


A3 values 

A2 values 

0 

20 

40 

60 

80 | 

0 

100 

0 

0 

20 

40 . 

60 

80 

100 


20 

40 

60 

80 

100 

120 


40 

60 

80 

100 

120 

140 

60 

60 

80 

100 

120 

140 

160 

80 

80 

100 

120 

140 

160 

180 

100 

100 

120 

140 

160 

180 

200 


It will be seen that the composite values ( X 2 + X 3 ) run diagonally 
across the surface. Thus the value 100 occurs with X 3 = 100, X 2 = 0) 
with X 2 = 50, X 3 = 50; and with X 2 = 0, X 3 = 100. If the surface 
shown in Figure 70 were to be described by equation (95), the curve 
f° r f 2 + z(X 2 T X 3 ) would rise gradually from 0 to 100, then rise more 
and more sharply as it approached 200. 

One advantage of the Court method is that it makes it possible 
to estimate with much greater accuracy the number of constants rep- 
resented by the surface. Thus in Figure 70 each curve might reason- 
ably be represented by a second-degree parabola, so seven constants 
may be assumed for the entire relation in equation (95). If desired, we 
could write the equation in terms of parabolas, as follows: 

Xi = a + b 2 X 2 + b 2 (X 2 ) T b 3 X 3 + b 3 (X%) 

+ 6 4 (X 2 + X 3 ) + b 4 (X 2 + X3) 2 

Stated in this form, the shape of the surface could be determined by a 
least-squares solution, giving exactly determinable shapes for each of 
the three functions, and a definite measure of the reliability of the 
results. However, unless the mathematical curves happened to be 
about right to represent the real relations, the final functions might 
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not express the relationship so closely as would the freehand curves, 
determined by successive approximations. 

Where two independent variables which are to be considered jointly 
are not of the same degree of variability, a 45-degree rotation of the 
surface, such as that shown in the tabular statement of ( X 2 + X 3 ), 
could still be secured by making the composite variable equal to 



If a negative rotation were desired, that could be obtained 


Xo X 

by using the value Further, if it were desired to rotate the 

02 ' 02 

surface either less or more than 45 degrees, that could be done by 
dividing one variable or the other by a suitable constant. Thus the 
Xo X„ 

-f 2 — would rotate the surface about 67 degrees. 

02 O 3 

The general statement for the Court solution, for a two-variable 
joint function, is : 


form'* 2 ■ 


— Si (X 2 ) +h(X 3 ) + /2-I-3 + /2-3 “ 


X 


(96) 


Even a more complex form than equation (96) could be employed, 
by using combination functions of several different degrees of rotation 
in the same equation. Using such a combination with simple parab- 
olas for each function, Court has successfully fitted the regression 
surface shown in Figure 63, illustrating the flexibility of the method. 
It is evident, however, that much judgment is necessary in selecting 
the way the combination variable or variables are to be stated in 
equation (96), both with respect to whether the rotation is to be 
positive, or negative, or both, and the extent of the rotation to be 
used. In the apple-price problem, it was known that the statement 
of equation (95) would fit quite well, because of the prior knowledge 
of the relations expressed in Figure 70. Where such information 
as to the shape of the function is not known a priori , considerable 
testing of different methods of statement and examination of group 
averages and profile charts like Figure 65 would be necessary to 
decide upon a form of statement which would yield adequate results. 

The Court method may be extended to n-dimension joint func- 
tions, and it has very great flexibility for this purpose. The number 
of possible combination variables becomes increasingly great as the 
number of variables increases, however, so that stable results cannot 
be secured by this method either, unless a sufficiently large number of 
observations is available to define the relations for each of the sub- 
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classes which are obtained by successive sorting on each independent 
variable. Thus using only 45-degree rotations, we should find the full 
Court equation for three independent variables to be 

-^1 = f 2 (X 2 ) T f 3 (X 3 ) -T f 4 (X 4 ) 


+ /2+3+4 (— 

\ o 2 


+ 


+ /s 


(X 2 

-3+4 \ — — 
\ 


*3 

+ 

AYS 

1 + /2-f3-4 1 

<x 2 


03 

J 


4-— 3 


( u / 

\<J 2 

<^3 

X* 

+ 

xA 

• + f 2 — 3 — j | 

(Xi 

i 

*3 



cr 4 / 


\ <J 2 

03 



(97) 


Even if each function were represented by only two constants, equa- 
tion (97) would involve fourteen constants. The similar forms for 
four and five independent variables become increasingly complex 
It is probable that this method can be used only occasionally, where 
a very large number of observations can be obtained. For such prob- 
lems, however — as for the apple-price example, where 190 observa- 
tions were available — the use of equations such as (96) or (97) might 
reduce somewhat the factor of individual judgment and enable the 
researcher to determine joint relations in 7 ?-dimensional space with 
more facility than by graphic methods which essentially involve con- 
sidering individual dimensions in succession, or at most two at the 
same time. 

Measures of correlation for mathematically determined regressions. 

A\ here the curvilinear net regressions or regression surfaces have been 
determined by the use of mathematical functions such as those 
indicated in equations (55) and (56), then the several measures of 
closeness of fit can be obtained from the computations employed in 
determining the values of the several b’ s by the usual linear multiple 
correlation methods. For example, if equation (56) involving cubic 

parabolas for each variable has been employed, the regression equa- 
tion is 

X\ = a -f- b 2 X 2 + b 2 >(X 2 )“ + b 2 "(X 2 ) 3 

+ b 3 X 3 -|- b 3 >(X 3 ) 2 + & 3 "(X 3 ) 3 4- (etc.) 


In that case the coefficient of multiple correlation with respect to the 
independent variables X 2 , X 2 , X 2 , X 3 , Xf, X 3) etc., becomes the index 
of multiple correlation with respect to the variables X 2 , X 3 , etc. The 
necessary adjustments because of the number of constants represented 
in the regression equation, as indicated by equation (67), still have to 
be made, of course. With the regression curves determined mathe- 
matically, there is no question of the value of m to be used. For the 
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equation shown above, with only two independent variables, X 2 and X 3 , 
mis 7. With this limitation, the index of multiple correlation for mathe- 
matically determined regressions may be defined by the equation 

#1.2, 22, 22, 3, 32 , 33 , . . . n, ni, «s = Pi. 23 ... n (98) 

Indexes of partial correlation could be worked out by parallel 
recombination of the elements involved in determining the constants 
of equation (56), but the steps necessary would become exceedingly 
complicated, and therefore are not set forth here. 

The standard error of estimate in using a mathematically deter- 
mined curvilinear regression equation is the same as the standard 
error of the multiple correlation results, with the appropriate cor- 
rection for the number of constants. When the index of multiple 
correlation has been determined, with the proper adjustments, the 
standard error of estimate may readily be obtained by the formula 





This operation is necessarily identical with that employed in com- 
puting the standard error in linear multiple correlation, using the 
adjusted coefficient of multiple correlation. 

Differential regressions. The relation of rainfall or temperature to 
a growing crop can be measured more effectively if the distribution of 
rainfall or temperature through the entire season is considered, instead 
of breaking up the records into a series of arbitrary periods as in vari- 
ous illustrations to this point. Many years ago R. A. Fisher developed 
a method of fitting a continuous differential regression curve to the 
rainfall through the season, showing the changing effect of each 
inch of rainfall at different times in the growing period of the plant. 
(Note discussion on page 419 and reference 18 at the end of Chapter 
23.) This technique has recently been extended to make it possible 
to obtain such a differential regression curve for one independent vari- 
able, such as rainfall distribution, while simultaneously making allow- 
ance for the effect of other independent variables, such as evaporation, 
and determining the differential regression on the second independent 
factor. These methods appear to be particularly valuable in agro- 
nomic and meteorological problems, but they may also be found of 
value in other applications. They are fully presented and discussed 
in the paper by Davis and Pallesen, listed at the end of this chapter. 

Summary. Simple curvilinear regressions, determined by the 
successive approximation process, may be subjected to a final correc- 
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tion by mathematical means; or mathematical curves for each func- 
tion may be fitted simultaneously; or certain types of joint relations 
may be represented by the use of a composite function, 0, which may 
be determined rather readily. 

The smoothing of two-variable joint functions may be facilitated 
by the use of contours (the Waugh method) drawn freehand either 
from the subgroup averages, or, in the case of high correlation, from 
the oiiginal observations. Other methods employ combination vari- 
ables composed of simple linear functions of two or more independent 
variables to rotate or warp the joint surface and so determine its shape 
other than at right angles to the axes of the independent variables. 
By using se\ eral such combination variables, and determining regres- 
sion cun es for them by successive approximations, we may represent 
very complex joint functional surfaces quite closely. These methods 
may be extended to joint functions of n variables, but they become 
increasingly complex and require an increasingly large number of 
observations. Even so, these methods reduce somewhat the element 
of human judgment involved in the determination of joint functions 
and simplify the steps involved to more nearly a routine process which 
( an be expected to give identical results from the same data in the 
hands of different investigators. 

It is possible to obtain standard errors of estimate and indexes 
of multiple correlation, which serve the same purpose for mathe- 
matically determined curvilinear multiple regression equations that 
the compaiable coefficients serve for linear multiple regressions. Owing 
to the larger number of constants to be determined, it is even more 
important than it is with linear multiple correlation to adjust the 
se\eial measures with respect to the number of observations and 
number of constants involved if we are to obtain unbiased estimates 

of the corresponding values in the universe from which the sample 
was drawn. 
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CHAPTER 23 


TYPES OF PROBLEMS TO WHICH CORRELATION 

ANALYSIS HAS BEEN APPLIED 

In the preceding chapters many different practical problems have 
been used to illustrate the kinds of correlation analysis and the 
actual steps in working out the results. It may now be worth while 
to turn attention to specific research problems to which these methods 
have been applied in the past. This will indicate the type of logical 
analysis which must be made before the statistical technique can be 
applied and show something of the kind of conclusions which may 
be reached by the use of these techniques. 

Land values. One of the first comprehensive studies involving 
extensive correlation analysis was a study of land values by Haas (l). 1 
In this study the sales prices of a number of different farms were 
obtained, and also supplementary facts about the farms, such as dis- 
tance from town, value of buildings, proportion of crop land, fertility 
of the soil, and type of road on which the farm fronted. Changes in 
land values over the period were first eliminated, and the adjusted acre 
prices related to the other factors by linear correlation. Sortings of the 
residual values were used to determine the regressions for some of the 
less important factors. It was found that the differences in value per 
acre had a multiple correlation of R = 0.81 with the factors mentioned 
and that acre values could be estimated from the independent factors 
with a standard error of $19 per acre. As the assessor’s valuations of 
these same farms showed a much larger error, as compared with 
the actual sales values, it was suggested that the impartial regression 
equation be substituted for the less reliable human judgment in 
assessing individual farms for taxation purposes. 

In a later study of the same type (2) the value of the farm dwelling 

and the value of the barns were considered as separate variables, and 

curvilinear regressions were determined. It was found in this study 

that the contribution of the farm dwelling to the farm value was a joint 

function of the value of the dwelling and the size of the farm, an 

expensive dwelling adding more to the value of a large farm than 
* 

1 The numbers in parentheses refer to references at the end of this chapter. 
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to the vaiue of a small one. Road type was one of the factors con- 
sidered. Three classes of roads were used, and the method explained 
in Chapter 17 was employed to determine the net difference in farm 
\ alue per acre with differences in the type of road. Preliminary work 
in this study, with the farm value stated on a per-acre basis, gave a 
linear correlation of R = 0.98. It was discovered, however, that this 
high correlation was due almost entirely to the presence of a few 
\ery small farms, which showed values of farms per acre and values 
of buildings per acre both running into the thousands of dollars. 
When these farms were excluded, the linear multiple correlation 
dropped to R = 0.64, indicating the spurious correlation obtained by 
dividing by the common factor, number of acres. In the final correla- 
tion, with curvilinear relations and joint functions being used, a 
multiple correlation of P = 0.77 was obtained. As 368 observations 
were used, more complex methods could be employed for this analysis 
than would be feasible in most cases. 

Physical relations between input and output. Another type of 
problem to which multiple correlation has been applied is determining 
the physical relation between the number of input (or cost) elements 
applied in some production process and the resulting output or yield. 
This problem is particularly important in agricultural research, where 
many of the combinations of conditions which occur in practical 
farming cannot be reproduced or studied under experimental condi- 
tions, and where the number of variables is so great as to make the 
use of fully controlled experiments both lengthy and costly. 

In one of these studies (3) the gain in weight of beef steers on feed 
was related to the quantities of corn, hay, and high-protein feeds fed 
per day, to the number of days on feed, and to the initial weight of the 
animals. Curvilinear regressions were determined for all factors, pro- 
tein being the only one to indicate a true linear relation. The curves 
showed marked diminishing returns per unit of feed as added amounts 
of corn or of hay were fed per day. The younger the animals, and the 
shorter the time they were on feed, the smaller the amount of feed 
necessary to produce a given amount of gain. There were 67 observa- 
tions for this study, each representing a different bunch of cattle. The 
multiple correlation was P = 0.78. 2 

2 This study is of particular interest to the author, as it was in studying this 
particular problem that the successive approximation method of determining net 
regression curves was first worked out, and in this problem that regression curves 
" c,e determined by this method while holding the influence of other variables 

constant. 
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The same analysis of physical relations has been applied to the 
production of milk by dairy cows. In most of these studies (4, 5, 
6, 7) the feeds used and milk produced have been worked out on a 
herd-average basis, the record for each herd constituting one obser- 
vation. In one study, however, the records were available by indi- 
vidual cows, and the conclusions secured from those records agreed 
quite well with those obtained from the other analyses (8). 

The total quantity of digestible nutrients in the feed, the propor- 
tion of protein in the feed, the proportion of butterfat in the milk, 
and the proportion of the herd freshening in the fall, all have been 
found to be important variables influencing the production of milk. 
Variables of less importance, but of some effect in some localities, 
have been the proportion of nutrients derived from silage, the pro- 
portion of feed fed while on pasture during the summer season, the 
age and weight of the cows, and their quality as indicated by their 
value per head. The breed of cow was considered in several studies, 
but was found to have only a negligible influence on production after 
other factors were allowed for. In spite of the fact that no measures 
have been found satisfactory for the nutrients the cows obtain from 
pastures, multiple correlations ranging up to 0.90 have been obtained 
in these studies, indicating how much the average production of a 
herd is dependent upon the physical conditions and practices. 

Similar correlation studies of the influence of physical input upon 
output have been made in the case of potatoes (9, 10), cotton (11), and 
other crops. In the study of potatoes, yield was found to vary with 
the amount of seed used, the quantity of manure and fertilizer applied, 
and the depth of plowing. The regression for the latter factor was 
particularly interesting, in that it was convex from above, indicating 
that maximum yields were secured with a certain depth of plowing 
and that plowing either deeper or shallower decreased the yield. 

In the study of cotton, the quantities of mixed fertilizer and of 
nitrate of soda used were considered as separate variables; the quan- 
tity of calcium arsenate applied was considered, and also the fertility 
°f the land as indicated by the yield of other crops, notably corn. 
The results in this problem raise two interesting points which illus- 
trate some of the logical problems which come up in correlation 
analyses. The arsenate influences the yield through killing the boll 
weevil. In the year studied there was a heavy weevil damage on 
untreated fields, and the applications of poison increased the yield 
very materially. But these results indicate nothing of how much 
influence poison would have on yield in years when weevil damage 
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■nas lighter. It would be necessary to repeat the study over several 

years with varying weevil damage, and then relate the differences in 

the effectiveness of poison to differences in the climatic factors which 

affect the weevil infestation, before it would be possible to judge in 

any particular year whether or not it would pay to use poison that 

•' ear and the prices both of poison and of cotton would enter into 
the final consideration. 

The inclusion of yields of other crops as a factor in the multiple 
correlation raises another interesting logical point. The net regres- 
sions show that, with other factors remaining the same, farms with 
bigh yields of other crops also tend to have high yields of cotton, 
this might be interpreted as indicating that farms with high yields 
of other crops also have high native fertility, and that in eliminating 
11 s actor the results as to the effect of using the other factors have 
been made more dependable. But it may be that the high yields of 
other crops are partly due to high fertilization, either during the 
same year or in previous years. In eliminating the increased cotton 
yield associated with high yields of other crops, then, we might really 
be eliminating part of the result of high fertilization of cotton. The 
simultaneous determination of the relations by the method of multiple 
correlation tends to allow for these inter-relations, if they exist, but 
whether it does so completely in any given case may still be queried. 
In the particular case cited, collection of additional information as 
o eitilizer applied on each field in previous years would give a 
moic posithe answer to the question of how much was native fertility 

and how much was the result of previous treatment, and so give a real 
solution to the logical dilemma. 

Weather conditions and crop yields. Another type of complex 
physical relationships which has been satisfactorily treated by mul- 
tiple conelation is the relation of weather factors to crop yields. 
The yield problem of Chapter 14, taken from the work of Misner (12), 
and the potato-yield problem of Chapter 21, from the work of Waugh 
(13), have already been discussed at length. Other problems of the 
same sort were early studies of the relation of rainfall in July and 
August to the size of the Illinois corn crop (14) ; studies of the influ- 
ence of lainfall and temperature during the growing season on cotton 
}iecs (lo), studies of the influence of precipitation, temperature, 
and relative humidity on spring-wheat yields (16); and many others 
v lie i might be mentioned. One interesting study related the weather 
during the winter to the yield of cotton in the South. This study 
slowed that extreme cold tended to exterminate the boll weevil 
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and so increase the yield of cotton (17). In spite of the fact that 
the correlation was practically perfect during the brief period of six 
years for which the study was made, the author did not believe that 
he had explained all the causes of variations in the yield of cotton, 
•and modestly refrained from concluding that he had a perfect forecaster 
of cotton yields. This was fortunate, as, after giving an excellent 
forecast of yield for one year, cotton yields the second year were 
diametrically opposite to the expected yields — with a departure of 
many times the standard error of the previous years. This case is 
interesting as indicating the limited meaning of computed standard 
errors in time series, and as further indicating that a result which 
is not sensible logically cannot be trusted as the sole basis for fore- 
casting, no matter how high the correlation. As it was this same 
investigator who had previously worked out the influence of weather 
conditions during the growing season on the yield of cotton in indi- 
vidual states, he was forewarned as to the significance of his appar- 
ently perfect forecaster, and he was duly cautious in interpreting 
its -meaning. The result was certainly important, however, as indi- 
cating that weather factors prior to planting time may be related to 
subsequent yield. 

A somewhat different approach to the crop-yield problem has been 
taken by R. A. Fisher (18). In studying wheat yields at Rotham- 
sted, he pointed out that it really made little difference to the growth 
of the crop whether a given rain occurred on April 30 or May 1; 
yet if the rainfall were studied by monthly totals the assumed effect 
might be quite different. Furthermore, if weekly periods were con- 
sidered for all the different factors, the number of diffe rent constants 
in the regression equation might readily exceed the number of obser- 
vations. He therefore devised a method of determining the differ- 
ential relation of rainfall and yield, so as to determine the rate of 
change in yield with the rate of change in rainfall at any season of 
the year. The differential equation required a sufficiently small num- 
ber of constants so that it could be accurately determined from the 
observations at hand. The resulting smooth curve for the change in 
yield with changes in rainfall showed that the maximum effect was 
in fall and in spring, with less effect during the winter. With rain- 
fall through the year the only weather element considered, correla- 
tions ranging from 0.32 to 0.63 were obtained for various test plots. 
Although this method does not take into account joint effects of climate 
at different seasons (as did the potato-yield problem used in Chap- 
ter 22), and the method of analysis is more complicated mathematically 
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than any of those presented in this book, the suggestion of determin- 
ing differential regression equations may open up new possibilities of 
accurate and complete analysis. (See page 413.) 

Relation of physical characteristics of samples to chemical char- 
acteristics. A quite different application of correlation analysis has' 
been in determining the extent to which the chemical properties of 
a given sample were related to, or could be estimated from, observ- 
able physical properties. The estimation of the protein content of 
wheat from the proportion of vitreous kernels, used as an illustration 
in Chapter 6, is taken from a much more comprehensive series of 
studies (19) in which the weight, the percentage of vitreous kernels, 
and the region of the country from which the wheat came were all 
found to have significant influences. In addition, it was found that 
the relations changed slightly from year to year, so that further work 
remains to be done to determine the influence of differences in climatic 
factors on the relation between physical and chemical properties. 

A somewhat different study, but also within the same general field 
as the last one mentioned, related the volume of bread a given quan- 
tity of flour would produce to the gluten content of the wheat and 
of the flour (20). Correlation was also used to determine the extent 
to \\ liich the digestible composition of different cuts of meat could 
be judged from the visible proportion of fat (21). Studies such as 
these illustrate how statistical methods may be used to generalize from 
the results of many tests, even where the tests themselves were ear- 
ned out under the carefully controlled conditions of exact scientific 
experiment. 

A somewhat different application of statistical methods to* the 
inteipretation of data secured from exact scientific measurements is 
in the astronomical problem of the relation of the brightness, inten- 
sity , and distance of the stars. Careful investigations in this field 

( 22 ) have leaned heavily upon correlation analysis for their final 
conclusions. 

These last two typos of problems deal with purely physical rela- 
tions, which remain the same, or at worst change only gradually, 
o\ei a series of years. The idea of a statistical universe which is 
being sampled may therefore have some application, though it is 
sometimes a limited one. But in the next ty r pe of problem, though 
the universe is stable at any one time, it may change radically from 
year to y r ear, so that conclusions for one year may not be at all ap- 
plicable to those of succeeding years. 
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Relation of farm organization to farm income. The question 
of what organization will produce the best returns for the farms in 
a given locality is one that has been given extensive statistical investi- 
gation, by correlation means and otherwise. In particular-, studies 
of farm income in Pennsylvania (23), Iowa (24), and Virginia (25), to 
mention specific cases, have made extensive use of multiple correla- 
tion analysis. Such factors have been considered as the size of the 
farm, the acreage in each of the principal crops, the size of the 
important livestock enterprises, the efficiency of crop production and 
livestock production, and the capital invested. In general it has 
been found that about half the variation in earnings from farm to 
farm in the same year can be explained by such objective measures 
of their organization and management as just mentioned. The mul- 
tiple correlations with income range up to a maximum of about 0.75 
to*0.80. In addition, it has been found that the size of the dominant 
enterprise and the efficiency with which it is conducted are usually 
the most important factors affecting returns. Thus on Iowa hog 
farms (24) the yield of corn, the number of brood sows, and the 
efficiency of hog production are dominant factors; on Virginia tobacco 
farms (25), the acreage in tobacco, the yield of tobacco per acre, and 
the quality of tobacco; and on Pennsylvania dairy farms (231. the 
number of dairy cows and the efficiency of the dairy enterprise. 

Beyond these broad generalizations, however, the results of de- 
tailed statistical studies of this type are distinctly limited. In the 
first place, the results hold true only for the particular year in which 
the records were collected. Differences in yields from one year to 
another and changes in the prices of each product and of each cost fac- 
tor modify both the physical and the economic situation, so that many 
allowances must be’ made before the results can be applied in another 
year. Even if satisfactory adjustments can be made, there is still 
another limitation. Each individual farm is a different entitv, and 
the organization which produces the best results on the average will 
not necessarily be the best for any one individual farm. If it were 
possible to observe one farm under one hundred different types of 
organization and operation, and record the resulting profit secured 
under each one, it would then be possible to judge from the analysis of 
those records what type of organization would yield the maximum re- 
turns for that farm under the same price conditions. But with the 
records of different farms representing not like entities but entities 
more or less unlike, the conclusions are not so applicable. Only on the 
assumption that the observations are drawn from a homogenous uni- 
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verse of similar conditions can the results of statistical studies of farm 

organization be interpreted to give the best organization for any one 

farm and the areas where this assumption is justified are probably 
very few. 

Relation of economic conditions to market price for a commodity. 
All the problems discussed to this point have been such that a cer- 
tain universe might be specified, even though that universe would 
be likely to change more or less with the passage of time. The 
problem of prices, though, is of an entirely different character, for 
there only a single observation can be drawn for any given length 
of period, and the next period is essentially in a different universe. 
E\ en so, however, there is enough continuity to the way that indi- 
■\ idual persons react in the aggregate, and enough similarity between 
successive years, so that fairly stable results can sometimes be se- 
cured, and, where the change in reaction is continuous and progressive, 
that change itself can be made one variable in the analysis. 

Annual prices. The simplest price studies are those which relate 
the market price for a commodity to the supply for a marketing 
} ear. The early work on this line by Moore (26) indicated the gen- 
eial relation of supply to price for corn, hay, oats, potatoes, and 
cotton. The influence of changing conditions were eliminated mainly 
by the use of first differences, so the resulting curves were not sus- 
ceptible of logical economic interpretation. More recent work on 
potatoes (27, 28, 29), oats (30), and cotton (31, 32) has recognized 
the influence of price levels, trends in demand, carryover from pre- 
\ ious years, and the prices of competing products as factors influ- 
encing price along with supply; and multiple correlation or alterna- 
te 0 techniques are used to take into account the influence of the 
different variables. With relatively short periods on which to base 
the analyses, exceedingly high correlations have been secured in many 
cases frequently above 0.95, even after adjusting for the number of 
constants. When forecasts have been made ahead, however, they 
have met with variable success, the forecasts in some years working 
out practically as well as in the period on which the analysis was 
based and in other cases missing by wide margins, sometimes by many 
times the standard error of estimate. 

These extreme errors in forecasting seem to be due to the element 
of fortuitousness in economic events. Thus a factor which has been 
fairly constant for a number of years, and hence has shown little 
influence on price, may suddenly become very important — and upset 
a forecast based on the years in which it w r as unimportant. In addi- 
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tion to such universally upsetting changes as the outbreak of the 
World War, other illustrations of such sporadic and unforecasted 
events are the sudden decrease in the foreign demand for American 
hog products in the spring and summer of 1927 and the increasing 
competition of Indian cotton with American cotton in 1928 and 1929. 3 

Monthly prices. When monthly prices are considered, more elabo- 
rate statistical studies have been possible, with a larger number of 
individual observations. Although questions may be raised as to how 
closely the successive monthly prices of a staple commodity are 
really independent of each other, there is no question but that condi- 
tions are constantly changing, so that there are some elements of 
independence between successive observations. Of the earlier studies of 
monthly prices, a study of cotton prices by Smith (33) is of particular 
economic interest for its separation of the influence of actual and of 
prospective supply on price, and of the shifting of the regression 
curves for these factors through the season — determined as joint 
functions of the month and of the variable. A study of hog prices (34) 
developed both an empirical forecaster of prices and an economic 
interpretation of the influence of market receipts, storage stocks, com- 
peting products, and business conditions, on prices. The correlations 
were relatively low, however, and subsequent analyses have materially 
modified many of the conclusions. The monthly forecasts of hog prices 
based on this study were not as accurate as were forecasts which took 
a broader range of elements into consideration (35) . Studies of monthly 
hog prices in Germany by Hanau (36) along the same line yielded rea- 
sonable results and gave forecasts which worked well in practice. A 
study of monthly prices of dressed lamb (37) which gave a correlation 
of 0.98 for the seventeen years studied is noteworthy in that the same 
formula served to estimate monthly prices (from current supply data) 
for three years afterwards, with almost the same accuracy as during 
the period studied. This analysis considered monthly per capita 
supplies, price level, competing products, and business activity as in- 
dependent factors, and determined trend and seasonal variation while 
simultaneously eliminating the influence of other factors. 

The studies mentioned include only a small portion of the statis- 
tical studies of price which have been made, but indicate some of the 
many ways in which statistical analysis has been used in this field — 

3 During the great economic depression after 1920. on the contrary, many price- 
ana ysis correlations continued to give fairly reliable forecasts, despite the great 
increase in the amplitude of fluctuation in industrial activity and consumer buying 

power. 


424 


EXAMPLES OF CORRELATION ANALYSIS 


and also some of the dangers and pitfalls that beset the investigator. 
Price analysis is the last place to apply statistical methods without 
thorough logical and economic analysis of the particular problem. 

If eekly or daily prices. For very perishable products, where sup- 
plies and prices may fluctuate widely even from day to day, price 
studies may deal with the average prices for a week or even for an 
individual day. Representative statistical studies of this type ■are 
those of watermelons by Hedden and Cherniack (38) and of peaches 
by Kantor (39). In both these studies it was necessary to take 
into account a regular variation in demand from day to day of the 
week. Other factors influencing demand were also considered, and 
it was found that temperature had a marked influence on the price 
that would be paid for a given supply of watermelons. These short- 
period studies both related to an individual large market — New York 

C itv. Similar studies have been made for other markets and other 
products. 

Relation of characteristics of different lots of a commodity to 
prices at which they sell. All the price studies which have just been 
discussed treated the reasons for the change in prices from time to 
time, for lots of the commodity of uniform or of average quality, and 
at the same stage of the marketing process. As has been pointed out, 
only one observation can be drawn from each successive universe. A 
type of study which presents different statistical problems is that of 
determining why different lots of the same commodity, sold within a 
given period and at the same stage of the marketing process, should 
sell for different prices. In this case there is a true universe — all the 
sales of the specified kind taking place within the specified period 
and as large a sample as is desired can be secured, up to the limits 
of the universe. The studies of land prices previously mentioned 
are one example of this type of analysis; and the study of the rela- 
tion of the price of apples to size, insect injury, and scab, used as 
an illustration in Chapter 23, is another example. 

One of the most interesting studies of this type related the prices 
ot different lots of asparagus to the length of green color in the stalk, 
the number of stalks in the bunch, and the uniformity of the stalks 
(40). The results of this study, presented very effectively in pic- 
torial style (as reproduced in Fig. 75), have had a marked influence 
on the practices by the producers who supply the Boston market 
and have led to further experimental investigation as to how to pro- 
ducc asparagus with the desirable qualities (41). Similar studies 
have been made of the influence of size, color, interior quality, and 
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type of carton on the prices received for eggs sold at retail, for both 
the New York and Philadelphia markets (42) and for the Wilming- 
ton market (43). 

One logical point which cannot be overlooked in studies of the 
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effect of quality on price, however, is that the premiums paid for 
high-quality lots may vary from time to time with differences in the 
relative supply of products of the different qualities. That is to say, 
though the conclusions as to the effect of quality upon price do apply 
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in the universe from which the observations were drawn — with cer- 
tain conditions as to the supply of the different sizes and qualities — 
they may not apply in a different universe in which the circumstances 
have changed. Other studies have therefore attempted to determine 
not only how the prices vary for different qualities under the set of 
supply conditions at one particular time but also how the premium 
or discounts varied from time to time with differences in the supplies 
of each quality. Thus studies of the influence of protein content, 
weight per bushel, dockage, and grade on the prices received for dif- 
ferent cars of wheat (44) have shown that in crop years when high- 
protein wheat is very scarce, a wheat of high protein commands a 
marked premium, and that factor is much more important than 
weight; whereas, in years when high-protein wheat is more plentiful 
but much of the wheat is underweight, the weight factor becomes 
relatively more important, with the protein premium becoming of 
much less significance. With records of more, than a thousand cars 
per year for several years, the changes in premiums were determined 
from month to month, by using two joint functions, one for month and 
protein content and the other for month and weight per bushel (44). 

The effect of varying supplies of different sizes and varieties has 
also been studied in the case of peach prices (39). Here it was found 
that the premium for competing varieties changed with the supply of 
each, a variety which sold at a premium when only a small portion 
of the total supply, selling at a discount when it exceeded a certain 
percentage of the supply. The premium for peaches of large size, 
however, tended to persist in spite of increased supplies, though it was 
reduced somewhat when the proportion of large-sized peaches increased. 

These last two groups of studies illustrate the way in which 
changing universes (in time series) may yet be brought within the 
purview of statistical analysis, and conclusions may be reached which 
will be of value in new sets of circumstances. If the complex of 
conditions changes from time to time because of factors such as dif- 
ferences in supply of different sizes, qualities, or varieties, or recurring 
differences in demand from day to day through the week, or from 
month to month through the year, which factors can be objectively 
taken account of and their influence measured with respect to the 
dependent factor or with respect to the influence of other variables 
on the dependent factor (joint relationships), then the fact that the 
circumstances are changing ceases to be a “bug-a-boo,” because the 
reasons for the changes may be determined and allowed for. • Just 
how far the conclusions from such analyses will hold under changed 
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conditions depends upon how adequately the real causes of the changes 
from time to time have been determined, and how much unaccount- 
able dynamic or evolutionary change there has been and may be. 
But even so, this approach seems the hopeful one in treating the 
baffling problem of changing conditions in time series; and it may 
yet be possible to apply laws of sampling and to make statistical 
forecasts for these cases with the same confidence that they can be 
made for stable universes. 

Other price studies. Other types of price-analysis studies which 
may be mentioned briefly are those of differences in prices between 
different points in space or of different points in the marketing 
process. Correlation analysis has been applied to the first of these 
problems (45) in studying the relative influence of changes in freight 
rates, location of supplies, and price level on the margin between 
potato prices in Minneapolis and New York. Some studies of mar- 
keting costs (46, 47) have indicated the influence of size of creamery, 
distance of haul, and methods of operation on creamery costs and 
hence on prices received by farmers for their cream; but the general 
subject of the relation of prices of the same product at different points 
in the marketing process has not otherwise been investigated, except 
in the most general way (48). 

Another variety of price study is in determining the influence of 
prices on the quantity of a product moved into consumption. In 
making studies of this sort for milk (49), it has been found that 
season of the year, day of the week, holidays, changing food habits, 
nnd income of the consumer have more influence on consumption 
than do price changes; but after these are eliminated a slight but 
significant change in consumption with change in price may be found. 
With cotton, on the contrary (32), it was found that price alone, with 
an upward trend in demand, almost completely determined the quantity 
consumed throughout the world; whereas the quantity consumed in 
the United States was also influenced by the general level of industrial 
activity (50). A similar relation for consumption of hog products to 
price was shown as an illustration in Chapter 6, Table 27. A parallel 
type of study indicates the effect of price on the quantity of cotton 
carried over at the end of the season or withheld or used by the pro- 
ducers. Thus it has been found that in years of low potato prices 
producers feed or waste much larger quantities, w'hereas when the 

prices fall below certain points much of the supply is left in the ground 

undug (51). 

In all these price studies it must be recognized that logical h 
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price does not of and by itself determine consumption, carryover, and 
waste, nor does supply alone determine price. Instead where com- 
petition is effective there is a continuous dynamic balance of all the 
factors, which has been aptly described by the great economist 
Alfred Marshall as the closing of a pair of shears, where neither 
blade alone does the cutting. When, however, the relations have been 
analyzed step by step in the various ways which have been described, 
the different relations may then be pieced together in a harmonious 
whole which is logically consistent and which gives concrete state- 
ment to the economic hypotheses concerned (52). 

Relation of changes in production to prices and other factors. 
Another type of problem in which prices are involved, but only as 


independent factors, is studying the influence of price changes on 
changes in production. The distinctive characteristic of these studies 
is that the prices in one period must be related to production in some 
subsequent period or periods, the length of lag depending on the 
technological length of the production process and on the time it 
takes producers to respond to changes in prices. One of the first 
studies of this type related cotton acreage to prices for the previous 
season (53). Subsequent experience showed, however, that continued 
high prices for two seasons might have a different influence than for 
a single season alone (54). Studies of hogs showed that it took 
eighteen months for differences in prices to be reflected in market 
receipts (34). The price of corn was found of equal importance with 
the price of hogs in causing changes in hog production. Hog produc- 
tion has also been studied by different type-of-farming areas, and this 
detailed study has shown marked differences in the responses to prices 
in different areas, depending on the position the hog enterprise occu- 
pied in the farming system. The weather conditions during the far- 
rowing season in the spring and the relation of corn prices to hog 
juices during several critical periods in the production process were 
found to be important factors (55). The production of milk has 
likewise been found to respond to changes in the relation of the pi ice 
of the milk to the costs of feedstuff (56). There is a short-time 


effect which is due to changes in the intensity of feeding and a long- 
time effect which is due to changes in the number of cows (57). The 
acreage of potatoes reflects prices for two years preceding, as well 
as juices for the year before. The resjxmses for potatoes are quite 
parallel in different areas, though there are some important dif- 
ferences reflecting differences in the position the enterprise occupies 
in the farming system (54). In the case of some minor crops, the 
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prices for the major crop of the region have as much influence on 
subsequent acreages of these competing crops as do the prices of the 
minor crops themselves. Thus sweet-potato acreage is influenced by 
cotton prices, and flax acreage by wheat prices. In other cases, 
yields or per-acre returns for preceding years must be considered, as 
well as prices alone. The general price level of competitive products 
or of all commodities has also usually -been considered in judging the 
significance of a particular price. 

In most of these studies of production responses, it has been found 
necessary to state the subsequent acreage or production as a per- 
centage of, or as an absolute increase or decrease from, the acreage 
or production of the preceding year or production period. Stating 
the relation in this way recognizes the fact that the farmer or other 
producer must plan the next year’s operations not with reference to 
any hypothetical normal or average but with reference to the actual 
production situation of the current year. Often, as is illustrated in 
Figure 76, a very high price will not call forth any larger increase 
in production in the following year than will a moderately high 
price, owing to the inability of the producer to expand his operations 
more than a certain extent in any one year. In this respect this 
type of price study is quite distinct from other types, for in many 
studies of the response of prices to supplies more satisfactory results 
have been secured by working with the absolute figures rather than 
with changes from year to year. 

Miscellaneous agricultural problems. Another group of studies 
has investigated the relation of the physical characteristics of plants 
or animals to their ability to produce. Studies of dairy cows, by 
Gowen (58), restricted to simple two-variable correlations, have indi- 
cated that most of the factors in the physical conformation of dairy 
cows have little or no relation to productive ability. Studies of the 
relation of the size and shape of corn kernels, ears, and plants to 
weight of the grain (59) and multiple correlations by Richey which 
look the actual yielding ability as the criterion (60) have led largely 
|° ^ le same result. These studies indicate that many of the time- 
mnored points which have been stressed in agricultural show com- 
petitions and in breeding selection have no utilitarian significance 
and have led to a new stress on performance records rather than 
Physical appearance as the ultimate test. 

Correlation in psychology and education. Correlation and mul- 
tiple correlation methods have been widely applied in educational 
an d Psychological investigations to the study of such problems as the 
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Relation Between Price and Subsequent Changes in 

Acreage and Number of hogs 


( 100 = PRICE PRECEDING YEAR OR 1928 ACREAGE ) 



Fig. 76. Changes in acreage or production with changes in prices received, for 
different agricultural products. (From reference 54, by Louis H. Bean.) 


relation of grades in one subject to grades in another (61), or the 
scores on one mental test to scores on another (62), or the relation 
of scores on mental tests to success in the schoolroom (63) or in later 
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life (64). Studies have also been made of the relation of mental 
and physical characteristics to success in different occupations, such 
as the relation of the relative success of individual farmers to their 
training, schooling, initiative, business ability, etc. (65). This latter 
study, which indicated that approximately half the differences in 
farmers’ financial success could be accounted for on the basis of 
individual differences in the men, has a tantalizing tie-up with the 
studies of farm management, which show that roughly half the dif- 
ferences in income can be explained by the way the farms are run. 
Apparently, by considering both the characteristics of the farmer and 
the way the farm is organized and run, it would be possible to account 
for all the differences in income. But if the men with superior mental 
ability are the men whose farms were organized and run in a superior 
manner, the ratings of the farmers and of their farming • methods 
would be merely overlapping measures of the same thing. 

In most of the cases in which correlation analysis has been applied 
to psychological problems, it has been used primarily to measure close- 
ness of relationship rather than to obtain a basis for estimating one 
variable from another. In studies of this type even a low correlation 
may be important, so long as it is large enough so as not to be due to 
random fluctuations. Thus one study reached the conclusion that even 
in groups of the same economic and social status, there is a small nega- 
tive correlation between number of children per family and intel- 
ligence (66). The psychologists and the biologists might have a warm 
argument, though, as to which was cause and which was effect! In an- 
other study, in which a given test was repeated, with twice as much 
time to complete it the second time, the scores made on the two trials 
were correlated, and correlations of 0.76 to 0.91 were found. These 
correlations were made the basis for concluding that the tests determine 
power alone, rather than speed (67). Inasmuch as a correlation of 
0.76 means that nearly half the variance in the two factors is not 
associated, it might be questioned whether this interpretation is alto- 
gether satisfactory. Here the use of r (= 0.76) instead of d (= 0.58) 
leads to overstressing the significance of the observed correlation. 
Many other applications of correlation or partial correlation in psy- 
chological research (68, 69, 70) illustrate the usual tendency to de- 
pend on correlation coefficients, rather than regression equations, as the 
means of expressing relationship. 

Interesting results have also been secured by the application of 
correlation methods to problems on the border line between psychol- 
ogy, sociology, and political science. Thus in a study of factors 
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influencing the attitudes of mothers toward sex education, it was 
found that a number of measures of previous environment showed 
no significant correlation with the mother’s attitude; but that there 
was a significant correlation between their opinion and the amount 
of sex education given their children (71). Another interesting study 
on the political-sociological border line determined the intercorrela- 
tions between the quantities of information, misinformation, and 
prejudice possessed by college students, and their grades, and their 
conservative or radical political positions. High prejudice, high mis- 
information, low grades, and conservatism were found to be associated; 
and likewise low prejudice, good grades, low misinformation, and 
radicalism. The correlations were low in all cases, however (72). 

The use of correlation methods in the field of education and 
psychology has been hampered by the fact that in many cases the 
factors dealt with are not tangible facts which can be objectively 
measured but are intangibles which can be only roughly approxi- 
mated by some process such as ranking. If anything approaching 
a normal distribution of the factor considered is assumed, ranking 
tends to make the true difference between successive individuals in 
the series much less in the central portions of the array than in the 
extreme portions. Furthermore, the ranked series is a discrete series, 
with the possibility always present that the sixth item in order, for 
example, may exceed the seventh item by 10 times the amount that 
the seventh exceeds the eighth, or vice versa. Both these difficulties 
are apparent in the accompanying set of data. 


Grades Received by 24 Persons Taking an Examination in Statistics 


Rank 

Grade 

Rank 

Grade 

Rank 

Grade 

Rank 

Grade 

1 

99 

7 

94 

13 

85 

19 

81 

2 

98 

8 

91 

14 

85 

20 

80 

3 

98 

9 

90 

15 

85 

21 

77 

4 

98 

10 

88 

16 

83 

22 

75 

5 

97 

11 

87 

17 

83 

23 

69 

6 

94 

12 

85 

18 

82 

24 

68 


The difficulties enumerated have made psychological workers and 
educators feel that the standard Pearsonian methods of correlation 
(those presented in Chapters 4 and 5, and 12 and 13, of this book) 
are not applicable to their data, and have led to the development of 
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various alternative methods, such as the Spearman “foot-rule corre- 
lation” for ranked data (73) and other similar short cuts. It is not 
evident that these new measures meet the difficulties enumerated, and 
furthermore they give measures of correlation which differ from the 
Pearsonian coefficients for the same data. The use of curvilinear 
regressions, as discussed in Chapter 7 and subsequent chapters, partly 
meets the difficulties in handling such data, since the effect of a vary- 
ing significance of the unit of measurement in different portions of 
the range may result in transforming what would otherwise be linear 
regressions to a non-linear shape. That does not, however, meet the 
difficulties of the discrete or “jumpy” quality of ranked values; nor 
does it seem that any other statistical treatment is likely to do so 
completely. 

Where the dependent variable is definitely discrete, so that two or 
more categories can be recognized, but no continuous variation can 
be assumed, correlation methods are clearly inapplicable. Special 
statistical measures of association, parallel to the correlation coeffi- 
cient, have been worked out for such problems (74). 

No attempt has been made in this book to treat the special cor- 
relation methods developed in educational # and psychological work. 
Instead, it has been restricted to the analysis of dependent variables 
which were continuously variable or which could logically be thrown 
into that form. 

Correlation analysis in other fields. The types of problems which 
have been discussed do not begin to exhaust the uses which have 
been made of correlation, simple or multiple, in research work. Since 
they are drawn largely from the author’s own range of interest, 
they are heavily weighted by the agricultural or even the agricultural 
economic field. Random examples of correlation work in other fields 
are the use of multiple correlation to obtain a definite formula for 
forecasting pig-iron production (75), to determine the extent to which 
freight rates are influenced by the factors of terminal charges, length 
of haul, expense of operation, and other factors (76), or to determine 
how far meat sales in different branch houses are influenced by local 
conditions of demand, and what a reasonable quota might be (77). 

More recent applications of correlation analysis. The discussion 
to this point in this chapter remains substantially unchanged from 
that of the first edition of this book. Since that edition was published, 
there has been a vast expansion of research work in many of these 
fields. In some fields, such as commodity price analysis, an entire 
book would be required merely to discuss subsequent studies (78). 
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Here we shall simply note briefly some of the additional fields to 
which correlation analysis has been applied in the decade since the 
first edition was published, without attempting to appraise the sub- 
sequent work in the fields already mentioned. 

Price-making forces for industrial commodities. The same methods 
used earlier with farm-product prices have more recently begun to 
be applied to the explanation of industrial price-making forces. Steel 
(79), automobiles (80), houses (81), and ships (82) illustrate some 
of these studies. In fields where free competition does not prevail, 
but the dominance of a few large concerns produces monopolistic 
competition, the supply and price relations may operate quite dif- 
ferently from the way they operate under fuller competition (83). 
In such cases great care is necessary to set up the statistical analyses 

in such terms as to represent the market situation as it really functions 
in the given industry. 

Production functions for industries. The relation of volume of out- 
put to average cost per unit is an important consideration both in 
economic theory and in industrial organization. Recent overall studies 
for ceitain large concerns (84, 85, 86) have revealed the cost function 
for such products as steel, hosiery, and furniture. In some of these 
studies, multiple correlation was used to measure the influence of 
percentage of capacity operated on total cost or per-unit cost, while 
simultaneously holding constant other factors such as wage rates, 
price levels, or changing labor efficiency. 

Size standards for children’s clothes. Quite a different recent ap- 
plication of correlation technique was made in a study of appropriate 
size standards for children’s clothes, conducted by the Bureau of Home 
Economics (87). In this study, all possible bodily dimensions were 
measured for thousands of children all over the country, together with 
their age, sex, and race. Multiple correlation was used to determine 
which of these measurements were most important in judging size as 
a whole. It was found that height and girth at hips were the most 
important. After these were allowed for, age was found to have no 
appreciable relation to the other bodily measurements. A new system 
of clothes sizes, based on the distribution of these two measurements, 
was recommended to clothing manufacturers. By using these sizes 
instead of the conventional age sizes, it will be possible to have ready- 
made clothing which can be bought merely by size, and yet have a 
satisfactory fit for a large proportion of all children. 

ftfcasures of components of intelligence. Certain workers in psy- 
chology and education have modified correlation procedures to in- 
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vestigate the problem of how many independent factors are involved 
in intelligence. Spearman introduced the theory that there was one 
general factor which ran through all intelligence tests, plus various 
specific factors in each test, and made extensive statistical studies to 
substantiate this claim (88). Other students advanced the theory 
that three or four general factors, differently weighted in each case, 
could explain all the different measures of intelligence (89). Although 
these investigations have led into involved calculations and highly 
refined mathematics, their actual significance is still in doubt. 

Explanations of political behavior. During the past decade the 
methods of statistical analysis, especially of sampling, have been ex- 
tensively applied to the field of political behavior. The earlier Literary 
Digest Poll, and the more refined and scientific Gallup Poll and 
Roper Poll, have become almost household words. Along with these, 
correlation analysis has been used to show the relations between votes 
by states and national averages, and to develop the predicting re- 
liability of opinions or votes in particular areas (90). Correlation 
methods, including some of the highly involved methods of psy- 
chological studies referred to in the preceding paragraph, have also 
been used in detailed studies of political structure and behavior in 
particular cities or localities (91). 

Tests of correlation results. With the passage of the years it has 
been possible to verify some of the earlier studies by applying them to 
later data, or by analyzing data for entire subsequent periods to see 
if they gave comparable results. Some subsequent studies of the 
response of milk production to prices received, however, gave quite 
different results from those given by earlier studies, and led to the 
conclusion that factors which had shown a high correlation with pro- 
duction while the industry was expanding in a given region failed to 
have the same significance after maturity was reached (92). In this 
case the economic growth proved to be irreversible. These studies 
prompted more detailed analysis of the problem and led to the de- 
velopment of more intensive techniques, which consider not only prices 
but also the whole farm-management organization of typical farms 
in reaching conclusions as to the long-run response of production to 
price (93). In a quite different case, the response of milk production 
to variations in feed input is being tested by elaborate feeding ex- 
periments, with the resulting data subjected to thorough statistical 
analyses (94). The preliminary results from these analyses show a 
net relation of milk output to feed input which agrees surprisingly 
well with the same relation as determined earlier by multiple correla- 
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tion analysis (6) from cow-testing association records of actual farm 
experience (95). 

Other applications. Other new applications of correlation methods 
ha\e been made in testing the strength of materials when subjected 
to varying stresses, in determining the effect of various local water 
characteristics on the amount of inside deposit in water or steam pipes 
made of various materials, and in establishing sales quotas or ad- 
vertising allotments for specific products in various districts in the 
light of the industrial and economic characteristics of each district. 
Since these studies were made in private research agencies for the 
benefit of private concerns, the results have usually not been published. 

In some cases the findings are regarded as valuable trade secrets. The 
variety of problems to which correlation, and especially multiple cor- 
relation, has been applied, does, however, indicate the significance 
of this technique as a means of unlocking secrets of relationship in 
many cases where they could be discovered in no other way. 

Many more pages might be filled with the details of studies such 
as those discussed. But probably enough has been presented to illus- • 
trate the wide range of problems in which the use of statistical analy- 
sis sheds new light on the relationships present and their significance. 

It may be hoped that these illustrations have developed the necessity 
for careful logical analysis of each problem to which statistical analy- 
sis is to be applied, and have indicated the need both for good theo- 
retical knowledge of the field in which the problem lies and for thorough 
technological knowledge of the elements involved in the particular 
problem. The technological knowledge is particularly important in 
selecting the different factors or in deciding on their statement or 
interpretation. 

No attempt has been made here to list all the significant statis- 
tical studies in any one of the fields discussed, or to evaluate their 
importance. Instead, the studies mentioned have been selected solely 
to illustrate various specific points; in many cases a significant study 
has not been referred to because the point was already covered, or a 
relatively unimportant study has been mentioned because of its per- 
tinence to a particular topic. This discussion should therefore not 
be regarded as a critical evaluation of the work in any of the fields 
touched upon. That has been left for experts in each field. Instead, 
the comments are intended solely to develop the variety, complexity, 
and significance of the problems to which statistical analysis may be 
applied and the care and thought which are even more necessary 
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than the statistical computations, if the results are to be of lasting 
value. 
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CHAPTER 24 


STEPS IN RESEARCH WORK AND THE PLACE OF 

STATISTICAL ANALYSIS 

Relation of statistical analysis to research. Statistical analysis 
is only a tool to be used by the investigator. The analyst must be a 
worker m some field, or in several; he cannot use his statistical train- 

any more than a carpenter can use 
his skill without lumber and something to be made. Now that the 

routine of statistical analysis has been discussed, and the types of 
problems to which it may be applied have been surveyed, it is perti- 
nent to ask just what are the steps in research work and just where 
and how does statistical analysis fit into the picture. 

The research worker must have an adequate knowledge of the 
facts, technical and otherwise, of the field in which he is to work. 
This knowledge is usually insured by the situation that in most cases 
the worker is a biologist, an economist, a psychologist, or an agron- 
omist, fiist, and then a statistician only secondarily or in addition. 
When his training has been primarily in mathematics or statistics, 
however, the statistician must acquaint himself thoroughly with the 
facts and theories of the field involved before he can expect to do 
significant and substantial work. 

Stating the objective. If adequate acquaintance with the field 
is gi\cn, the first step in a particular research problem is setting up 
the objective of the project. The objective can best be stated in the 
form of a direct question, such as “Why does lettuce -sell for more 
on some days than on other days?” The more exact and specific the 
question can be made, the more clearly is the field of the investigation 
defined. Thus if we make the question read “Leaf lettuce sold at 
ictail in Boston instead of merely “lettuce,” the scope of the study 
is much more definitely indicated. Stating the objective as a ques- 
tion has the important effect of clarifying the issue, and so insuring 
that the worker knows what he is really trying to find out. It has 
the further effect of instantly challenging the attention and of in- 
stinctively calling forth mental answers which aid in the next step 
of the research. 
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Any research project which cannot be stated as a definite question 
has not been clearly defined. Starting out merely "to collect figures 
on lettuce marketing” would not constitute research. Clear formu- 
lation of the question to be answered is an essential prerequisite of 
good research work. 

Developing an hypothesis. The second step in the development 
of the problem is a deductive analysis of the question raised to sug- 
gest possible answers. This deductive analysis draws on all the 
theoretical and practical training and experience the worker has. 
In addition, he may study previous work along the same lines, ask 
questions of those concerned in the industry, or make brief recon- 
naissance studies to decide on the factors which may be involved 
and to judge of the probable relationships. This phase of the re- 
search should lead to the setting up of a definite hypothesis as to the 
elements which will be involved and of the ways in which they will 
be related. Thus in the lettuce problem, the hypothesis might be 
that the supply of leaf lettuce was the most important factor deter- 
mining the price and that the larger the supply, the lower the price; 
that the supply of Iceberg lettuce also influenced the price of leaf 
lettuce, large supplies of Iceberg tending to depress the price of leaf 
lettuce; that weather affected the demand, prices for the same supply 
being higher in hot weather than in cool ; that prices of other vegetables, 
such as tomatoes and cucumbers, might also influence lettuce prices, 
either as competitive products tending to depress lettuce prices when 
their prices were low or as complementary products tending to raise 
lettuce prices when their prices were low. It might further be sup- 
posed that variations in the purchasing power of consumers would 
affect the demand and that changes in the general price level of food- 
stuffs would also have some effect. Finally, it might be supposed that 
the demand would vary regularly from day to day through the week, 

owing to the purchasing habits of consumers, and from time to time 
through the year. 

The process of developing the hypothesis may be aided by break- 
ing up the main question to be answered into a number of sub- 
questions, each one of which may be further broken up. Thus the 
initial lettuce question may be broken up into questions such as “Do 
(the specified prices) vary because of supply? Because of demand? 
Supplies of what? Leaf lettuce? Iceberg lettuce? Competing products? 
What are competing products? What makes demand? Weather? 
Purchasing power? Seasonal factors?” and so on until complete de- 
tails have been thought out for every phase. 
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In setting up the hypothesis the investigator should also attempt 
to think through the probable nature of the relationships. Thus, 
should it be assumed that the influence of supply of leaf lettuce on 
price will be constant, independent of other factors, or is the relation 
likely to change from time to time through the year, or from day to 
day with the weather? 

In setting up his hypotheses, the investigator not only should 
rely on his own knowledge but also should draw upon all the skill and 
knowledge of others who have experience in the same field. This will 
involve not only a careful study of earlier investigations of the same 
problem but also discussions with practical men who are operating 
in the field to be studied. Thus the student of lettuce prices should 
talk with wholesale produce merchants, retail grocerymen, farmers 
producing lettuce, and even chefs and housewives, to get their opinions 
of the factors influencing lettuce prices. This will enable the student 
to check his hypotheses against the ideas of practical men dealing 
vith the same problem, and often may call to his attention elements 
in the situation which otherwise lie might completely overlook. 

Measuring the factors. Once the hypothesis has been set up, 
and the various factors enumerated in it have been considered with 
much care to make sure that every important element has been in- 
cluded, the next ‘step is to secure measurements of the various factors 
to be studied. This will involve deciding whether the data are to be 
taken from published records or other secondary sources, or whether 
they are to be secured first hand. If first-hand collection is decided 
upon, further detailed study is involved as to where the ultimate 
tacts are, who has knowledge of them or records of them, and how 
they aie to be collected — by measurement, by direct observation, by 
enumerators, by schedules, by mail questionnaires, etc. Extended dis- 
cussions of the advantages and disadvantages of each method, and 
the problems involved in laying out a record form, defining the units, 
securing the records, and checking or editing the reports are available 
in standard statistical textbooks 1 and will not be repeated here. 

1 Arthur L. Bowley. Elements of Statistics. Chapters III and VIII, pp. 18-57, 

178-195, fourth edition, P. S. King & Son., Ltd., London, C. Scribner’s Sons, New 
York, 1920. 

Horace Secrist, Introduction to Statistical Methods, pp. 22-52, 65-71, The Mac- 
millan Co., New York, 1917. 

Harry Jerome, Statistical Method, pp. 12-23, Harper and Brothers, New York, 
1924. 

William L. Crum and Alson C. Patton, An Introduction to the Methods oj 
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Precautions also need to be observed if secondary sources are used; 
these precautions also are well discussed in the references just given. 
Only one point will be developed here, and that is the special need of 
completeness in the records, particularly if original data are to be 
secured. Once an' enumeration or observation has been made, addi- 
tional data can be secured only at much extra trouble and expense, 
or in many cases cannot be secured at all. That is one reason why 
the hypothesis must be carefully studied beforehand to make sure all 
relevant factors are included, and why the preliminary study and 
investigation are so important. Factors which are stumbled upon or 
which suggest themselves in the later analysis may be of value in 
subsequent studies of the same type, but if the essential data are lack- 
ing the suggestions are too late to be of any value in the current study. 

In obtaining the basic data it is necessary to decide on the par- 
ticular items to be measured to represent the hypothetical factors. 
Are the weather elements to be rainfall, or wind, or temperature? 
If temperature, average, or maximum, or minimum? If average, what 
kind of average? And so on through a lengthy number of details, 
each one of which must be carefully considered in view of the hypo- 
thetical significance of the factor, the probable relations involved, and 
the effect which is expected to be shown. 

Studying the apparent relations. After numerical values are 
available for all the elements, the next step is to make a thorough 
study of the apparent relationships before proceeding to more elabo- 
rate analyses. Both the relation of the independent factors to each 
other and the relation to the dependent must be studied, for, as has 
been pointed out before, the relation of the dependent factor to an 
indpendent factor that is not related to the others can be determined 
by simple correlation, whereas otherwise multiple correlation might 
be necessary. (This does not hold, however, if joint functions are 
present.) It is at this point that the investigator begins to test out 
the various elements in the hypothetical picture and to compare the 
hypothesis with the observed facts. Some elements which were 
thought to be of importance may prove unrelated, and other variables 
which were thought of doubtful significance may show important 
relations. This preliminary examination may even prove the entire 
hypothesis to be wrong and necessitate a re-examination of the basic 

Economic Statistics, Chapters II, III, IV, pp. 15-38, A. W. Shaw Co., Chicago and 
New York, 1925. 

Frederick E. Croxton and Dudley J. Cowden, Applied General Statistics, 
Chapter II, pp. 15 — 48, Prentice-Hall, Inc., New York, 1939. 
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ideas and a reformulation of the proposed explanation 
with the facts as observed. 


more in line 


Running a Correlation Analysis 

The preliminary examination of the data will provide the basis 
for setting up the final multiple correlation analysis, if the inter- 
relations are such that such an analysis is finally found to be needed 
As included in this analysis, each variable will have a definite place in 
the hypothesis, and some specific kind of relation will be expected to 
be found when the analysis is completed. Looked at in this way, the 
con elation analysis is not the whole of the research project, but is 
mere y that portion of it in which the adequacy of the theoretical 

hypothesis is tested and in which the exact relations, as expected in 
tiie hypothesis, are measured and determined. 

P, „u nitS , in iT hi o h 7 riabIes are stated - Once the variables to be 
nployed in the final statistical analysis are selected, the next prob- 

em ,8 to decide in what units to state them. In studying land values, 

for example, the value of a given farm may be stated as total value, 

as value per acre of all land, or as value per acre of improved land. 

Inch one to select depends on what other variables are included 

and how hey are to be stated. The total value of the farm might 

be correlated with the value of the dwelling, the value of other build- 

mgs the acres in cultivated land, the acres in pasture, etc. This 

v on Id tend to show the contribution per acre of each of the acreage 

elements and should give a high correlation, since under normal con- 

htions the value of the farm may be expected to approximate the 

alue of the buildings plus that of the several tracts of land. In 

ns case the simple or additive regression equation would be quite 
appropriate, for it would give 


Farm value - value of dwelling + value of other buildings 

+ (value per acre of cultivated land) (number acres of culti- 
vated land) 

+ (value per acre of pasture land) (number acres pasture land) 

(value per acre of woodland) (number acres woodland) 4- etc. 

® u V, f lt 1 WCre c,esired to measure the influence of type of road, fer- 
i ity of land, and distance from town on land value, they could not be 
so readily included in the same additive equation. For example, a 
40-acre farm yielding 40 bushels of corn to the acre might be worth 
on the average $1,000 more than a farm of the same size yielding 30 
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bushels of corn per acre. Under the same conditions, it would not be 
reasonable to expect that a 160-acre farm yielding 40 bushels of corn 
to the acre would be worth only $1,000 more than a 160-acre farm 
yielding 30 bushels per acre. In the first case, the higher yield would 
add $25 per acre to the farm value, in the latter, only $6.25. Yet if 
yield of corn were added as a factor to the above equation, that would 
assume that a given increase in fertility would add the same amount to 
the value of the farm, no matter how large or how small the farm was. 

If the value were stated as value per acre, that would partly solve 
the difficulty, for a given change in fertility, distance from town, or 
type of road would then be assumed to have the same influence upon 
value per acre no matter how large or how small the farm was. But 
that would introduce difficulty with other variables. The dwelling, for 
example, would not become larger in direct proportion to the size of 
the farm. Very large farms with good dwellings would have a very 
low “value-of-dwellings-per-acre,” and small farms with poor dwell- 
ings would also have a low “value-of-dwellings-per-acre.” Only some 
method of determining the effect of value of dwellings on land values 
separately for farms of different sizes would take care of this difficulty, 
as otherwise the same measurements would be used for dwelling values 
which might be different in their effect on land values, with consequent 
confusion of the results. 2 

Type of equation to be fitted. The case mentioned also illus- 
trates the need of something other than a simple additive regression 
equation to express certain cases. If it is assumed that the more fer- 
tile the farm, the greater the effect of nearness to town would be, and 
that the nearer to town, the greater the effect of an increase in fertility 
would be, that could not be adequately expressed by the regression 
equation 

Value per acre = /(distance) -f /(fertility) -f etc. 

The multiplying effects of the two variables upon the value could be 
allowed for by using the equation 

Value per acre = [j x (distance) ] [/ 2 (fertility) J [/(etc.) ] 

which, for the actual process of computation, can be stated 
logarithm (value per acre) 

= (log distance) 4- <t> 2 (log fertility) + <I> 3 (log etc.) 

2 See the appendix, pages 30-54, of U. S. Dept. Agr. Bui. 1400, Factors affecting 
farmers’ earnings in southwest Pennsylvania, for an example of statistical treat- 
ment of a problem of this type. 
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This logarithmic equation, which puts the relations on a relative or 
proportional rather than an absolute or arithmetic base, is a very flex- 
ible one and one that can be used in a great many types of problems. 

Finally, if the effect of fertility upon land value be found to vary 
with fertility, say, and the effect of building value with size of farm, 
not even the logarithmic equation would be applicable. Instead, an 
equation of the joint-function type (note Chapter 21) might be used, 
such as 

Log (value per acre) = /(distance, fertility, roads) 

+ /(value dwelling, size of farm, value barns) 
H- etc. 

One further consideration is the danger of false results or spurious 
correlation if the variables are improperly stated. Thus if an attempt 
were made to correlate the value of farms with three factors, (/l) the 
percentage of land in corn, ( B ) the percentage of land in wheat, and 
(C) the percentage of land in all other uses, it would be impossible to 
solve the problem, or else it would give a spurious result. That is be- 
cause the factors (.4), {B ) , and (C) would add to exactly 100 per cent 
in each individual case, and after variation in (A) and ( B ) had been 
held constant by statistical means, there would not be any room left 
for variation in (C). Even if as the result of rounding off the variables 
there were slight deviations from the 100 per cent total, the results 
would have little significance, as the practically perfect intercorrelation 
between the three independent factors would make the measures of 
their net influence, both regression coefficients and net coefficients of 
correlation, exceedingly subject to error. 3 Only by dropping out one 
of the factors, say (C), would significant results be secured. The re- 
gressions on (.4) and (B) would then also show the effect of (C) ; for 
example, the increase in value for each unit increase in (A) would 
mean the increase due to substituting one unit of (*4) for one unit of 
(0) ; changing the sign would give the effect of substituting one unit 
of (C) for one of (.4). The same principle would then apply as be- 
tween (B) and (C) ; whereas the increase in the dependent variable 
for substituting one unit of (B) for one of {A) would be the difference 
between the two net regression coefficients. 

3 For an extended mathematical treatment of this problem, see Ragnar Frisch. 
Statistical confluence analysis by means of complete regression systems, Oslo Uni- 
versity Okonomiske Institute Publikazion No. 5, (1934). 
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After the variables to be examined and the nature of the regression 
function to be used have been decided upon, at least tentatively, it is 
necessary to decide what type of curves are to be fitted. If mathe- 
matical regressions are to be used, this involves deciding what form of 
equation is to be used. (Note pages 76 to 125 of Chapter 6, and 397 
to 401 of Chapter 22.) If curves are to be fitted by one of the graphic 
methods, limiting conditions to be applied in fitting the curves must 
be worked out, in the light of the hypotheses stated and of the tech- 
nological and other knowledge of the relations. (See Chapter 6, pages 
109 to 110, Chapter 14, page 224, and Chapter 16, pages 278 and 279.) 

Steps in carrying through the computations. After the variables 
and the form of the equation for the statistical analysis have been de- 
cided upon, the next step is actually carrying through the computation. 
This involves “coding” the numerical values of the variables, that is, 
reducing them to simpler terms for ease of handling; calculating the 
extensions; setting up and solving the normal equations; and calcu- 
lating the standard error of estimate, the coefficient of multiple corre- 
lation, and possibly the coefficients of separate determination or of 
part correlation. Then if curvilinear regressions are desired, the re- 
siduals from the linear regression equation will be computed, and the 
net regression curves determined by successive approximation (or by 
the graphic short-cut method if the conditions are favorable). After 
the final curves are determined, the standard error of estimate for the 
curvilinear regressions and the index of multiple correlation are com- 
puted. If joint functions are suspected, the residuals are grouped with 
respect to two or more variables, or studied with respect to compound 
variables of the Court type, until by successive approximations the 
final shape of all the functions, simple or joint, has been determined, 
and the new standard error of estimate and index of correlation com- 
puted. As a final step, the standard error of each of the regression 
coefficients, or of each portion of each regression curve, should be com- 
puted and indicated on the regression charts, to indicate the signifi- 
cance to be attached to the results. The standard error of the correla- 
tion coefficient or other constants likewise should be determined. All 
through the process, the statistical relations found should be checked 
back against the hypothetical expectations. If the statistical results 
conflict with the hypothesis, both should be re-examined to see where 
the conflict lies, as discussed in more detail subsequently. 
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Meaning of Correlation Results 

It must be noted, however, that a statistical determination of the 
nature of any relation, no matter how complicated the methods used 
in making the determination or how flexible the type of function al- 
lowed for, tells nothing of the reason for the relation observed. 

Thus the variation in potato yields with differences in early and 
late rainfall, as determined in Chapter 22, may be due to a large va- 
riety of different causes. The plant requires certain conditions of soil 
moisture, nutrients, sunshine, maximum and minimum temperature, 
and relative humidity to make the best growth, and the factors used 
reflect certain of them. Further, it may be that one set of conditions 
is required during the first part of the growing period while the plant 
is developing its leaves and top, and another set later on while it is 
developing the tubers; and that the rainfall factors used relate in this 
way to the growth periods of the plant. 

There are other possibilities, however. The yield of a plant is af- 
fected by the weather conditions not only as they directly affect the 
development of the plant itself but also as they affect the development 
of insects and diseases that prey on the plant. For example, the pe- 
culiar relation of potato yields to early and late rainfall considered 
jointly, as shown in Figure 74, might reflect the relation of late rain- 
fall to potato diseases. With 16 inches of early rainfall and 3 inches 
of late, a yield of 240 bushels would be expected; with the same early 
rainfall, as the late rainfall increases, the probable yield declines until 
with 6 inches of late rainfall it is under 180. The heavy early rainfall 
may stimulate good growth of the top; then if heavy late rainfall 
should follow it might result in conditions favorable to the develop- 
ment of potato blight, and so reduce an otherwise promising yield. 

It is evident that a considerable range of specific technical infor- 
mation is necessary to interpret correctly the results of a correlation 
analysis, and to develop the reasons for the particular relations which 
have been found to exist. For best results this technical knowledge 
must be drawn upon in the early stages of the investigation, to aid in 
selecting and stating the variables to be considered in such a way that 
the functional relations, when found by appropriate statistical means, 
would adequately represent the technological elements present and so 
be capable of a logical technical interpretation. The correlation anal- 
ysis itself can never provide the interpretation of cause and effect. It 
can only establish the facts of the relations — for the meaning of those 
facts, the investigator must look elsewhere. 
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The way in which correlation analysis establishes the facts of rela- 
tionship and nothing else may be illustrated by a specific example. If 
the number of automobiles moving down Sixteenth Street in Washing- 
ton, D. C., for each 15-minute period through a given 12 hours is cor- 
related with the height of the water in the Potomac River during each 
of the same periods, a definite correlation will be obtained. On some 
days this correlation would be so high that its probable error would 
indicate that it would be very unlikely that it could have occurred by 
chance. However, if on the basis of this correlation one were to at- 
tempt to forecast the flow of traffic from the height of the water, he 
would find his forecast sadly in error if he made it for another day 
when the street was closed for traffic repairs, when the water was high 
because of a flood, or when the moon was in a different phase. This 
is a case in which it is perfectly obvious that there is no direct causal 
relation between the two phenomena. Yet there is real correlation 
between them because they both are influenced, though very remotely, 
by the same sequence of cosmic events. The rising and the setting of 
the sun have a very definite influence on the movements of persons and 
therefore on the flow of traffic, whereas the rising and the setting of 
the moon likewise have a definite influence on the height of the water. 
Washington is so close to the ocean, and has so low an elevation, that 
the Potomac River has a definite ebb and flood of tide. There is a 
certain specific though complex relation between the rising and setting 
of the sun and of the moon. This relation is changing constantly from 
day to day. This illustrates a case in which real and significant cor- 
relation between two variables reflects causation by a common factor 
or factors, yet gives no inference as to direct causal connections. Many 
similar cases are met with in practical work in which the correlation 
between two variables is due to both being influenced by certain com- 
mon causes although neither may in any conceivable way influence the 
other. This illustrates again the need for clear, logical thinking and 
for a technological basis for the interpretation of the .statistical results, 
which can measure the relationships but of themselves can tell nothing 
of cause or effect. 

Statement of results of correlation analysis. Having completed 
the statistical analysis of the relations — the extent and complexity of 
which will depend upon the nature of the problem, the number of ob- 
servations available, the importance of the relations, and the facilities 
available with which to work — the next step is to translate the sta- 
tistical results to intelligible non-technical statement. This may go 
only so far as simple regression charts or estimating tables of the type 
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shown at the end of Chapter 13, or of carefully worked-out pictorial 
statements such as shown in Fig. 75. After the results are reduced to 
intelligible form — intelligible, that is, at least to the investigator — 
they should be carefully compared with the original hypothesis. If 
hypothesis and the statistical results do not agree, the hypothesis must 
be carefully examined to see if it may logically be restated so as to be 
consistent with the facts as found; and the analysis must be carefully 
studied to see if there are any loopholes in the way the facts are stated, 
or in the way the problem has been worked through, which may be 
responsible for the results. (The preliminary results cited at the top 
of page 419, in Chapter 23, are an example of mis-statement of the 
variables.) If the hypothesis and results are found to be consistent, 
or if, without doing violence to either, they can be brought into reason- 
able agreement, the project may be regarded as completed. If such 
agreement is not obtained, the results may be announced as actual 
observations inconsistent with what was expected and subject to fur- 
ther study or independent checks before being accepted as scientific 
conclusions. 

Finally, if forecasts of future events or estimates for new observa- 
tions are to be made from the results of the analysis, the methods 
outlined in Chapter 19 should be used to help judge how much con- 
fidence can be placed in such estimates or forecasts. 

When the hypothesis and the analysis are found to be in satisfac- 
tory agreement, all that remains is to interpret the results to those 
who will be interested in them and have to use them. At this point 
many investigators fail to take into account the audience for which 
they are writing. If they are writing a technical paper for a scientific 
journal, a full discussion of the methods and techniques used, statis- 
tical and otherwise, will be quite in place, so that their fellows may 
pass on the adequacy of the work. If, instead, they are writing a gen- 
eral or a popular report for an audience which is only interested in 
what they have discovered and what it means, details of statistical 
technique may be as out of place as computations of stresses and 
strains would be in a magazine devoted to “The Home Beautiful. ,, 
The plethora of technical terminology in some supposedly popular 
reports of statistical investigations has led the readers to suspect that 
the investigator himself did not understand what his results really 
meant. Unles the conclusions can be translated back into “the King’s 
English,” and stated so simply that practical men dealing with the 
problem investigated can understand what the results mean, the use- 
fulness of the research may be largely wasted. 
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Summary. The place of statistical analysis in scientific research 
is no different from thejilace of any other technical aid the investigator 
may employ. It furnishes a means of measuring the elements that are 
involved and of examining the way in which they are related; but it 
does not of itself furnish an explanation of phenomena. Except insofar 
as the effort to reduce the variables to specific numerical statement, 
definitely related, forces the investigator to think more clearly and 
definitely about his problem, statistical analysis is not a substitute 
for logical analysis, clear-cut thinking, and full knowledge of a prob- 
lem. The methods of analyzing complicated relations set forth in this 
book furnish the student keen tools for investigating complex rela- 
tionships; but, like all keen tools, they may yield unsatisfactory or 
misleading results if employed carelessly or heedlessly. Statistical 
analysis is not a substitute for careful thinking and skilled workman- 
ship in research work; instead, it is an aid which may make that 
thought and skill even more productive of worth-while results. 



THE JAMMU 8c KASHMIR UNIVERSITY 

LIBRARY. 

DATE LOANED 

Class No. Book No. 

V°l Copy 

Accession No. 


APPENDIX 1 



METHODS OF COMPUTATION 

Coefficients of correlation and regression. Many of the operations described in 
the text may be performed much more rapidly by short-cut methods. One such 
method, for computing <r x has already been given. (Note 1, Chapter 1.) When the 
value 2s 2 , required in the normal equations, is desired instead, that may be calculated 
from a frequency table by the same method, by use of the relation 

2x 2 = 2 (<PF) - n [^P J (100) 

A similar short cut may be used in computing the product sums, Lxy, required 
to determine coefficients of regression or correlation. The first step is to construct 
a double-frequency table. Such a table is known as a correlation table, since it 
shows the nature of the relation between the two variables in much the same way 
that a correlation chart or dot chart does. The following correlation table, Table 85, 
is prepared from the haystack data used as an illustration in Chapter 21. 

First the number of items falling in each subgroup is determined. Then the 
entries in each row are summed, giving the total frequencies with respect to X\. 
These frequencies, denoted F\, are shown at the right in the table, in the column 
headed “All values of Xz” The entries in each column are similarly added, and 
the totals entered at the foot. These entries give the frequency distribution with 
respect to Xz, and are, therefore, denoted Fz (frequencies of Xz). A central group is 
then selected for each variable, and the departures of the other groups, above or 
below that central group, are shown in the “d\” and “dz" column and line, respec- 
tively. The usual extensions to compute the Lx 2 for each variable are shown in the 
final columns, d\F\ and d\F\ } and lines dzFz and d 2 F 2 . As their designations in- 
dicate, the entries under these heads are obtained by first multiplying the F\ entry 
by d\ t giving d\F\ t and then multiplying that again by d\ to give d{F\. The similar 
computations for Fz are shown at the foot of the table. 

The new step in the table is the incorporation of the column LdzF\ and of the line 
2diF . The entries in the column LdzF show for each line the sums of the frequencies 
of each cell in that line multiplied by the dz values for each cell. Thus for the first 
line, the single entry has a dz value of —3, so the entry in 'LdzF is —3. The next 
line similarly has a single entry in the —2 column. The fourth line, though, has the 
following frequencies: 1 in the —4 column, 1 in —3, 2 in —2, 8 in —1, 4 in 0, and 1 
in 1. The respective products, —4, —3, —4, —8, 0, and 1, add to —18, and this 
value is, therefore, entered in the LdzF column. 

The Ld\F line is similarly computed, showing the sum of the frequencies in each 
cell for each column, multiplied by the corresponding d\ values. Thus the first 
column has 1 entry in the —1 line; the second, 1 in the —4, and 1 in the —1 with 
the sum —5. The third column has 1 in —3, 1 in —2, 2 in — 1, G in 0, and 3 in 1. 
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The products -3, -2, -2, 0, and' 3 add to -4; and this is the value for the Zd x F 
entry for that column. 

After all the 2 d%F entries are made, each is multiplied by the di value for the 
same line, giving the values entered in the di^Zd^F) column. Similarly, the entries 
in the Zd\F line are then multiplied by the corresponding d 2 values, and the products 
entered in the d^,(Zd\F) line. Each line at the foot of the table is then summed, and 
the sums entered at the right of the line; and each column at the right of the table 
summed, and the sum entered at the foot of the column.' 

The arithmetic may now be checked by the following identities: 

2Fi = ZF 2 (=120, in the illustration) 

2(kF = 2 dzF 2 (=24) 

2diF =2diFi ( = 120) 

2di(2d2F) = 2de(2diF) (=244) 

As a matter of fact, the lines Zd x F and <h(Zd\F) may be omitted, if this check is 
not to be made. Where many items are involved, however, this is a rapid and 
accurate check. Only the extensions d|E 2 and d\F\ are then not checked, and these 
may be verified readily by recomputing. 

The next step is to adjust the values in terms of departures from the assumed 
means to terms of departures from the true means; To do this in organized fashion, 
the five sums are entered in order, as shown at the foot of the tabulation. The first 
two items, Zd\F and Zd^F, are each divided by the number of casec (120) to give the 
average departure (in terms of class intervals) from the assumed mean group, that is, 
values for M dl and M dl . 

■ The correction factors are then computed as follows: 

2^ = 24Fi - (2 diF){M^ = 434 - (120) (1.0) = 314 
2a| = 2 4 f 2 - (ZdzFXMjJ = 300 - (24) (0.20) = 295.2 
2zix 2 = ZdidtF ~ (2diF)(M d J = 244 - (120) (0.20) = 220 

This process is shown in tabular form for each item. 

The coefficients of regression and of correlation are then computed by the usual 
formulas, as shown at the foot of the table. 

The coefficient of regression shown in the tabulation is of course in terms of 
group units. That is, the value 612 = 0.7 means that for every change of one group 
interval in X 2 there is on the average a change of 0.7 group intervals in X\. Since 
the group intervals are 0.020 for X 2 , and 0.080 for X\, this does not apply to the 
actual X\ and X 2 values. Instead, correction must be made as follows: 

Regression of X\ on X 2 in terms of original units = regression in terms of group 

units ( Gr ° up interval of 

\ Group interval of X 2 ) 

In this case, 

b l2 (for Xi and X 2 ) = 0.7000 = 2.8024 

Hence for each change of 1 unit in X 2 , X\ changes 2.8 units, on the average. 
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Before ai 2 can be calculated, it is necessary to have the means of Xi and X%. • 
The assumed mean of X\, at the midpoint of the group 0.340-0.419, would be at 
0.380. Since the mean of d\ is 1.00, the true mean lies exactly one group interval, or 
0.080, higher than this, or at 0.460. Similarly, the assumed mean of X 2 , at the mid- 
point of the group 0.125 — 0.144, is at 0.135. Adding to this the mean of efe, or 0.20, 
times the group interval of 0.020, gives 0.139 as the mean of X\. The value of 012 
may now be calculated by formula (10): 

a = Mi — &12M2 
= 0.139 - (2.8024) (0.0460) 

= - 1.150 


From the values shown in the table, the regression equation is, therefore, found 
to be 


Xi = - 1.150 + 2.8024X2 


The uncorrected correlation coefficient, ri 2 , has been found to be 0.722, as shown 
in the table. In making this computation, however, no allowance has been made 
for the tendency of grouping to exaggerate the departures of the individual cases 
from the means, which affects 2x5 and 2x1, but does not affect 2 xiX 2- This may 
be allowed for by applying Sheppard’s correction to 2x2 and 2x§. (See Note 1, 


Chapter 1.) 
2xf = 2x5 - 


Since the correction is (corrected a 2 ) = a 2 — — , the correction for 

7U? ^ 

If we apply this correction to both 2x? and 2x1, in the formula 

1 2 


for ri 2 , the value of ri 2 comes out 0.747, a definitely higher value. In this case only 
9 groups have been used for X 2 and only 10 for Xi, so the correction for grouping is 
important. In most practical work, at least 20 to 30 groups should be used for each 
variable; and when that is done, the application of the correction for the fineness of 
grouping becomes of much less significance. 

Although the correlation computed with Sheppard’s corrections (and adjusted 
for the number of observations by equation [25]) gives the best estimate of the true 
correlation in the universe from which the sample was drawn, the formulas for the 
standard error of correlation coefficients are all based on the uncorrected formula. 
If any test of the significance of the observed correlation, such as Fisher’s 2 -trans- 
formation, is to be applied, the unadjusted value should be used. 

The regression coefficient, as well as the coefficient of correlation, is changed 
slightly if Sheppard’s correction is applied. Thus, using the correction, 
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= 0.724 


Just as with the correlation coefficient, the larger the number of groups, the less 
influence the correction has on the calculated values. With 30 or more groups, it 
is ordinarily neglected. 

There are many other ways in which the coefficient of correlation may be cal- 
culated. Thus it may be shown (Note 1, Appendix 2) that if 


X 3 = Xi - X 2 
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the standard deviations are related according to the formula 

2 2 'Vi* i 2 

” <?l — lT]2<J\<T2 t g 2 


Hence the correlation between Xi and X 2 may be found by calculating the difference, 
X3, between each pair of values for the two variables, and computing the standard 
deviation of each of the three series. The correlation is then given directly by the 
formula 2 1 2 2 

ff l T^2 *3 

ri2 ” 2 * 1*2 


Coefficients of multiple correlation and net regression. When many variables 
are to be considered, and a large number of observations are available, the necessary 
extensions for multiple correlation lines or curves fitted by the least-squares method 
may be made most readily by the use of tabulation cards, one for each observation, 
with the values for each variable entered on each card. If mechanical or electrical 
tabulation equipment is available, the values may be designated by punched holes. 
The cards can then be sorted and tabulated by automatic machines. 

TABLE 86 


Computation of Extensions by "Digiting” and Accumulative Totaling 



Num- 

Accumu- 


Accumu- 


Accumu- 


Accumu- 


Accum u- 

Value 

ber of 

lations of 

2 (X 0 

lations of 

Z(X 2 ) 

lations of 

2(X 3 ) 

lations of 

2(X 4 ) 

lations of 

of Xi 

items 



(Xl ) 2 


X 1 X 2 


X 1 X 3 


X 1 X 4 


( 1 ) 

( 2 ) 

(3) 

(4) 

(5) 

( 6 ) 

(7) 

( 8 ) 

(9) 

( 10 ) 

30-39 

2 

20 

69 

090 

n 

BBS 

1 

in 

5 

m 

20-29 

0 

20 

0 

690 

0 


0 

HI 

0 

MM 

10-19 

20 

220 

295 

3,640 

32 

mSm 

18 


26 

310 

0- 9 

10 

(320) 

66 

(4,300) 

14 

US 

16 


23 

(540) 

- -9 

3 

3 

47 

47 

2 

2 

5 

5 

2 

2 

-8 

% 

2 

6 

28 

75 

• 3 

5 

7 

12 

3 

5 

-7 


5 

0 

75 

0 

5 

0 

12 

0 

5 

-6 

1 

6 

21 

96 

12 

17 

2 

14 

3 

8 

-5 

13 

19 

183 

279 

20 

37 

8 

22 

14 

22 

-4 

6 

24 

70 

349 

6 

43 

3 

25 

7 

29 

-3 

2 

26 

11 

360 

7 

50 

1 

26 

3 

32 

-2 

1 

27 

7 

367 

2 

52 

2 

28 

2 

34 

-1 

3 


41 

408 

2 

54 

5 

33 

14 

48 

-0 

2 

| (32) 

22 

(430) 

3 

(57) 

2 

(35) 

6 

(54) 

Sums 

2X, 

. « 405 

Z(Xi)2 = 7076 

2 X 1 X 2 = 915 

2A'iX 3 = 387 

2 X 1 X 4 = 595 


The most rapid method of calculating the extensions, where card-tabulating 
equipment is available, is by a combination of the “digiting” method with cumula- 
tive addition. Thus if four variables are being considered, the extensions for 
2 X 1 X 2 , SXiXa, and 2 X 1 X 4 would be secured by sorting on Xi- If each variable 
were tabulated in two digits (0 to 99) the cards would first be classified in ten groups 
from 00 to 90 on the tens column of Xi and the total for each variable computed. 
The cards would then be reclassified into ten groups from 0 to 9 according to the 
values in the digit column, and the total for each variable computed. The totals 
would then be entered as shown in Table 86, starting with the highest value and 
running down to the smallest. 
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After the number of items and the sums for each group are entered (columns 1, 
;J, 5, 7, and 9) in the table the columns headed “accumulations” are computed as 
follows: The first item, times 10, is entered in the top line. Thus the first item in 
column 1 is 2, so 20 is entered in column 2. The second item in each column is 
then multiplied by 10, added to the first item in the accumulation column, and the 
total entered on the second line of the accumulation column. (Since the second item 
in column 1 is 0, the second item in column 2 is 20 + (10) (0) = 20.) The third item 
in each odd-numbered column is next multiplied by 10, added to the second item in 
each adjoining accumulation column, and the total entered on the third line of each 
accumulation column. (The third item in column 1 is 20, so the third item in column 
2 is 20 4- (10) (20) = 220.) The same operation is performed for the next line. 
When this process is completed for all the classifications of X\ by tens, it is begun 
afresh for the classifications by digits, without multiplying by 10. The item in the 
“ — 9” class, 3, of column 1, is entered in the adjoining accumulation column. The 
next item, 2, i9 added to it, and the total, 5, entered in the accumulation column, and 
so on down the column, entering in column 2 the accumulated total of column 1. 
The same operation is performed in each of the other accumulation columns, each 
showing the accumulated total for the column to its left. 

In each case the accumulated total for the —0 group is one-tenth that for the 
0 — 9 group, and is equal to the sum of the particular variable, checking all the 
computations. That is because each value appears twice: once when the observa- 
tions are classified according to the first digit of X\ (in the tens column), and once 
when they are sorted according to the last digit of X\ (in the units column). If 
there were also a hundreds column, there would be a third sort for that, and the 
accumulative totals for the hundreds groups, with 00 added at each step, would be 
100 times as large as for the unit groups. After the entries in the —0 line have been 
checked against those in the 0 — 9 line, both are enclosed in parentheses. All 
the entries in each accumulation column are then added, except those enclosed in 
parentheses. The totals for each column are then the extensions for 2Xi, 2Xj, 
2 XiX 2 , etc. 1 

By the use of this method, each variable can be carried to 3, 4, or even more digits 
if desired, yet the extensions be obtained with exactly the same precision as if each 
individual item were extended separately. The work is very greatly reduced; the 
extensions, even if 3 digits were used for each variable, requiring at the most only 
30 lines, or for 4 digits, 40 lines. 

1 It is easily seen why this is so. Each item in the 30+ group appears 3 times in 

the accumulation column, times 10 each time; it, therefore, contributes 30 to the 

total. Likewise, each item in the —9 column appears 9 times in the accumulative 

totals from —9 to —1, so contributes 9 to that total. An item of AT = 39 is 
represented by 1 in the 30-39 class in column 1, and by 39 in the same class in col- 

umn 3. It also appears as 1 in the —9 class in column 1, and as 39 in the same class in 

column 3. Its contribution to 2Xi is then (3) (10) + (1)(9), or 39, and to 2(Xf) is 

(39) (3) (10) + (39) (1) (9) = 1,521, or exactly equal to 39 and (39) 2 * * * * * * 9 . Similarly, an 
item of AT = 2 when AT = 39, appears in column 5 in the 30-39 line, and in the 

—9 line. It then appears 3 times in column 6, multiplied by 10 each time, and 

9 times in column 0, multiplied by 1. Its contribution to 2(ATAT) is ^ en 
(2) (10) (3) + (2) (9) = 78, or exactly equal to (39) (2). It is now evident why the 
entries in the 0 lines are not included in the total — they contribute nothing to tho 
product with AT. 
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After the extensions with respect to Xi had been made as just shown, the cards 
would be reclassified with respect to X 2 , and a similar tabulation and accumulative 
totals prepared to obtain 2X2, 2Xl, 2X2X3, and 2X2X4; and so on for the other 
extensions required. 

This method is of the greatest value where automatic card-tabulation equipment 
is available, and a large number of observations are to be treated. Even for hand 
operations however, if the number of observations are very large it can be used to 
advantage, with the individual items entered on cards or strips for handy classifying 
and adding. 

Use of the check sum. Where a number of different variables are involved, 
every operation in making the extensions, computing the averages and corrections, 
and solving the normal equations through to the “back solution,” can be verified by 
an automatic check known as the “check sum.” The way in which the check sum 
is used will be illustrated by a small problem, carried through every step in turn, 
but it is equally applicable to any other method of tabulation and is especially 
valuable with machine tabulation, where it serves as an overall control on the 
accuracy of the machine processes. 

The check sum as a check in extending. The values in the following table 
(Table 87) may be used to illustrate the use of the check sum. 

The values in the columns X 2 , X 3 , X 4 , and Xi are the three independent factors 
and the dependent factor, which are to be correlated. The values in the column 
headed “2X” are the arithmetic totals of the values for the four other variables, and 
are designated “the check sum.” 

As the first step, each of these five columns is added. Since, for each line, 


X 2 X3 + A 4 + Xi — 2X 

it also holds true that 

2X2 + 2X3 + 2X4 + 2Xi = 2(2X). 

Adding the sums of the first four columns together gives the same value as the sum 
of the check sum column, which verifies all the totals. 

The first set of extensions is made by multiplying the items in each line by the 
X 2 item in the first column of that line, giving the values shown under “Extensions 
with X 2 .” Since for each line 

X 2 T X 3 -f- A 4 + A 1 = 2 A , 

it also follows that 

X\ -f- X 2 A' 3 4- X jA 4 T A 2 A 1 = A 2 — A. 

Then, adding each column, we find that the sums of the four other columns should 
total to the same value as the sum of the X 2 2X column. ( becking up, we see that 
1,994 -f 25,315 + 14,158 + 14,224 = 55,001 , verifying all the calculations. 

The other extensions are made in similar fashion, and the sums of each column 
verified with the sum of the check-sum column, according to the relation 


2X0X3 + 2X3 + 2X3X4 + 2X3X1 = 2(X ;J 2X) 



X4”; and so on for the remaining checks. 
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TABLE 87 

Calculation of Extensions, Using the Check Sum 


Variables 


Extensions with X 2 


X 2 

x 3 

x 4 

X! 

ZX 

0 

136 

19 

m 

345 

1 

140 

■TJ1 


352 

2 

86 



298 

3 

115 


in 

331 

4 

115 

in 

95 

325 

12 

161 

91 


373 

13 

235 


118 

475 

14 

304 

118 

123 

559 

15 

224 

123 

108 

470 

16 

185 

108 

100 

409 

17 

108 

100 

88 

313 

18 

193 

88 

109 

408 

19 

175 

109 

103 

406 

134 

2177 

1376 

1377 

5064 


Extensions with A’ 


Al 

X 3 X 4 

A' 3 A'i 

X 3 ZX 

18,496 

14,416 

14,008 

mu 

19,600 

14,420 

15,120 

■ 1 ^ 

7,396 

9,288 

8,772 

25,628 

13,225 

11,730 

12,765 


13,225 

12,765 

10,925 

37,375 

25,921 

14,651 

17,549 

60,053 

55,225 

25,615 

27,730 

1 1 1 ,625 

92,416 

35,872 

37,392 

169,936 

50,176 

27,552 

24,192 

105,280 

34,225 

19,980 

18,500 

75,665 

11,664 

10,800 

9,504 

33,804 

37,249 

16,9S4 

21,037 

78,744 

30,625 

19,075 

18,025 

71,050 

409,443 

233,148 

235,519 



x\ 

* 2 X 3 

X 2 X 4 

X 2 X 1 

X 2 ZX 

0 

0 


0 

0 

1 

140 


108 

352 

4 

172 

216 

204 

696 

9 

345 


333 

993 

16 

460 

444 

380 

1,300 

144 

1,932 

1,092 

1,308 

4,476 

169 

3,055 

1,417 

1,534 

6,175 

196 

4,256 

1,652 

1,722 

7,826 

225 

3,360 

1,845 

1,620 

7,050 

256 

2,960 

1,728 

1,600 

6,544 

289 

1,836 

1,700 

1,496 

5,321 

324 

3,474 

1,584 

1,962 

7,344 

361 

3,325 

2,071 

1,957 

7,714 

1994 

25,315 

14,158 

14,224 

55,691 




Extensions 

Extensions with X 4 

with Xi 

x\ 

X 4 Xj 

A r 4 ZX 

Xl 

XiZX 

11,236 

10,918 

36,570 


35,535 

10,609 

11,124 

36,256 


38,016 

11,664 


32,184 

10,404 

30,396 

10,404 

11,322 

33,762 


36,741 



36,075 

WJfSj 

30,875 

8,281 

9,919 

33,943 

11,881 

40,657 

11,881 

12,862 

51,775 

13,924 

56,050 

13,924 

14,514 

65,962 

15,129 

68,757 

15.129 

13,284 

57,810 

11,664 

50,760 

11,664 

10,800 

44,172 

10,000 

40,900 

10,000 

8,800 

31,300 

7,744 

27,544 

7,744 

9,592 

35,904 

11,881 

44,472 

11,881 

11,227 

44,254 

10,609 

41,818 

• 

146,738 

145,923 

539,967 

146,855 

542,521 
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While the check sum would not disclose exactly compensating errors made in 
different columns the possibility of such errors is so remote that, after the arithmetic 
has been checked by the comparisons indicated, it may be assumed that no errors 
have been made either in making the multiplications or adding the columns. 

* The check sum as a check in correcting to the means. After the values for 2Xl, 
.2X2X3, etc., have all been computed as indicated in Table 87, the process of making 
the corrections to get the values 2xl, 2x2X3, etc., may be organized in regular fashion 
and checked by the check sum, as shown in Table 88. 

TABLE 88 


Calculation of Product Sums Corrected to Departures from Means, 

With Check Sum 




X 3 

*4 

A'l 

XX 

Line 

Sums . . . 

134. 

2,177. 

1,376. 

1,377. 

5,064. 

1 

Means 

10.30769 

167.46154 

105.84615 

105.92308 

389.53846 

0 

** 

Extensions with Xj, 

1,994.00 

25,315.00 

14,158.00 

14,224.00 

55,691.00 

3 

Corrections 

1,381.23 

22,439.84 

14,183.38 

14,193.69 

52,198.14 

4 

Extensions with xj 

612.77 

2,875.16 

-25.38 

30.31 

3,492.86 

5 

Extensions with X 3 . . . . 


409,443.00 

233,148.00 

235,519.00 

903,425.00 

6 

Corrections 


304.563.77 

230.427.08 

230,594.54 

848,025.23 

7 

Extensions with zi, 


44,879.23 

2,720.92 

4,924.46 

55,399.77 

8 

Extensions with Xi 


146,738.00 

145,923.00 

539,967.00 

9 

Corrections 



145,644.30 

145,750.15 

536,004.90 

10 

Extensions with za. , 

• •••••••• 

• 

1,093.70 

172.85 

3,962.10 

11 

Extensions with X\ 1 



146,855.00 

542,521.00 

12 

Corrections 




145,856.08 

536,394.48 

13 

Extensions with x\ . . . 

• ••••••» • 



998.92 

6,126.52 

14 


The first line in Table 88 gives the sums of each of the variables, including the 
check sum. Dividing by the number of observations (13 in this case), gives the 
mean for each variable, as entered in the second line. Again, the entries for the 
first four columns total to equal the entry in the 2 column, checking the division. 

The sums from the “extensions with X2,” of Table 87, are next entered in line 3. 
The sums for each variable, in line 1 , are next multiplied by the mean of X2 (10.307G9), 
and the products entered in the corresponding column in line 4. Subtracting the 
entries in line 4 from those in line 3 gives the values which are entered in line 5. 
These values are the extensions, expressed as departures from the means. 

In column X 3 , for example, the entry in line 3 is 2X2X3; and the entry in line 4 is 
2XaAf 2 . 

The entry in line 5, then, is SX 2 X 3 - ZX3M2 

= 2X2X3 - nA/jll/* 

- 2X2*3 

Again, the values in the first four columns add to the same as the value in the 
check-sum column, verifying the work. 
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The rest of the table is entered in similar fashion. Lines 6, 9, and 12 are the 
extensions with X 3t X4, and X\, from Table 87. Lines 7, 10, and 13 are the values 
in the corresponding columns of line 1, multiplied by A/3, A/4, and Mi, respectively 
(from line 2). Lines 8, 11, and 14, obtained by subtracting the items in lines 7, 10, 
and 13 from those in 6, 9, and 12, show the values corrected for departures from 
the means. 

In verifying the sum of the other entries in line 8 by the check sum, the item 
2rr 2 :r3 must be included, from column X 3 , line 5, before comparing with the check 
sum; in checking line 11, 2x^4 and 2x3x4, from column X 4 , lines 5 and 8, must be 
included; and in checking line 14, the values 2xiX2, 2 xiX 3, and 2 xiX 4, from column X\, 
lines 5, 8, and 11, must all be included. For line 11, the other items add to 3,962.11, 
as against the check sum of 3,962.10; and for line 14, they add to 6,126.55, as against 
the check sum of 6,126.52. In both cases the discrepancies are so small as to be 
readily due to raising and lowering in the last digit, and, therefore, may be dis- 
regarded. 

TABLE 89 


Solution of Normal Equations by the Doolittle Method, 

With Check Sum 


Line 

x 2 

x 3 

x t 

Xi 


1 

612.77 

2.S75.16 

-25.38 

30.31 

3,492.86 

r 

- 1 . 00000 

-4.69207 

0.04142 

-0.04946 

-5.70011 

11 

(2,875.16) 

44,879.23 

2,720.92 

4,924.46 

55,399.77 

(-4.69200(1) 

(-2,875.16) 

-13,490.45 

119.08 

-142.22 

-16,388.74 

22 


31,388.78 

2.840.00 

4,782.24 

39,011.03 

ir 

• 

-1.00000 

-0.09048 

1 1 

-0.15236 

-1.24283 

hi 

(-25.38) 

(2,720.92) 

1 1 

1,093.70 

172.85 

3,962.10 

(0.04142) (I) 

(25.38) 

(119.08) 

-1.05 

1.26 

144.67 

( -0.09048) (i' 2 ) 



(-2,840.00) 

-256.96 

-432.70 

-3,529.72 

i'3 



835 69 

-258.59 

577 . 05 

nr 



— 1 . 00000 

0.30944 

-0.69050 


------ | | 

Back Solution 





^ 12-34 

^13-24 

&U-23 




0.04946 

0.15236 

-0.30944 




— 0.012S2 

0.02800 





-0.84626 


-0.30944 





0 . 1 8036 





-0.80962 






Lines 5, 8, 11, and 14 now give the values required to determine the regression 
coefficients by simultaneous solution, according to equations (38). 

The check sum os a check in solving the normal equations. The solution of the 
simultaneous equations bv the Doolittle method has already been illustrated in 
Chapter 12, page 200. The check sum may be used to verify each step in the com- 
putation, as shown in Table 89. 
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The values from line 5 of Table 88 , including the check sum, are entered as line 1 
of Table 89. Each item is divided by the first item of the line, with its sign changed 
(—612.77). The quotients are entered as line I'. The sum of the first four items 
checks to the value in the last column, the check sum. 

The values from line 8 of Table 88 are entered as line II of Table 89, beginning 
with column X 3 (the values enclosed in parentheses will be explained later). Line T 
is next multiplied by the value in column X 3 of line I' ( — 4.69207), and the products 
entered in the corresponding columns below line II. These two lines are then summed, 
giving line 22 . These operations are now verified by adding the items of line 22 in 
columns X 3 , X 4 , and Xi, and comparing the sum with the check sum in column 2 X. 
The three values add to 39,011.02, agreeing to 0.01 with the check sum, 39,011.03. 

The values in line 22 are next divided by the value in column X 3 , with its sign 
changed (-31,388.78). The quotients are entered as line IT. Again the check 
sum verifies the computation. 

The values from line 11, Table 88, are then entered as line JII, beginning with 
column X 4 . (Again disregard the figures in parentheses.) Line I is multiplied by 
the value in column X 4 of line T (0.04142), and the products entered in the corre- 
sponding columns below line III; and line 22 is multiplied by the value in column X 4 
of line IT, and the products entered in the corresponding columns in the next line. 
Line III and the two following lines are then summed, giving line 23 . The values in 
line 23 are divided by the value in column X4 of that line, uith its sign changed. The 
quotients are entered as line I IT. Again the check sum verifies the w-ork. The 
values in line 23 (before the check sum) add to 577.10, which agrees to 0.05 with the 
check sum of 577.05. 

The values in lines T, IT, and III' of column AT, uith the signs changed , are then 
entered at the foot of columns X 2 , AT, and AT (designated here 612 . 34 , 613 . 24 , and 
614 . 23 ). The value at the foot of the AT column, —0.30944, is the value for 614 . 23 * 
The item in column X 4 , line T (0.04142), is then multiplied by the last of these 
values (-0.30944), and the product (-0.01282) entered in the A 2 column; and the 
item in column X 4 , line IT (-0.09048), is also multiplied by -0.30944, and the 
product entered in the X 3 column. The two entries at the foot of the A 3 colun n 
are then added, giving 0.18036 as the value for 613 . 24 . The item in column AT, line T 
(-4.69207), is then multiplied by 0.18036, and the product (- 0.84626) entered 
below the other two entries at the foot of the X 2 column. The sum of these three 
entries, —0-80962, is then the value for 612 . 34 . 

The way the check sum works in checking the operations may be seen by filling 
in the missing spaces in Table 89, as indicated by the entries enclosed in parentheses. 
Thus in line II, the first item, 2,875.16, is the same item, 2T 2 t 3 , os appears in line I, 
column A 3 . If when line I had been multiplied by —4.69207, the operation had 
included the X 2 column also, the product would have been - 2,875.16, or exactly the' 
same as the item, in line I, column A3, with the sign changed. This value, entered 
below line II in column X 2 , exactly cancels the previous value when the two lines 
are added, leaving line 22 still the same. 

Similarly, the values -25.38 and 2,720.92, from lines I and II of column X 4 , may 
be entered in parentheses, in columns X 2 and X 3 of line III. If the previous opera- 
tions had been carried out in full, below' them would appear 25.38 in column A^ 
(column X4, line I, times -1), and 119.08 and -2,840.00 ({column AT line I] 

( 4.69206] and column X 4 , line 2 2 , times -1). When the three lines are totaled 
to give line 2 a, the items exactly cancel out, as before. 
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It should be noted that when all the items are entered in each line, including 
those in parentheses, the sum of the items in columns X 2 to X\ exactly equals, line 
by line, the item in column 2X. For that reason, if any error is fo un d when one of 
the 2 lines is reached, the line in which the error occurred can be determined by 
adding the items line by line, and verifying the totals against the individual check 
sums. To do this it is not necessary to enter the missing items, as has been done 
in Table 89 (in parentheses); instead, the items left out can be picked out by going 
up the columns for the particular variable concerned. Thus all the missing terms 
for line III (extensions for X 4 ) and the next two lines appear above in the X 4 col umn . 
Once the location of the missing items in the previous work has been learned, they 
can be used to verify the computations line by line, and any error readily located. 

The “back solution ” is simply the solution, in regular form, of lines IIP, IP and 
P for 64, 63, and 62. Thus line IIP, if written out, is 

-64 = 0.30944 

Hence 64 = - 0.30944, the value at the foot of column X 4 . Similarly, line IP, 
written out, becomes 

-63 - 0.090486 4 = - 0.15236 

Substituting the above value for 5 4 , and rearranging, 

63 = 0.15236 - (0.09048) (-0.30944) 

= 0.15236 + 0.02800 

These last two values are the same as shown at the foot of column X 3 , hence 
63 = 0.18036. 

Similarly line P, when written out in full, 

-b 2 - 4.69207&3 + 0.04142& 4 = - 0.04946 

Substituting values for 63 and & 4 , and rearranging, 

62 = 0.04946 + (0.04142) (—0.30944) + (-4.69207) (0.18036) 

= 0.04946 - 0.01282 - 0.84626 = - 0.80962 
exactly as shown at the foot of column X 2 . 

Having computed the values of the three regression coefficients, the final steps 
are (a) to check those values by substituting them in the last equation (line III, in 
full); (6) to compute the coefficient of multiple correlation; and (c) to compute the 
constant fli.234 for the regression equation. These steps are all shown in Table 90. 

The first operation in Table 90 is the final checking of the entire solution, includ- 
ing the back solution. This is done by substituting the values found for the b’s in the 
last equation of the normal equations. For this problem, that equation is: 

w (£2X4)62 4 - 2 (£3X4)63 + 2 (£4)64 = 2 xi£ 4 

The values of the 3 b ' s are entered in column 1 of the table, and the values of the 
corresponding coefficients of the unknowns, such as 2(x2£ 4 ) etc., are entered in 
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column 2. The product of each 6 with its coefficient is then computed, and entered 
in column 3. These add to 172.87, checking satisfactorily with the value of 2(: x\x \ ), 
172.86, as shown at the foot of column 2. 

The computation of the coefficient of multiple correlation, according to equation 
(46): 

^2 62(2X12:2) *f 63(2X1X3) + 64(2X1X4) 

2(z!) 


is shown in tabular form in columns 4 and 5. 


TABLE 90 

Final Steps in Solution of Multiple Correlation Problem 


Variable 

Regression 

coefficient 

(1) 

Equation 

III 

(2) 

Check 

(3) 

Equation 

Xi 

(4) 

Computation 
of R2 
(5) 

M eans 

(6) 

Computation 
of a 
(7) 

X* 

x» 1 

*4 

-0.80962 

0.18036 

-0.30944 

— 26.38 
2,720.92 
1,093.70 

20.55 

490.75 

-338.43 

30.31 

4,924.46 

172.85 

-24.54 

888.18 

-53.49 

10.308 

167.462 

105.846 

- 8.35 
30.20 
-32.75 

Sums.. . . 


172.85 

179 87 

qqft Q2 

810.15 

105.92 

-10.90 



1 < 0 # 



The values (2 xiX 2), etc., as shown in Table 88, lines 5, 8, and 11 of column Xi, 
and 2(xf), shown in line 14, are entered in column 4 of Table 90. Each product sum 
is multiplied by the corresponding 6, shown in column 1 , and the products entered 
in column 6. The sum of these products is then the numerator of the fraction in 
equation (46). The computation is then readily completed: 


^1.234 = 


810.15 

998.92 


0.8110 


R — 0.9006. With n = 13, and m = 4, 

R 2 = 1 - (1 - 0.811) V- = 0.784, and ** = 0 86 

The standard error of estimate may also be readily computed 

2(x?) = no\ = 998.92 

2[(x|) 2 ] = tut\\ = 810.15 
then since ru,\ - rur 2 z [ = na\ 

2z 2 = no\ = 188.77 

Since ^*ere are 13 cases and 3 independent variables, 

55.234 = = 20.97 

n — 7n 9 

and 


5i.234 - 4.58 
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The a for the regression equation is next computed. Using equation (39), 

0 1.234 = Ml — 62^/2 — 63 A/3 — 64 A/4 

we may arrange the work in tabular order as shown in columns 6 and 7 of Table 90. 

1 he means, from line 2 of Table 88, are entered in column 6, then multiplied by their 

respective 6’s, and the products entered in column 7. To complete the computation, 

following equation (39), the sum of this column is then subtracted from the mean 
of X 

*■ Qi.234 = 105.92 - (-10.90) = 116.82 

This completes the computation of all the linear multiple correlation constants. 
The results may be summarized: 

X'i = 116.82 - O.8IOX2 + O.I8OX3 - 0.309X4 
#1.234 = 0.86 
Si. 234 = 4.58 

Tables 87, 88, 89, 90, and the computations following 90, have shown every 
arithmetic step in obtaining these results, arranged in the most convenient form for 
ready computation and checking. For problems involving large numbers of observa- 
tions, the methods of computing the extensions, such as 2X| and 2X1X2, which are 
shown in tables 85 and 86, may be used in place of the individual-item method 
shown in Table 87; but, thereafter, the work is the same. The check sum may be 
carried through in computations like those shown in Table 86 just as readily as in 
the longer method, thus providing a complete check on all the tabulating, multi- 
plying, and adding. 

In solving the equations in actual practice, only the items that are not enclosed 
in parentheses in Table 89 would be entered. Table 91 illustrates this same form 
of solution for a six-variable problem. It is carried out step by step, just as was 
Table 89. A slightly different notation is used, but the procedure through line IIP 
is the same. Then following line IV, line IV-1 is obtained by multiplying line I 
by —0.256900, the coefficient in line I', column X$; line IV-2 by multiplying line 22 
by —0.414640, the value in line II', column Xs', and line IV-3 by multiplying line 23 
by —0.168107, the value in line IIP, column X5. A similar regular order is followed 
at the next step of the process, multiplying lines I, 22, 23, and 24 by the coefficients 
in column X&, lines I', II', III', and IV'. Table 91 also illustrates the calculation 
of the back solution, the final cheek on the values of the b’s by substituting in the 
last equation (equation V), and the computation of R. 

In entering equations V and A'i, in the second and fourth columns from the right 
in the last section of Table 91, we note that the sequence of the values, from the top 
to the bottom of the columns, is reversed from the sequence at the head of the table, 
from left to right for equation V, and from top to bottom for equation X’i. This is 
because the form of the back solution at the foot of the table places 616.2345 at the top 
of the regression coefficients and 612.3456 at the foot. Hence in entering equations V 
and Xi, they must start off with 2(x6) and 2(^X6) and end up with 2(x2^6) and 
— On-^)- Reversing the order, as shown, produces this result. 

V hen automatic calculating machines are available to perform the calculations 
shown in Tables 89 and 91, many of the operations shown can be performed in the 
machine without separate recording in the tables. Details of this short cut are 
given on page 478. 
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TABLE 91 

Doolittle Solution of Normal Equations for Six Variables 


Line 

Column Designation 

- 

Designation 

x 2 

*3 

A\ 

: 

* 6 

A, 

2X 



Equations to be Solved 


Eq.I 

100.00 

23.32 

19.86 

25.69 

10.64 

40.17 

219.68 

Eq.H 

(23.32) 

100.00 

17.47 

45.20 

21.39 

60.03 

267.41 

Eq. m 

(19.86) 

(17.47) 

100.00 

26.28 

0.33 

23.79 

in 

Eq- IV 

(25.69) 

(45.20) 

(26.28) 

100.00 

29.89 

68.07 

EM 

Eq. V 

(10.64) 

(21.39) 


(29.89) 


35.53 

197.78 


Front Solution 


I 

I' 

n 

100.0000 

-1.000000 

23.3200 

-0.233200 

100.0000 

-5.4382 

94.5618 

-1.000000 

19.8600 

-0.198600 

17.4700 

-4.6314 

25.6900 

-0.256900 

45.2000 

-5.9909 

10.6400 

-0.106400 

21.3900 
— 2.4812 

40.1700 

-0.401700 

60.0300 

-9.3676 

219.6800 

-2.196800 

267.4100 

-51.2294 


U-l 


2, 


12.8386 

-0.135769 

100.0000 

—3.9442 

-1.7431 

39.2091 

—0.414640 

26.2800 

-5.1020 

-5.3234 

18.9088 

-0.199962 

0.3300 

-2.1131 

-2.5672 

50.6624 

-0.535760 

23.7900 

-7.9778 

-6.8784 

216.1806 

-2.286130 

187.7300 

-43.6284 

-29.3506 



in 


iii-i 



m-2 



ft. 



94 3127 
- 1 . 000000 

15.8546 

-0.168107 

100.0000 
-6.5998 
-16 2577 
-2.6653 

-4.3503 

+0.046126 

29.8900 

-2.7334 

-7.8403 

+0.7313 

8 . 9338 
-0.094725 

68.0700 

-10.3197 

-21.0067 

-1.5018 

114 7510 
-1.216700 

295.1300 

-56.4358 

-89.6371 

-19.2904 

Ill' 



IV 



IV-1 




IV-2 




IV-3 









74.4772, 
— 1 000000 

20 0476 
—0 269178 

35 2418 
-0.473189 

35.5300 
—4.2741 
— 10 1306 
+0 4121 
-9 4863 

129.7667 

-1.742367 

197.7800 
-23.3740 
-43 2279 
+ 5 2930 
-34 9303 





v 




I . VvUvvv | 

100.0000 
-1.1321 
-3 7810 
-0 2007 
— 5 3964 

V-l 





V-2 





V-3 





V-4 




• ••••••••• 

ft 






12.0511 
-0 134664 

101.5408 

-1.134064 








Back Solution 

Eq. V 

Check 

m 

Compu- 








tation 


&12-3I5« 

biz-ut* 


t>is 2346 




■h 

of & 


+0.401700 

+0.535759 

+0.094725 

+0.473189 

+0 134664 






-0.014328 1 

-0.026928 

+0.006212 

-0 036249 

+0.134 664 

100 on 

13.4664 

35 53 

4.7846 


-0.112250 

-0.181173 

-0.073453 

+0.436940 


29 89 

13.0601 

68.07 

29.7425 


-0.005458 

-0.003731 

+0.027484 



0 33 

0.0091 

23.79 

0.6538 


-0.075540 

+0.323927 




21 39 

6.9288 

60.03 

19 4453 


+0.194124 





10 61 

2.0655 

40,17 

7 . 79.80 






1 Eq. V = 

* 35 53 

35.5299 


62.4242 



62.4242 

3 

*1 


62.4242 

100.00 


R «= Vi) 024242 = 0 790000 


Standard errors of partial regression coefficients and standard error of an indi- 
vidual estimate. The computation of standard errors of net or partial regression 
coefficients by equation (74), as discussed in Chapter 18, and of standard errors of 


















































470 


APPENDIX 1 


an individual estimate, by equations (77) or (81), as described in Chapter 19, may 
be much simplified by the following procedure: 

For three independent variables, set up the normal equations: 

2(a^)C22 + 2(X2X3)C23 + 2(X2Xi)C24 = 1 

2(X2X3)C22 4- 2(£3)C23 + ^ ( 2 : 3 X 4)024 =0 

2(2:2X4)C22 + 2(X3X4)C2 3 *+* 2(x|)C24 = 0 


Solve simultaneously to obtain the values for 022, C23, and C24. Then set up 
exactly the same set of equations, with 032, C33, and C34 as the unknowns, and with 
0, 1, and 0 to the right of the equal signs, in the first, second, and third equations, 
respectively, and solve. Then set up again, with C42, C43, and C44 as the unknowns, and 
with 0, 0, and 1 to the r.-ght of the equal signs, and solve again. The standard 
errors of the regression coefficients may then be found by the following equations 
(for proof, see Note 13, Appendix 2): 


<n>i2.u = £1.234 v C22 

^13.24 = £l.234 ^C33 
0&14.23 = £l.234 ^C44 . 


( 101 ) 


It will be noted that, except for the values to the right of the equal sign, the 
coefficients of the equations are exactly the same as those required to obtain the 
values of 612.34, &13.21, and 614.23- For that reason the values for C22, C33, and C44 may be 
most readily calculated by introducing as many new columns in the form of the 
Doolittle solution (Table 91) as there are independent factors, between the columns 
for X\ and 2. These columns will be 


Line 

Error 62 

Error 63 

Error 64 

. Error 65 

(Eq. I) 

1 

0 

0 

0 

(Eq. II) 

0 

1 

0 

0 

(Eq. Ill) 

0 

0 

1 

0 

(Eq. IV) 

etc. 

0 

0 

0 

1 


These values can be included in the check sum, and the operations carried through 
for them just as for the other columns until the “back solution” to find the 6’s is 
reached. Then a separate “back solution” can be run for each set of “c” values, 
starting with the values in each “Error” column just as the back solution to find 
the 6’s started with the values in the X\ column. 2 


2 For an explanation of why this process and equation ( 01) gives the standard 
error of the 6’s see Note 14, Appendix 2. For other uses of the “c” constants, see 
R. A. Fisher, Statistical Methods for Research Workers , seventh edition, pages 160-168. 
Oliver and Boyd, Edinburgh and London, 1938. 
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TABLE 92 

Solution op Normal Equations by the Doolittle Method, to Calculate 

Regression Coefficients and Their Standard Errors 


Line 

Designation 


Column Designation 




Xi 

Xi 

Xi 

c 2 

c* 



2(X + c ) 


Equations To Be Solved 


2,875.16 

44,879.23 

2,720.92 


-25.38 30.31 

2,720.92 4,924.46 

1,093.70 172.85 


Front Solution 



3,493.86 
65,400.77 
63.09 



612.77 

1.0000000 


I (-4.6920704) 


2,875.16 

4.6920704 

44,879.23 

-13,490.45 

31,388.78 

• 1.0000000 


m 

1(0.0414185) 
2,(— 0.0904782) 

St!!""!!!!! 


-25.38 

0.0414185 

2,720.92 

119.08 

2,840.00 

0.0904782 

1,093.70 

-1.05 

-256.96 

835.69 

1.0000000 


30.31 

■0.0494639 

4,924.46 

-142.22 

4,782.24 

0.1523551 

172.85 

1.26 

-432.69 

-25S.5S 

0.3094210 


1.00000 

0.0016319 

0 

-4.69207 

-4.69207 

0.0001495 


0.0414185 

0.4245300 

0.4659485 

0.0005576 


1.00000 

0 

1.00000 

■0.0000319 

0 

0 

0.0904782 

0.0904782 

0.0001083 


3,493.86 

5.7017477 

55,400.77 

■16,393.44 

39,007.33 

1.2427157 


1.0000 

0 

0 

1.0000000 

0.0011966 


578.49 

0.6922304 
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Table 92 shows all the computations necessary to compute all the b’s and c’s from 
the product sums calculated in Table 88, except for the back solution on X h as shown 
in the lower section of Table 89 . Table 92 thus replaces all of Table 89 , except this 
last section. In practice, this back solution would be included in Table 92 ahead 
of the three back solutions on C2, C3, and c 4. 

In computing Table 92 , the work in the c columns is carried out to two more 
decimal places than in the other columns. This is necessary because of the small 
size of the values involved. It should also be noticed that in the back solution on 
c 3 , only C34 and C33 are calculated directly. Since C32 is identical with C23, the value 
previously calculated for the latter is inserted instead. Similarly, the back solution 
on C44 involves no additional calculating at all, since C44 is copied down (with the sign 
changed) from line IIP, C24 is written down for C42, and C34 for C43. Only the com- 
putation by substitution in the check equations is involved. Even that computation 
can be omitted for the C4 values, since each of them has been checked earlier — C42 and 
C43 by substitution and C44 by the check sum in lines Z3 and IIP. 

As a result of these computations, the following values are secured: 

c 22 = 0.00259; c 33 = 0.000042; c 44 = 0.00120 

Since £1.234 = 4 . 58 , the standard error of the b’s may be readily calculated by 
equation ( 101 ) 

<r 6 1 2.34 = 4.58 V" 0.00259 = 0.233 

% 3.04 = 4.58 vo.000042 = 0.030 

47 6 14 .2 3 = 4.58 Vo.00120 = 0.159 

The net regression coefficients may then be stated 

612.34 = - 0.810 ± 0.233 
613.24 = 0.180 ± 0.030 

614.23 = - 0.309 ±0.159 

Just as in the illustrations discussed in Chapter 18 , some of the net regression 
coefficients are much more reliable than are others. If we assume that the conditions 
of random sampling are fulfilled, there is some possibility that the regression for 614.23 
in the universe from which the sample was drawn is really positive instead of negative; 
but there is only a very slight chance that 612.34 is really positive, and it is almost a 
certainty that 613.24 is really positive, and above 0.1. 

The computation of the standard errors of the net regression coefficients, by 
the method just presented, is not a difficult one. It should be made an integral part 
of every multiple correlation solution, so that not only will the regression coefficients 
be obtained, but also the amount of confidence that can be placed in each value will be 
determined. Only if that is done can the regressions be interpreted with confidence. 

The computations shown in Table 92 also give all the values needed to estimate 
the standard error of an individual estimate. Substituting these values in equation 
( 77 ), and using the value for £1.234 previously calculated on page 467 (in practicer 
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the calculations on that page would all be made after Table 92 was calculated, in- 
cluding the back solution on Xi), we have: 


(X) 4 *,-,, = 4.58 l + i + .00259x2 + .000042x1 

lu 


+ .00120x1 + 2(-.00020 )x 2X 3 + 2(.00056)x2X 4 + 2(-.00011)x3X 4 


-i 


The use of this equation may be shown as follows: Suppose we draw a new 
observation from the same universe as that from which the original sample (shown 
in Table 87) was drawn, and the new observation has values of 18 for X 2 , 300 for X3, 
and 90 for X 4 . After we estimate the probable Xi value from the regression equation, 
how much confidence can we place in that estimate? 

The estimated value works out as follows: 

The regression equation (from Table 90) is 

X[ = - 10.90 - 0.80962*2 + 0.18036*3 - 0.30944* 4 
= - 10.90 - 0.80962(18) + 0.18036(300) - 0.30944(90) 



Before the values of * 2 , *3, and * 4 for this new observation can be substituted in 
equation (X), they must be put in the form of x 2 , X3, or x 4 . Using the means shown in 
Table 86, we calculate 

x 2 = *2 - M 2 = 18 - 10.31 = 7.69 
X3 — *3 — Mz = 300 - 167.46 = 132.64 
x 4 = * 4 - Mi = 90 - 105.84 = - 15.84 

Substituting these values in equation (X), we have 

= 4.58 1 + ~ + .00259 (7.69) 2 + .000042(132.64) 2 

L. 13 

+ .00120( — 15.84) 2 + 2 (-.00020)(7.69)(132.64) + 2(.00056) (7.69) (-15.84) 
+ 2(-.00011)(132.64)(-15.84)J = 10.0205 

<r z' 1 —z l — 3.17 

We can now say that our estimate of *1, for the new observation with A r 2 = 18, 
*3 = 300, and * 4 = 90, is X[ = 0.79 ± 3.17. Alternatively, applying the method 
explained on pages 343 and 344 of Chapter 19, we chn say we feel confident that the true 
of *1 for the new observation will lie between —6.37 and 7.95, knowing that 
such a statement will be wrong in only one out of twenty such statements, on the 

average. 

It is evident from this illustration that the standard error of this particular 
climate, 3.17, is larger than the standard error of estimate for the sample, 2.14. 
That is because the values of the independent variables for this new observation lay 
near the extremes of their several ranges in the sample. It is also evident that the 
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value of will vary with each new observation, depending on the combination 

of values for the independent variables in each observation. 

Coefficients of partial correlation. Computation of the coefficients of partial cor- 
relation by equation (50) involves the calculation of the multiple correlation of the 
dependent variable with successive sets of the independent variables, with a different 
independent variable left out in each set. Thus, for the four-variable problem whose 
solution is shown in Table_89 (and 92) the three coefficients of partial correlation 
involve not only the value /fi. 234 , but also # 1 . 23 , # 1 . 24 , and R\.u- These may be cal- 
culated readily by the same process shown in Table 89. It is not necessary to repeat 
the process three times, however, as the several columns may be rearranged with little 
additional calculation to omit each independent variable in turn. The first two stages 
in this process are illustrated in Table 93. The values for lines I and I' and £2 and II' 
are copied from Table 89, as shown in the first four lines of Table 93. The columns 
X\ and 2X are dropped, however, as they are not needed at this step. 

Lines I' and IT give all the information needed for the “back solution" with 
omitted. This is accordingly given in the second section of Table 93, using the same 
form as in the back solution of Table 89. The verification of the 6’s by substitution 
in equation II, and the calculation of tfi .23 by use of equation I are also shown, organ- 
ized the same as in Table 91. 

The next step is to enter the values necessary for the “front solution" with X 3 
omitted. This is shown in the third block of Table 43. Lines I and I' are entered 
again, with the column for X 3 omitted. Lines III and (0.04142) (I) are copied from 
Table 89 for columns X 4 and X\. All that is necessary to complete the front solution 
is to add the new' totals, £ 3 , and to divide col. X\ by col. X\ t to get the new line 
21 IT, and then to proceed with the back solution, as before. The check on equation 
III and the calculation of R\. 2 a by substitution in equation I are also shown under 
the back solution on X 3 . 
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If#'? TABLE 93 

Doolittle Solution op Normal Equations, to Find Coefficients of Partial 

Correlation, for Three Independent Variables 


Line 

Desig- 

nation 

Column Designation 

Xi 

x 3 

Xi 


I 

P 

2, 

IT 

612.77 

- 1.00000 

2,875.16 

-4.69207 

30.31 

-0.04946 


31,388.78 

- 1.00000 

4,782.24 

-0.15236 

Back Solution, Xa Omitted 

Eq. II 

Check 

Eq. I 

Compu- 
tation of 

#1.23 


&12.3 

&13.2 

+0.04964 

-0.71488 

—0.66524 

+0.15236 

+0.15236 

44,879.12 

2,875.16 

6,837.78 

-1,912.67 

4,924.46 

1 30.31 

750.29 

-20.16 

4,924.46 

4,925.11 

998.92 

730.13 


**«• = Hi - °- 730919 




29.24 

998.92 


= 0.029272 
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The final step in computing the needed coefficients of multiple correlation in- 
volves calculating # 1 . 34 . Since this involves rearranging Table 89 to omit X 2 , which 
appears in the first column, it is necessary to carry through an entire new front solu- 
tion, with X 2 omitted. This process is shown in Table 94. (The column 2X is a 
new 2, obtained by adding the values in columns X 3 , X 4 , and X\ for lines II and III, 
and then using it as a check thereafter.) 

In problems where there are four independent variables, this new back solution 
should be arranged in this column order X 4 , X 5 , X 3 , X 2 , X\. After the entries were 
calculated through the front solution, two back solutions could then be run, one 
leaving out the X 2 column, and one the X 3 column. Where there are six independent 
variables, a third step could be used by repeating the last two steps of the front 
solution for the third independent variable to be dropped out; or a complete new 
solution could be run with X 3 and X\ occupying the last columns before X\. In many- 
variable problems, various other time-saving combinations can be worked out by the 
ingenious computer. 


TABLE 94 

Doolittle Solution of Normal Equations, to Find Coefficients of Partial 
Correlation, for Three Independent Variables (■ continued ) 


Line Desig- 

Column Designation 

nation 

x 3 

x 4 

X! 

2X 



II 

44,879.23 

-1.00000 

2,720.92 

-0.06063 

4,924.46 

-0.10973 

52,524.61 

-1.17046 



IT 1 



III 

(— 0.06063)(II) 


1,093.70' 

-164.97 

172.85 

-298.57 

3,987.47 

-3,184.45 



"2 


928.73 

-1.00000 

-125.72 

0.13537 

803.01 

-0.86463 



Back Solution, X2 Omitted 


^13.4 

^14.3 

• 

Eq. Ill 

Check 

Eq. I 

Compu- 
tation of 

*1.34 


0.10973 

-0.13537 






0.00821 

-0.13537 

2,720.92 

-368.33 

172.85 

-23.39 


0.11794 


44,879.23 

5,293.06 

4,924.46 

580.79 




4,924.46 

4,924.73 

998.92 

557.40 


= K - °- 558o ° 2 
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Tables 90, 93, and 94 provide all the values necessary for the calculation of the 
partial correlation coefficients, using equations (47) and (50). These calculations 
may be tabled as follows: 


* 

( 1 ) 

(2) 

(3) 

(4) 

Variables 

Uncorrected 

1 - R 2 

n - 1 

1 - R 2 


# 2 

n — m 

(3) X (2) 

1.234 

0.8110 

0.1890 

• 

-V 2 - = 1 • 3333 

0 . 2520 

1.23 

0.7309 

0.2691 

= 1.2000 

0.3229 

1.24 

0.0293 

0.9707 

If = 1.2000 

* 1.0000 

1.34 

. 0.5580 

0 . 4420 

-Hr = 1.2000 

0.5304 


1 . 0 . 


* Taken as 1.0 (largest possible value), when estimate of probable value exceeds 


^ 12.34 = 1 


^ 13.24 — 1 


^ 14.23 “ 1 


1 — R\ 234 0.2520 

= 1 1 - 0.4751 = 0.5249 


1 — # 1.34 


0 . 5304 


1 - # 1.234 0.2520 


1 ~ # 1.24 




1 . 0000 


= 1 - 0.2520 = 0.7480 


1 - # 5.234 0.2520 


1 - # 1.23 




0 . 3229 


= 1 - 0.7804 = 0.2196 


^ 12.34 = —0.72 

ri3.24 = 0.87 


^ 14.23 = —0.47 


The signs of the partial correlation coefficients are taken from the signs of the 
corresponding net regression coefficients, as shown in Table 89 or 90. 

Alternative methods of solving normal equations. The methods for solving 
normal equations and obtaining the various constants necessary in correlation 
analysis, which have been presented in Tables 89 to 94, inclusive, employ the so-called 
Doolittle method of solving equations, first developed by Dr. M. H. Doolittle, a 
computer in the Geodetic Survey . 3 His method involved slight modifications of the 
methods originally suggested by Gauss, the discoverer of the least-squares technique. 
(The solutions shown in Tables 93 and 94 involve short cuts added by the author of 
this book.) The use of the 0-1-0, etc., method of calculating error formulas (the 
reciprocal matrix), was also first developed by Gauss, and was revived by R. A. 
Fisher. Its further application to calculating the standard errors of an individual 
estimate was developed by Dr. Meyer Girshick of the U. S. Department of Agricul- 
ture, at the author’s request. 


* M. H. Doolittle, Adjustment of the primary triangulation between Kent 
Island and Atlanta base lines (Paper No. 3, Method employed in the solution of 
normal equations and the adjustment of a triangulation), Report of the Super- 
intendent, Coast and Geodetic Survey, 1878, pp. 115-120. 
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Since the normal equations are in the form of a symmetrical determinant, the 
methods of determinantal algebra can be applied in their solution. Those familiar 
with determinantal and matrix algebra may find forms of solutions based on these 
principles, developed by Frederick V. Waugh, 4 * more convenient than the methods 
illustrated here. Careful comparisons of the Waugh solutions with the Doolittle 
solutions by the author of this book, however, have revealed that the Doolittle 
method involves somewhat fewer calculations if all that is desired are the constants 
whose calculations have been illustrated to this point — the coefficients of net regres- 
sion and multiple correlation, the coefficients of partial correlation, and the standard 
errors for the regression coefficients and for individual estimates. If one also wishes 
to determine all the other possible coefficients of multiple and partial correlation 
(# 2.134 as well as # 1 . 234 , and r23.i4 as well as ^. 34 , etc.) and all the other net regression 
coefficients and equations (623.14 as well as 612.34, etc.), the Waugh method is faster. 
Since these additional coefficients are rarely used, and since the Doolittle method 
can be understood more readily by students whose mathematical training has not 
extended beyond relatively simple algebra, the presentation here has been restricted 
to the Doolittle method. 

A somewhat simpler short cut in the solution of the normal equations has been 
suggested by P. S. Dwyer . 6 He points out that much of the “front solution” 
involves subtracting a series of products from, or adding them to, a given figure. 
In Table 91, for example, the item that appears in line £4 of column X 5 is simply, 
the value: 

100.0000 + (25.6900) ( — 0.250900) + (39.2091)( -0.414640) + (15.8546)( -0.168107) 
= 74.4772 

With modern computing machines this value can be computed directly without 
clearing the total dial, using the reverse lever whenever the product is to be sub- 
tracted instead of added. This method saves reading off and entering in the table 
the values that appear in line I V— 1 , IV-2, and IV-3. It is slightly more accurate 
as it obviates the possible errors in rounding off each of the products as they are 
entered in the table. The calculations in the machine, for example, may be carried 
to ten decimal places, and only the final sum is rounded off. The method does 
involve one handicap, however, in that the multiplier (as for example —0.256900 
for line IV- 1) has to be set up on the keys separately for each column in turn, whereas 
in the usual method it can be set up and left in the machine as a constant multiplier 
as all the products clear across line IV-1 are computed. Whether this additional 
operation and possibility of error offset the other savings each computer can 
determine for himself. 

Using this Dwyer short cut all the way through, the front solution of Table 89 
would show only the lines I and I', Z 2 and IT, and Z 3 and III'. Similarly Table 91 
would show in the front solution only I and II', Z 2 and II', Z 3 and III', £4 and IV', 
and Z 5 and V'. Various other possible modifications of the Doolittle solution, all 
based on the same basic principle, are shown in Dwyer’s article referred to above. 

4 Frederick V. Waugh, Journal of the American Statistical Association, December, 

1935, and December, 1936. 

6 P. S. Dwyer, The solution of simultaneous equations, Psychometrika, Vol. 6 , 
No. 2, April, 1941. 
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Computing residuals for multiple curvilinear correlations. Where there are a 
large number of individual observations, the average residual around the net regres- 
sion line may be computed from group averages, instead of calculated for each 
individual observation as described in Chapter 14. This may save much time in 
calculating the average residuals to obtain the first approximation regression curves. 

After the net linear regression coefficients are computed, the observations are 
thrown into groups with respect to the first independent factor, say X 2 , and averages 
of each factor are computed for the records falling in each group. If there are four 
groups, for example, there will be four sets of averages. 


Value of X 2 

Average X 2 

Average X 3 

Average X\ 

0- 9 

A/ 2-1 

A/ 3-1 

A/ 1-1 

10-19 

A/ 2-2 

A/ 3-2 

A/l-2 

20-29 

A/ 2-3 

A/ 3-3 

1 A/ 1 —3 

30 and over 

A/ 2 — 1 

A/ 3—1 

A/ 1—1 


The average estimated value, A/*', may then be calculated for each group by 
substituting the means for that group in the regression equation. Thus for the 
first group, 

A/** = a + 62 ( 3 / 2 — 1 ) + b 3 (M 3 ^i) 

and 

lif 2 = Afi_i — M x > 

In a similar manner the average residual may be calculated from the group 
averages for each of the other groups, and then plotted as a departure from the net 
regression line, as illustrated in Figure 35 of Chapter 14. After the computation is 
completed for X 2 , the records may be reclassified with respect to A r 3 , new means 
calculated for each variable for each group, and the process continued just as for 
X% The same steps are carried out for each other independent variable in turn. 
This method may be used to determine the net residuals around curvilinear regres- 
sions fitted by mathematical curves just as well as for linear regressions. 

Once the first set of freehand approximation curves has been drawn, the remainder 
of the work has to be carried forward just as described in Chapter 14, as the average 
of values along a curve do not precisely represent that curve in the same way that 
the average of values along a straight line will represent that line. 

Auxiliary graphic processes with the short-cut graphic method. The short-cut 
method of determining a net curvilinear regression, described in Chapter 16, may be 
materially aided by using graphic methods in transferring departures from one figure 
to another, and in calculating the averages of the values as plotted. 

After the original observations are plotted and the first approximation to the 
regression fine or curve is drawn (as in Figure 51 of Chapter 16), the departures from 
that line must be plotted against the next variable. A procedure for making those 
transfers graphically is shown in Figures 77 to 81. The first step is to place an 
arrow in the middle of a strip of blank paper. Using the arrow to indicate the 
position of the regression line or curve, we mark off on the paper the vertical depar- 
tures of each observation from that line, with each observation indicated by its 
number. Figure 77 shows this process just as the first observation (29) is marked on 
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Cost per ton 



Fig. 77. This shows the start of the process of scaling off graphically the departures 
from the first approximation to the net regression line or curve. 
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78. This shows the process of scaling off the iiri»:u'huv* \ 


V U . ' ' 
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X,-f 2 (X 2 ) COST ADJUSTED FOR OPERATION RATE 



Fig. 79. Here the slip with the departures from the first approximation is moved 
to the next chart, ready to start transferring the departures to get the first 
approximation for the next variable. The first observation, for 1920, has been 

entered and checked off. 
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x " f * **** COST ADJUSTED FOR OPERATION RATE 



Fia. 80. The process shown at the start in Fig. 79 is here shown completed. 



20 - 2 / 
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the strip. Figure 78 shows it after several such values have been marked on the 
strip. The process is continued (with one or more strips of paper) until the vertical 
departures have been marked off for each observation. 

The next step in the process is to transfer these departures to the next figure, 
Figure 52 of Chapter 16. After the chart form has been prepared, the arrow on the 
slip is centered on the zero line, and the departures marked on the figure, with the slip 
moved to the corresponding X z value as ordinate. Figure 79 shows this step just 
after the value for the 1920 observation was entered on the chart. After the value is 
marked on the new figure, it is crossed off on the slip, to prevent confusion. Figure 80 
shows the process completed, just as the last value on the slip — that for the 1933 
observation — is entered. (It will be noticed that the values are transferred in 
sequence from top to bottom of the slip, to prevent confusion.) 

After the new curve is inserted on the chart, the next step is to transfer residuals 
from the new curve to the next figure. The departures can be scaled off from a 
curve as readily as from a line. Figure 81 shows the start of the next stage of the 
process, after the departures for the observations for 1920 and 1937 have been scaled 
off from the first approximation curve on Figure 52, and just as the value for 1936 
is entered. The process is completed and carried on to the next chart (Figure 53) 
just as illustrated above. The same process is used in transferring the departures for 
each stage in the approximation process, always scaling off the residuals jrom the last 
approximation curve, and plotting them as departures from the last curve on the 
next chart, prior to drawing in the new curve. 

After the departures are entered, averages of departures are sometimes needed. 
In such cases, graphic means can be used to average each group of observations. 
To do this, an approximate average is inserted by eye. Then all the positive depar- 
tures of the observations in that group from the approximate average are accumu- 
lated on one slip, scaled off each in turn as an addition to the other departures, and 
all the negative departures from the approximate average are accumulated on an- 


other slip. The difference between the two accumulations is divided by the number 
of cases, giving a plus or minus correction to the approximate average. At later 
stages when average deviations from a previous line or curve are desired, graphic 
accumulations can be used similarly, with the previous line used as the first approxi- 


mation to the new average. 
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Note 1 (Chapter 2). The formula for estimating the standard error of an average 
is derived as follows: 

Assume that we have N random samples of n observations each, all expressed 
in deviations, x, from the true mean of the variable, X, we are sampling. Designate 
the successive observations in each sample x', x", x'", etc., as shown in the following 
tabular statement: 


Obseivation 

Sample 1 

Sample 2 

Sample 3 

Sample N 

1 

x' 

x' 

x' 

x' 

2 

x" 

x" 

x" 

x" 

3 

x'" 

x'" 

x'" 

x'" 

4 

• • • • 

x"" 

• • • • 

x"" 

• • • • 

x"" 

• • • • 

z"" 

• • • • 

• • • • 

• • • • 

n 

• • • • 

• • • • 

X n 

• • • • 

• • • • 

X n 

• • • • 

• • • • 

X„ 

• t • • 

• • • # 



2X2 

2X3 

2xa r 


The first observations in the several samples (line 1) will have a standard devia- 
tion (ov) which will tend to approach the true standard deviation (a x ) of the universe 
of x’s from which the observations are drawn. As N, the number of samples, 
becomes larger and larger, a x > will tend to agree more and more closely with a x . 

The second observations in the several samples (line 2), will have a standard 
deviation ( a x >>) which will also tend to agree more and more closely with the standard 
deviation of the universe ( <j x ) as N becomes larger and larger. 

Suppose now that the first and second observations in each sample are added. 
Let this sum be designated xi+ 2 - That is, 


X' + X" = Xl + 2 

The standard deviation of all the xi+ 2 ’s from the N samples is, by definition, 


But each 



E(si+2) 2 
N 

(xi+2) 2 = (*' + x") 2 

= (x'f + 2x'x" + (x") 2 

SOri+ 2 ) 2 = 2(r') 2 + 2Xx'x" + 2(x") 2 
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If the successive observations in each sample, z\ x", x"', are obtained by true 
random sampling, they will not be correlated with each other; that is, a large value 
for x' will be just as likely to be followed by a small value for x" as by another large 
value. 

The correlation of x ' with x" will tend to approach 0 as the number of samples, 
AT, is increased. But if r x > x n = 0, 'Lx ’z" will equal 0. Hence, if the successive 
observations x' and x " are uncorrelated, the last equation becomes 

2 ( xi +2 ) 2 = 2 ( z ') 2 + 2 ( x ") 2 

Dividing by N 

2 2,2 

<r 1+2 ~ a z' T <*z" 

But a x > and <j x >< both tend to equal a z 

Hence 

a 2 + 2 = 2 a 2 , when N is very large. 

Similarly, if the first three observations are added, the standard deviation of 
their sum, xi+ 2 + 3 , will be 

2 2 2 2 
°"l + 2 + 3 = o z > -f- <7 X >> + a x "> 

= 3 <r 2 , when N is very large. 

So if all n observations in each sample are added, the standard deviation of the 
sum, xi +2+ will be 

2 2 2 1 2 

^1+2+ • • • +n = cr x > + o z " + . . . + 

= tut 2 x , when N is large. 


If each observation in each sample and also the sum of all the observations in 
each sample are divided through by n (the total number of observations in each 
sample), each x' will become x' /n, and each Lx will become Lx/n. The standard 
deviation for the series of values x'/n for the first observation in each sample may 
then be computed 

. (*'\ <*') 2 
each I - ) = — 5 - 
\n ) n 


and 


Dividing through by N, 


(0 


Z(x ') 2 NS? 


TV 


n 


and since o z > tends to equal <r z 


2 <rz' 


2 
2 


ax' In = , when N is very large. 


n 


The standard deviation for the second series of observation 

will be 


2 

Ox”/n 


2 2 
t? x" 


n 2 n 2 


x"/n, similarly 
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The standard deviation of the sums of x' /n + x" /n likewise will be 


2 2 

<7x'/ n +x"/n = -j + “o = 2 

rr rr tt 


2<r? 


So the standard deviation of the sums of all the n values x ' /ra to x n /n will be 


2 2 2 

Or 0 X 


2 V X , V X . . "X 

<7x'/n+x"/n+x'"/n+ ■ ■ • +z„/n — 2 H ; + . . . H X 

n n n 


nffi 

n 2 


2 

0\r 

n 


But the sums 2 


© 


2x 


of all the values x'/n to x n /n, that is the values — , are the 

n 

arithmetic averages for each sample, M x . Hence, under conditions of random sam- 
pling, the standard deviation of the arithmetic means of samples of n observations is 
given by the last equation, which may be written 


2 
o x 


<*x 


o M = — , and hence, om — r~ 
n y/n 

It should be noted that o x is the standard deviation of all the items in the uni- 
verse, not the standard deviation of the items in a random sample. It has been 
shown by “Student” (Biometrika, Vol. 6, p. 1, 1908) that the standard deviation, 
o B , of the items in a small random sample, calculated not from the true mean but from 
the mean of the values in that sample, tends to be less than the standard devia- 
tion, o x , of all the items in the universe from which that sample was drawn. To obtain 
an estimate of the true standard deviation which is free from this bias, the standard 
deviation calculated from a sample of n observations must be adjusted by the 
equation 1 

Zx 2 


ol = 


na\ 


n — 1 n — 1 


This is the origin of equation (6.1), given in the text. 
Hence 


om = 


vs 


It should be noted that an essential assumption made in deriving this formula 
is that the successive observations x', x", etc., are not correlated with each other. 
In many types of economic problems, such as time series, for example, this assump- 


1 For a more extended discussion of various adjustments to obtain an unbiased 
estimate of o x , see W. Edwards Deming and Raymond T. Birge, On the statistical 
theory of errors, Reviews of Modern Physics, Vol. 6, 119-161, July, 1934. 
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tion may be incorrect. 2 The effect of that fact upon the usefulness of error formulas 
for time series has already been discussed in Chapter 19, pages 349 to 356. 

Note 2 (Chapter 6). In fitting a straight line, the requirement is to determine, 
from the series of paired observations of X and F, values for a and 6 in the equation 

Y' = a + bX 

which will make the sum of the squares of the residuals, Y — F', as small as possible. 
The values whose sum is to be minimized are 

(F - F') 2 = (F - a - 6X) 2 

= F 2 + a 2 + 6 2 X 2 - 2a F - 2bYX + 2 abX 

The sum of these values is therefore 

2(F - F') 2 = 2F 2 + no 2 + 6 2 2(X 2 ) - 2a2(F) - 2 62(FX) + 2a62(X) 

To determine the values of a and b which will make 2(F — F') 2 a minimum, 
the partial derivatives with respect to a and b must be obtained and set equal to zero 


3(2(F - F') 2 ] 
0a 

0[2(F - F') 2 ) 
db 

Setting each equal to zero 


= 2 na - 22(F) + 262(A) 


= 262 (A 2 ) - 22 (FA) + 2a2(A) 


(I) 

and 

(II) 


2na - 22(F) + 262(A) = 0 

na + 2(A)6 = 2(F) 

262 (A 2 ) - 22(FA) + 2a2(A) = 0 

2(A)a + 2(A 2 )6 = 2(AF) 

Equations (I) and (II) are then the required normal equations, to be solved 
simultaneously, as given in footnote 2 of Chapter 5. 

Solving the normal equations for a and 6, the steps are as follows: 

(!) na + 2(A)6 = 2(F) 

, 2(A) , 2(F) 

a H 6 = 


n 


n 


a = 


2(F) 2(A) 


n 


n 


(I') 

and 

(II) 


a — ill jj ilf 


2(X)o +2(X J )6 = Z(XV) 


* This development follows that suggested in G. U. Yule, An Introduction to the 
Theory of Statistics, Chapter XVII, If 10, pp. 344-345, and Chapter XI, %2, pp. 210- 
211, in the sixth edition, C. Griffin & Co., Ltd., London, 1922. 
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substituting the value of a given above 


-hence 

(IP) 


2 (X)M V - 2 (X)MJ> + 2(X 2 )6 = 2 (XT) 
nM x M v - nM*J> + 2 (X 2 )b = 2 (IT) 

2 (X 2 )b - nM 2 Jb = 2 (AT) - nM x M v 

2 (XY) - nM x M v 
2(X 2 ) - nM 2 


Equations (P) and (IP) are then the equations given in the text as equations (10) 
and (9), to compute b and a. 

Note 3 (Chapter 6). In computing 2X 2 for a variable X, or 2 xy for two variables 
X and Y, the values are not at all affected if some constant value is subtracted from 
each item of the series before the computations are made. 

Let c represent the constant subtracted, and D\ represent X — c. 

Then 

D\ = (X - c) 2 = X 2 - 2 Xc + c 2 
2D? = 2X 2 - 2c2X + nc 2 

and 

Md v = M x — c 


Now from equation (5) 



Let 

Then 


Hence 


2X 2 = 2X 2 - nMl 


d = D\ — Md\ 

2d 2 = 2 D\ - nM 2 Dl 

= 2X 2 - 2c2X -{-nc 2 - n(M x - c) 2 
= 2X 2 — 2cnM x + nc 2 — nM\ + 2ncM x — nc 2 
= 2X 2 - nM 2 

2d 2 = 2x 2 


By an exactly similar process, if D\ = X\ — c\ and D 2 = X* — a, it can be 
proved that 

2(djd 2 ) = 2 (zi* 2 ) 

Similarly, if any variable, X, is multiplied or divided by a constant, c, the effect 
will be to multiply or divide 2x 2 by c 2 , and 2 xy by c. Hence, where X is divided by 
c, <t x and b x v will be divided by c, but b yx will be multiplied by c. 

For 

2 - = (2X) - 

c c 



NOTE 3a. (CHAPTER 7) 


491 


and 


And 


Hence 


M z , e = (it/*) 



(!)’■ 


2(X 2 ) \ 

C £ 


2 (^j - nMl /c = Z(X 2 ) l ~i - n(Ml) 


XX 2 - nU\ 


Xx 2 


So 


Likewise, 


Hence 


0*/e — 


<J X 




Y = 2(XK) - 

C 


Y - nM t , e M v = Z(XY) - 

c 


- nM * 0 ) 


M , 


XX Y - nM x M \ 


Similarly, 



K(z/c) — 



2 xy 

2x 2 - h** 


c 






Note 3a (Chapter 7). To prove that r yx , as computed by equation (23.1), 
equals r yx , as computed by equation (27), 

In equation (23.1) 
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cr y' is the <r of the series of values of Y' estimated from the equation 

Y' = a + b uz X 


(1) 

and 


Each y' — Y' — M v > 

- (. + v - (f + SfcS) 

= by x(X — M X ) = by X X 


2(XF) - nM x M v 


byz Z(X 2 ) - n(Mi) 


or in terms of departures from the mean 


b yx = 


Zry 

2x 2 


(equation [9]) 


Substituting this value in equation (I) above, we find that 


each 


each ( y 


«■ - (SO- 

, )2 = r mi 

’ L( 2 x 2 ) 2 J 

,t\2 = r 

; L & 2 ) 2 J 


2x 2 = 


(Zxy) 

2x 2 


and 

(II) 

By equation (23.1) 

(III) 


2 £xy) 

"‘'’--nXJ 


r vx = 


M 2 


Substituting in equation (III) the values of a\- given in equation (II), we have 

2 fry) 2 


r Vl — 


/< 


•v 2 ' ~ V 


hence 


and 


r v* ~ 


r yz — 


g 

«2x VJ 

g*y)* 

n 2 al<rl 


~xy 


TUXxffy 


But equation (27) gives 


2(A :Y) - nM x M v 


r v* = 


V [2(X 2 ) - nM 2 1 12(F 2 ) - wA/fl 
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which, stated in terms of departures from the means, becomes 


Tyz = 


Zxy 




_ 2xy 

TUJ&y 

Hence equations (23.1) and (27) are identical. 

Note 4 (Chapter 7). To prove for a very simple case that r\ x measures the 
proportion of variance in Y explained by X. Let a, b, c, etc., be series of variables 
with <r a — <n> = <r e , and with all intercorrelations such as r a &, r ac , etc., = 0. 


Let 


Then 


Y = a 4 b 4 c 
X = a + b 


r l/x — 


( 


*> 

Ph 

1 2 
°i c u 


yx 


n 


Since 


Here the symbol p vx is used to represent 
each (y)(x) = (a 4 b 4 c)(a 4 b) 


= <r 4 2 ab 4 oc 4 lr 4 be 


2(nt),2(«c),2(6c) = 0 


2(y)(x) =Za'~+Zb°- 

(,f) = (a 4 b 4 c) 2 

= cr + 2«6 4 2 ac 4 b 2 4 2 be 4 c 2 


Similarly, 


By similar proof, 
Hence 


S(y 2 ) = 2« 2 4 26* 4 2c* 
2tr) 2 


= 2a 2 4 26* 


?\2 


{o', 4 oh) 


r V* “ 


(a " a 4 ol 4 o' c ){a' tl 4 o't,) 

2 . 2 
o n i Of, 


o' a 4 ol 4 Oc 

= j (since o a = oo = o c ) 

Similar results will be obtained for other simple combinations of elements. 

Note 6 (Chapter 7). Instead of measuring the presence of correlation by 
paring the standard deviation of the estimated values with the standard deviation 
of the actual, the amount of absence of correlation may be measured by comparing 
the standard deviation of the residuals — the standard error of estimate with the 


corn- 
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original standard deviation. Thus in the horse-feed problem, where the coefficient 
of correlation — r yx — was found (before adjusting) to be equal to 3.47/7.92 or +0.44, 
for the straight-line relation, the standard error of the residuals was equal to 7.13. If 
we express this in proportion to the original standard deviation, it gives us the ratio 
oz!o y , or, in this case, 7.13/7.92, which equals 0.90. This term has been given the 
name coefficient of alienation , 3 since it measures the lack of correlation in exactly the 
same way that the coefficient of correlation measures the presence of correlation. 

In this particular case, the (unadjusted) coefficient of correlation is 0.44, and 
the coefficient of alienation is 0.90. The total of the two is considerably greater 
than 1.00. This, therefore, warns us that we cannot regard the coefficient of cor- 
relation as giving the percentage of correlation, or the coefficient of alienation as giving 
the percentage of absence of correlation. Except when one of the two values is equal 
to 0, the sum of the two will always be greater than unity. 

If we look back to the values from which these coefficients were computed — the 
standard deviation of the original dependent series, the standard deviation of the 
estimated values, and the standard deviation of the residuals, it is easy to see why 
this is so. The standard deviation of the original values, o v = 7.92; the standard 
deviation of the estimated values, a v >, = 3.47; and the standard deviation of the 
residuals, <j 2 , = 7.13. When we add the last two together, we find they equal more 
than the original standard deviation. Therefore, when we express each of them as a 
percentage of this original standard deviation, the sum of the two values is more than 
unity. But if we square these standard deviations, we find that a\ = 62.73, 
a\j, = 12.04, and a' z = 50.84. Here plus the <x\, 12.04 plus 50.84, is equal to 62.88, 
practically identical with 62. 73. 4 This will always hold true, as each individual 
Y’ + z = Y. It has already been proved (Note 1), that when Y‘ and z are not 
correlated, and Y = Y' + z, that then 


2 , 2 _ 

O y § l “ G 


o 

J 


which we have just observed to hold true in this case. 

If we measure the amount of correlation by dividing a\, by <x\, and the lack of cor- 
relation by dividing a\ by o\, we shall have two measures whose sum will always equal 
unity, so that when we know what one is, we can tell the other immediately. These 
values, al'/cl, and <r\/ol, are known respectively as the coefficient of determination 
and the coefficient of nan-determination. They equal the square of the coefficient of 
correlation (r 2 ), and the square of the coefficient of alienation (A: 2 ). In this case 
these values, (0.44) 2 and (0.90) 2 , are 0.19 and 0.81, showing that (if the adjustment 
for the number of cases is ignored) 19 per cent of the variance in feed is associated 
with days worked, and 81 per cent is not so associated. 

The adjustment of the coefficient of non-determination for the effect of small sam- 
ples, to obtain an unbiased estimate of the most probable value of k in the universe 
from which the sample is drawn, is 



n — m 


3 Truman L. Kelley, Statistical Method, pp. 173-175, The Macmillan Co., New 
York, 1924. 

4 The slight difference is due to rounding off decimals in entering the Y' values. 
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Applying this adjustment, k 2 for the horse-feed problem becomes 0.86, indicating 
that in the universe, it is likely that 86 per cent of the variance is independent of the 
days worked. 

Since the several measures of correlation are all derived from the standard devia- 
tions of Y, Y', and z, certain mathematical relations always hold among the unad- 
justed coefficients, as is shown following: 


or 


2,2 2 

c y , -f- <J i — Oy 



IT, 

+ -Z = i 

a v 


r zy + kjy = 1 (k = the coefficient of alienation) 




This last equation is useful in calculating S yz , the standard error in estimating Y 
from known values of X, when only the standard deviation of Y and the correlation 
of X with Y are known. As is shown in Chapter 8, the coefficient of correlation 
can be computed directly without first computing all the estimated values of Y 
(the Y' values) or without computing the individual residuals. When the correla- 
tion coefficient is thus computed, this last equation provides a short cut to tell what 
the errors in estimating values of Y from the known values of A' according to the 
straight-line relation are likely to be. 

Similarly, with curvilinear relations, 


2 i ° 2 

*1" + = <T~ U 

and 


o o 



These relations hold precisely true only when p is calculated for a mathematically 
etermined regression curve. For freehand curves, they are only approximately 

correct. 
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Note 6 (Chapter 12). The normal equations, to determine the “ best ” regres- 
sion values for two or more independent variables, are derived by exactly the same 
process as given in full in Note 2. Thus to determine the constants in the equation 

A’i = a + &2X2 4* ^> 3 X 3 + 64X4 

The value to be made a minimum is 

2(Xi - a - 62X2 - biX 3 - &4X4) 2 

Differentiating this with respect to a, 62, &3» and 64, setting the partial derivatives 
equal to zero, and transposing give the normal equations, stated in terms of sums of 
A’i, X2, etc. The equation may also be stated in terms of deviations from the means 

X\ = b&2 4* b 3 X 3 4* b^X 4 

This, by the same derivation, gives the normal equations as given in the text 
(equation [381). The constant, a, is then found separately by equation (39), which 
represents simply the separate solution of the first normal equation given by the 
first derivation, 

2Xi = na 4- 2(X 2 )62 4- 2(X 3 )6 3 4- 2(X 4 )& 4 

Hence 

2Xi 2X 2 , 2(X 3 ) S(X 4 ) 

a = 02 03 — 

n n n n 


This readily reduces to equation (39). 

Note 7 (Chapter 13). Coefficients of partial correlation are usually defined by 
the formula 

^12 — n 3 r 23 

^12. 3 / r oT 

VI - r\, X VI - r*, 


For coefficients with more variables eliminated, such as s> for example, this 
becomes 

ri2.34 — r15.54r25.54 
V(1 - r?5. M ) (1 - r 2 25.34) 

To determine the coefficients with several factors held constant by this method 
involves a lengthy process of elimination, variable by variable; and for that reason 
the method presented in the text is preferred as shorter, simpler, and more readily 
subject to checking. 

Note 8 (Chapter 13). It can be proved that the coefficient of multiple deter- 
mination (7? 2 ) measures the percentage of variance ascribable to the several inde- 
pendent factors for certain simple cases. Thus assume four variables, A, B, C, D, 
with all intercorrelations equal to 0, and all a equal. Let 1 = i + H + C. Ten 
correlate Y with A , B, and D. The regression equation will work out 

Y = a + A 4- 5[+0(D)) 

Computing By. add by equation (46), 


R 


byaidZyo. 4- b„b. n d2yb 4- byd.abZyd 


Y .ADD 


v.,2 

~y 


Each 


(y)(a) = (a 4- ^ 4- c)(a) = a 2 + ab + ac 

2(wa) = 2a 2 + 2a6 + 2ac = 2a 2 (Since r ab 


= r 


ac 


o) 
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V., 


Similarly 


And each 


and 


2(yb) = 26 s ; 2 (yd) = 2 d 2 

(y 2 ) = (a + H c) 2 = a 2 + 2a6 + 6 2 4* 2ac + 26c 4- c 2 
2(y2) = 2a 2 -f 26 2 + 2c 2 


Hence 


Ry.ABD 


(l)(2a 2 ) + l(2b 2 ) + 0 (2d 2 ) 
2a 2 + 26 2 + 2c 2 


And since all a’s are identical, 

p2 _ 2 


In this case, then, when T, composed of three equally variable non-correlated 
elements, is correlated with two of those elements, and with one other equal element 
which is not represented in Y and which is not correlated with elements present in 
Y , the multiple determination of Y by the two elements ( A and B ) is found to be f . 

Similar results will be secured for other experimental cases which may be set up. 

Note 9 (Chapter 13). The coefficient of part correlation was first worked out 
by B. B. Smith, in collaboration with the present author, and was first published in 
Correlation theory and method applied to agricultural research, pp. 57-60, Bure.au 
of Agricultural Economics, U. S. Department of Agriculture, August, 1926, (a mimeo- 
graphed publication). 

The formula for part correlation coefficients is derived as follows: 

Let ^34 equal correlation of x<i with x\ — &13.24Z3 — 614.23*4 

Let 

z = x 1 — b2X2 — 63x3 — 64X4 


Then 


each 


each 


So 


z - 4 - 62x2 = x\ — 63X3 — 64X4 


(l^) 2 = 


[2(2 + 62X2) (*2) F 


[2 (z + WHSxi) 


o 

(2 -f 622:2) (£2) = **2 4 - 622:2 

2(z 4" 62X2) (2:2) = 62^X2 ( r *x2 = 0, hence ~> zx 2 — 0) 


o o 


(z 4 - 62X2) 2 = z 2 4 - 262x22 4 - 62x2 
2(z 4- 62X2) 2 = 2z 2 4- 62^2 _• 


(l 2 r 34) 2 = 


6;(2xl) 2 


6Sxl 


(2z 2 4- 62^x2) (2x 2 ) " 2z 2 4- 6;2xi 


Zz 2 


2v_2 


DowJo 


va ]{\ — R \. 214) 

To 2 
VyJlG'l 


4- 1 


1 4 - 


< r \{\ — R \ 234) 
b¥i 


498 


APPENDIX 2 


Note 10 (Chapter 13). The coefficient of partial correlation, as used in biomet- 
ric work, is employed to measure the correlation in an hypothetical universe, from 
which all variation due to changes in the eliminated factors has been excluded. This ' 
correlation may then be compared to the simple correlation of the two factors, to see 
whether the closeness of relation is improved or not by excluding the variation in 
both variables associated with other factors. With the coefficient of part correla- 
tion, on the contrary, all the original variation in the independent factor is left in 
it, and only the dependent factor is adjusted. 

Note 11 (Chapter 13). Separate determination. Neither the coefficients of 
partial determination nor the coefficients of part determination equal, when totaled, 
the multiple determination of X\ by X% Xz, and X 4 . That is b cause both these 
types of measures are computed on bases which change from variable to variable; 
hence their sums, when several are added together, have no mathematical significance. 

1 here is, however, a third type of coefficient, which parcels out among each of the 
several independent variables that part of the variation in the dependent variable 
which each one of them seems able to account for, when estimates of the dependent 
variable are made from all of the independent variables. To distinguish this type 
from the coefficients previously presented, they may be termed coefficients of separate 
determination. 

Using (/ 12.34 to represent the separate determination of Xi by X 2 , when X 3 and X\ 
are also considered, we may compute it by the formula 


dl2.3-l 


£>12.34 

V 


#1.234 

(*l) _ _■/?!. 234 




003) 


Each of these values has been used previously in computing the coefficient of 
multiple correlation, so the determination coefficient may be readily calculated. 

\\ hen the several coefficients of separate determination are added together, their 
sum is equal to the coefficient of multiple determination, # 2 . Comparing the last 
equation with equation (40) for li 2 , we readily see that 


R 1.234 


£>12.34 ( 2 *| 

. 2 (x?) 


2*1*2) hi 3. 24 ( 2 * 1 X 3 ) ftl4.23(2jiX4)~] [" #1.234 


+ 


2(*i) 


+ 


(*i) J LrI 


234 


] 


The three terms on the right are the three coefficients of separate determination, 
'£ 12 . 34 , ^ 13 . 24 , and d 14 . 23 - These coefficients are the simplest to compute of any of the 
three types which have been discussed, the computation of their values being readily 
made a part of the process of working out R and S. 

Working out the last equation for acres and income, in the 4-variable problem, 
we find that it becomes 




(1.20584) (0.71) 
(272.76) 



0.690 

228.19 


0.00302 


The corresponding values are 0.630 for the separate determination of income by 
cows and 0.171 for the separate determination of income by number of men. 

The coefficients of “separate" determination are the easiest of all to compute, 
and have the further advantage of adding to a definite sum (# 2 ), and hence being 
directly comparable one with another. The disadvantage in their use, however, is 
that under certain conditions the value of one or more coefficients will prove to 
be negative. Off-hand it seems difficult to explain how the “determination” of 



NOTE 11. (CHAPTER 13) 


499 


t. 


any variable can be less than nothing. (This result will be obtained whenever the 
gross or apparent correlation and the coefficient of net or partial regression are of 
opposite sign.) The explanation is simple, however. Although the total variation 
in the estimates of the dependent variable is obtained by adding the contributions 
from the several independent variables, it does not follow that all variables will be 
influencing the estimate in the same direction at the same time — all tending to give 
low values when the actual value is low, or all tending to give high values when 
the actual value is high. It sometimes happens that one variable may tend to 
work counter to the other variables, usually preventing the final estimate from 
going so low as it otherwise would vhen the general effect is downward, and tending 
to keep it from going so high as it otherwise would when the others are forcing it up. 
It is under such conditions that negative coefficients of separate determination are 
obtained; they do not mean that the variable has no significance, but that its influence 
is usually exerted counter to the influence of other variables. 

When there is very high intercorrclation between the several independent varia- 
bles, the coefficients of separate determination may vary quite erratically, and hence 
become of little significance. Under such conditions other measures of the individual 
importance of the several factors will need to be employed. 

Although nothing is known of the sampling error involved in determining coef- 
ficients of separate determination, since they are computed from standard deviations, 
product sums, and net regression coefficients, their standard error must be some 
function of the standard error of these other coefficients. It is under the conditions 
noted in the preceding paragraph that net regression coefficients have the least 
reliability, so it may be that a problem which fails to yield reasonable separate 
determination coefficients may also fail to yield reliable values for the other measures 
of determination. 


There seems to be evidence that coefficients of separate determination are less 
stable, and more subject to random error, than any other measure of the importance 
of individual factors. On account of their ease of computation, they have been much 
used in the past; but it is doubtful how much confidence can be placed in them, lor 
that reason it seems best to use the other measures, and discard this measure until 
its reliability has been more definitely determined. 

The relation between beta coefficients and coefficients of separate determination 
rna y ** shown algebraically. 

The normal equations for determining the regression coefficients 


2^2X462 + 2 x 3 a- 4&3 + -xj; | = w-TlXj 

also be written after dividing through by //, the number of cases, and dividing 
column by the corresponding standard deviation. Solution of thcM* 
equations, which are shown below, then gives tin- values for the partial (net) beta 

coefficients. 


(II) 


02 + *2303 + *2 i0i — rj2 
*2302 + 03 + *"3404 = *13 
*2402 + *3403 + 01 = *14 
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For the first set of equations (I) the separate determination of X\ by X2, </i2.34, 
is given by the equation 

, 622x122 f , 612.342x1X2^ 

“12.34 l J-B., ^X^ / 

i 

In terms of the values given in the second set of equations (II), the coefficient 
of separate determination would be computed 

dl2.34 = = /3 12.34 r 12) 

Substituting the value for ri2 given by the first equation of the second set, we 
see that this becomes 

dl2.34 = 02(02 4* 7*2303 + 7*2404) 

= 02 + 7*230203 + 7*240204 

Similarly, 

dl3.24 = 03 + 7*230203 + 7*340304 

and 

^14.23 = 04 + 7*240204 + 7*340304 

It is evident from this that each coefficient of separate determination consists of 
one portion, 0 2 , which is, as Dr. Sewall Wright named it, the “direct determination'’ 
by that independent variable; plus (or minus) a pro-rated share of the joint deter- 
mination of that variable with each other independent variable. Since T230203 con- 
tributes equally to both c/12.34 and c/13.24, this “joint determination is simply divided 
equally between both independent variables. As only the direct determination 
(d 2 ) can be said to reflect the separate influence of the particular independent varia- 
ble, the further attempt to allocate or split up the joint influence is unsatisfactory. 
For that reason, the several betas (or their squares) seem the best measures of the 
separable importance of each variable, the combined influence of variables acting 

jointly being left out of the distribution. 

This explanation follows that developed by H. R. Tolley, and presented in full in 
the bulletin by F. F. Elliott, Adjusting hog production to market demand, University 
of Illinois .4 gricultural Experiment Station Bulletin 293, 1927. See also Sewall W rig F 
Correlation and Causation, Journal Agricultural Research , Vol. XX, No. 7, pp. 

575. 

.Note 12 (Chapter 13). Given the multiple regression equation 

AT = a 4- 62 A' 2 + 63X3 + 64 A4 

let /?(x,-*..y 2 ).3.4 represent the correlation between (Xi - 63X2], and X 3 and X 4 - 

To find the formula for this correlation: 

(’sing departures from their means for all variables 

z = xi — 62x2 — &3*3 — &4X4 

hence 

63X3 + 64X4 = xi — 62x2 — * 
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The required correlation is therefore that between 

[xi — 62 x 2 ] and [xi — M 2 — A 

From equation (27) it is equal to 


2((xi — 62X2) (xi — 62X2 — z )] 


Each 


and 


V 2 (xi — & 2 * 2 ) 2 2 (X 1 — M 2 — Z ) 2 
(xi - 62X2) (xi - 62X2 - z) = (xi - M 2) 2 - ZXl + &1ZX2 
2 [(xi - &2X 2 )(xi - 62x2 - z)l = 2 (xi - M 2) 2 - 2 zxi + &i2zx 2 


Since z is uncorrelated with X 2 , 2zx 2 = 0. 

The value of 2zx 1 may be evaluated as follows: 

xi = 62X2 + M3 + &4X4 + z 
ZXl = &2ZX2 + &3Z3 + ^42X4 + Z 2 
2zxi = bzZzx2 + bzLzxz 4 - b^zx\ -f* 2z 2 


But 


hence 


Therefore, 

Similarly, 


r*2 = r zj = r Zi = 0 

2 zxi = 2 z 2 

2 [(xi - 6212) (Xi - 62x2 - *)] = 2 (n - fc2X 3 ) 2 - Zz 2 


may be shown to equal 


Hence 


2(xi - & 2 X 2 ~ Z ) 2 
2 (xi - 62 X 2) 2 - Zz 2 

Z(x, - &2X2 ) 2 - Zz 2 


And 


flW'-hXdA* V2(x, - b 2 X 2 ) 2 VS(x, - 62 X 2) 2 - Zz 2 

4 _ [2(xi - M 2) 2 - 2z 2 ! 2 

«<X 1 -W). 3.4 - [2(X1 _ 62X 2 ) 2 J[2(X1 - M*) 2 - Z^j 

2(xi - M 2) 2 - Zz 2 
2 (xi - Mz) 2 


= 1 - 


2 z 2 


1 - 


- 1 - 


2 (xi - M2) 2 
2 

<7z 

a 2 — 2bipi2 + b\x\ 
<T ](1 — /? 1.234) 


a 2 — 262 


2 xiX 2 


+ b]a\ 


n 
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Note 13 (for Appendix on Methods of Computation.) To prove that the equation 

(101) . 

**13.24 = £l.234 

gives the same value as that given by equation (74) 


fx j. = I ^1.234 
Crfc 13-24 \ -T- -= 

>0^3(1 — /?3. M )n 


(74) 


For a problem in two independent variables, C33 is obtained by the simultaneous 
solution of the equations 

2 (22)032 4 - 2 (£2X3)033 = 0 

2 (£2X3)032 +2(X3)C33 = 1 

Solving by the Doolittle method, we have 

2 (£2)032 + 2 (£2x3)033 = 0 
2 (£2x3) 

— C 32 v'2 C 33 = 0 

^£2 


2 (£2X3)032 + 2 ( 4 )C 33 = 1 

•e, x (2(X2£3)1 2 

2 , (£2X3)032 V/ 2 \ — c 33 = 0 

"(£2) 


and 


Hence 


033 


r zc 4 ) - ® 


[2(£2£ 3 )1 2 1 

( 4 ) J 


= 1 


1 

C33 


- = 2(4) - 


[i (x 2 £3) ) 2 


S(x 2 ) 2 

[S(X2X3)1 2 

2(x 2 ) 2 2(£ 3 ) 3 

= — rfo) 


- 2*1 [1 - 


] 


1 


C33 = 


mr5(l — r 2 3) 


Substituting this value for 0 33 in equation (101), we obtain 

V 613 . 2 = <Si.23\/43 


• Sl " x/aa ,u 


-4 


V 2 

01.23 


n<r 3 (l — r 23 ) 
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This is seen to be identical with the value given by equation (74), when written 

for the corresponding coefficient. The equations to determine 022 for a problem of 
three independent variables are 

2 (2:2)022 + 2 (222:3)023 -f 2 (£2*4)024 = 1 

2 (2223)022 + 2(23)023 + 2(2324)024 = 0 
2(2224)022 + 2(2324)023 + 2(24)024 = 0 

If these equations are solved simultaneously, it will be found that the value for 
C 22 will be 

= 1 
^ 1(1 — ^2.34) 

and substituting this in equation (101) will again show that result to be identical with 

equation (74). This same proof may be carried through for any number of inde- 
pendent variables. 
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CHARTS FOR INTERPRETING OR ADJUSTING 

CORRELATION CONSTANTS 

Reliability of small samples. The accompanying figures will serve to facilitate 
and simplify many of the computations which are discussed in the text. 

Figure A is an extension of Table A, in Chapter 2. For random samples of vary- 
ing sizes, it gives the average proportion of samples of each given size in which the 
observed mean will miss the true mean in the universe by more than the stated 
multiple of the standard error of the mean, as computed from each sample. The 
figure is drawn for 2, 3, 4, 5, 6, 7, 8, 10, 12, 16, 20, 30, and oo observations, and 
may be used for any desired multiple of the standard error from 1.0 to 6.0. By 
interpolation, values for intermediate sizes of samples may be read. The figure is 
read by entering with the desired multiple of the standard error (shown at the 
bottom) and noting the ordinate where the line for the given number of observations 
intersects that abscissa. The ordinate then gives the average proportion of samples 
in which such a departure will occur solely by chance. The figure may also be 
entered with a desired probability and the given number of observations, to deter- 
mine what multiple of the standard error must be taken to give that degree of relia- 
bility. Thus if with 10 observations a reliability of 0.95 was desired, the figure 
indicates 2.26 times the standard error. That is, with 10 observations, in 5 samples 
out of 100, on the average, the true mean will not come within the range covered 
by observed mean ±2.26 S.E., if the sample was drawn under the conditions assumed 
in random sampling. 

Just as with Table A, Figure A may be used to judge the reliability of certain other 
coefficients, by subtracting 1 from the number of observations for each additional 
degree of freedom removed in determining the constant. For coefficients of simple 
regression, 1 must be subtracted; for partial or multiple regression coefficients, sub- 
tract the number of independent variables from n; for curvilinear regressions, 

subtract (m — 1). 

Figure A is based upon the results given by “Student” in his article, New tables 
for testing the significance of observations, Melron V, No. 3, pp. 105-120, 1925. 
It is comparable to Fisher’s t table, with n here equal to Fisher’s n', or his n + 1. 

Reliability of observed correlations. Figures B, C, D, and E have been discussed 
in Chapter 18, pages 319 to 324. These figures provide a ready means of judging 
the probable minimum value for the correlation in the universe, with any observed 
value and any given size of sample. The chart is entered with the observed correla- 
tion as abscissa; the ordinate for the intersection of that abscissa with the curve for 
the given size of sample gives the probable correlation. Thus if a coefficient of 
simple correlation, = 0.65, is obtained from a sample of 22 cases, the researcher 
will know from Figure B that, if he makes the statement that the true correlation in 
the universe is at least 0.38, he will be wrong in only 5 per cent of such statements, 
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Proportion of samples 
in which specified 
departure will occur 
by chance 


0.50 


0.45 


0.40 


0.35 


0.30 


0.25 


0.20 


0.15 


0.10 


0.05 



20 2.5 3.0 3.5 40 45 

Number of times the standard error 


1‘ ia. A. The proportion of random samples in which the observed mean will miss 
the true mean by more than the stated multiple of the standard error computed 
from the sample, for samples with 2, 3, 4, 5, 6, 7, 8, 10, 12, 16, 20, 30, or 
observations. (To apply to coefficients of regression, see footnote to Table 

page 23.) 


> 8 
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True 

Correlation 

1.00 


Minimum correlation in universe, for varying 
observed correlations and size of sample 


90 


80 


.70 


60 


50 


40 


.30 


.20 


.10 



10 ,20 .30 .40 .50 .60 .70 .80 .90 1.00 

Correlation observed in sample 


1'ig. B. Under conditions of random sampling, one sample out of twenty, on 
the average, will show a correlation coefficient with a — value as high as that 
“observed in sample/’ when drawn from a universe with the stated true correlation. 
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True 

Correlation 


Minimum correlation in universe, for varying 
observed correlations and size of sample 



.30 AO .50 .60 .70 

Correlation observed in sample 

Fia. C. Under conditions of random sampling, one sample out of twenty, on 
the average, will show a multiple correlation as high as that "observed in sample,” 
when drawn from a universe with the stated true multiple correlation, in the 
case of multiple correlation with three independent variables. 
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True Minimum correlation in universe, for varying 

Correlation observed correlations and sire of sample 



Q JO .20 .30 MO SO .60 _ .70 .90 .90 1.00 


Correlation observed in sample 

Fio. D. Under conditions of random sampling, one sample out of twenty, on the 
average, will show a multiple correlation as high as that “observed in sample, 
when drawn from a universe with the stated true multiple correlation, in the 
case of multiple correlation with five independent variables. 
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True 

Correlation 

'' 00 HS 

n I ii i 


Minimum correlation in universe, for varying 
observed correlations and size of sample 



.30 .40 .50 .60 .70 

Correlation observed in sample 

Fio. E. Under conditions of random sampling, one sample out of twenty, on 
the average, will show a multiple correlation as high as that “observed in sample.” 
when drawn from a universe with the stated true multiple correlation, in the 
case of multiple correlation with seven independent variables. 
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ADJUSTED CORRELATION WITH 
VARIOUS OBSERVED CORRELATIONS 
AND RATIOS OF (n-m) to (n-1) 

n c: number of observations in sample 
m = number of constants In regression equation 
(including "a") 

£co/np</te(Z by formula P 2 = 1 — ( I — P*) (^)j 
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F. This chart provides a graphic means of calculating the adjusted coefficient 
or index of correlation, as shown in formulas (25), (26), (47), and (66.3). 
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on the average. Figure C applies to £ 1 . 234 , Figure D to £,. 23456 , and Figure E to 
#1.2346878. Values for 2, 4, and 6 independent variables may be obtained by inter- 
polation. The figures are based upon the researches of R. A. Fisher, summarized 
in his publication, The general sampling distribution of the multiple correlation 
coefficient, Proceedings of the Royal Society , A, Vol. 121, pp. 655-673, 1928. The 
tables in that article assume a large sample, and therefore give only approximately 
correct values when applied to small samples. For that reason the values shown 
by Figures B to E do not agree precisely with the exact values given in the corre- 
sponding tables in Fisher’s article or in Wishart’s tables (cited on page 522) for the 
value of observed correlations when the samples are drawn from a universe with zero 
correlation. The differences are so slight, however, that Figures B to E are quite 
adequate for practical purposes. 

Adjustment of correlation for size of sample. Figure F may be used to facilitate 

the calculation of adjusted coefficients and indexes of correlation, r, R , p, or P, from 

the unadjusted values r, R, p, or P. All that is necessary is to calculate the ratio 
n — m 

n _ l • enter the chart with that as abscissa and the observed correlation as 

ordinate. Then note the value of r given by the curve which lies nearest the inter- 
section of the two coordinates, or interpolate between the two nearest curves. Thus 

with P = 0.70, n = 30, and m = 8, — = 0.759, and P = 0.57. 

n — 1 

# 1.234 = 0.88, and n = 20; = ^ = 0.842, and £,. 234 = 0.85. 

n — 1 19 
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LIST OF IMPORTANT EQUATIONS 

For convenience in referring to the most important of the equations 
which are introduced from time to time in the text, all numbered equa- 
tions are repeated here in numerical order. 


&: 

h 

II 


a) 

M x = x 


(2) 

'Lx (without regard to sign) 

(3) 

8 — 

n 

/Sr 2 

<T X — \ 

* n 


(4) 

IZX 2 * f 2 

Ox - yj M, 

v n 


(5) 

/Z(d 2 F) 

2(dF) 2 c 2 

L n 12 

(6) 

/ n 

° - 1 


(6.1) 



(6.2) 

/SX 2 - nMj 
o x - yj , 

* « — i 

(6.3) 

Ox 

OM — /- 

V n 


(7.1) 
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1 

CM 

> 

II 

b 

(7.2) 

7 = a + bX 

(8) 

2 (XT) - nM x M y 

2(X 2 ) - n(M x ) 2 

(9) 

a = ilf y — bM x 

(10) 

2(X7) - nM x M v = 2 (xy) 

(11) 

7 = a + bX + cX 2 

(12) 


(With X used for X, x for X — M Xr U for X 2 , u for V — M U) equation 
[12] becomes 7 = a -f* bX + ell. These symbols are used in equa- 
tions [13] to [15], inclusive.) 


* 


(2a; 2 ) 6 + (2 xu)c = 2 xy 
(2 xu)b -f (Zu 2 )c = 2 uy 

a — M v — b(M x ) - c(A/ u ) 


, f 2X __ 2 U .. 

M x = — ; M u = — ; M v 
n n 

2a; 2 = 2X 2 - nM\ 

2 xu = 2 XU - nMgMu 

2 u 2 =2 U 2 - nMl 

2 xy = 2X7 - nM x M v 

Zuy = XUY - nM u M v 

Y = a + bX + cX 2 + dX 3 


27' 

n 


(13) 

(14) 




(With U for X 2 , 7 for X 3 , equation [16] becomes 7 = a -f- bX -f cU -f- 
d7. These symbols are used in equations [17] to [19], inclusive.) 


(2a; 2 ) b + (2a;w)c + (2 xv)d = 2 xy 
(2 xu)b + (2u 2 )c + (2«y)d = 2 uy 
(2 xv)b -f (2 uv)c + (2 v 2 )d = 2yyJ 


(17) 


a = M v — b(M x ) - c(M u ) - d(M v ) 


(18) 
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2F 

M v = — 

n 

= 'ZUV — nM u M v 
"Zxv = "ZXV — nM x M v 
J.V 2 = J.V 2 - n\ll 
~Zvij = 2 VY - nM v M„ 




Sl-fW = 


T72 

*V/(*) 






-2 

Pyx 



XV 


= 1 - (1 - rl) 

= l - (1 - pI) 



( 19 ) 


( 20 . 1 ) 

( 21 . 1 ) 

( 21 . 2 ) 

( 22 . 1 ) 

( 22 . 2 ) 

(23.1) 

(23.2) 

(24.1) 

(24.2) 

(24.3) 

(24.4) 

(25) 

(26) 



LIST OF IMPORTANT EQUATIONS 

% • 



2(XY) - nM x M„ 

XU V[2(X 2 ) -nM*} [2(F 2 ) - „Ml] 

*v 




2 (XF) - nM x M y 

na\ 


?(xy) 

na\ 


2(XF) — nM x M y 2 (xy) 

T'xy = = 

KOxGy nVxOy 



X\ — a 4- 1*2X2 + 63Y3 +• • • b n X n 
X\ = a -h 1*2X2 4* 63X3 
2 (*2)62 + 2(.r 2X3)63 = ^(xix 2 ) 

’ 

2(0203)62 + 2(0:3)63 = 2(oio 3 ) 

a = M \ — 62^/2 — 63A/3 
Xi = a + 62X2 4 * 63X3 
2 = Xi - X! 

Xi = ai.23 4- ^12.3X2 4* 613. 2X 3 

a 1.234 H" &12.34^2 4* 613.24X3 + 6u.23.X4 

a 1.2345 ^12.345X2 4“ 613.245X3 + 614.235X4 -b 615.234.Y5 

2(0*2)612.34 + 2(0*20*3)613.24 4- 2(0*20*4)614.23 = 2(o*i.r 2 )' 

2(0:20*3)612.34 4- 2(0*3)613.24 4- 2(0*30*4)614.23 = 2(0*103) 

2(0*20:4)612.34 4" 2(0*304)613.24 4" 2(0*4)61 4.23 = 2(0104) 

® 1 .234 = A/i — 612.34^2 — 613.243/3 — 614.23.U4 
2(02)612 .345 + S(j" 2 ^ 3 ) 6 l 3.245 + 2 (j" 2 X.))i)i 4.235 

+ S(j'2Xr,)tir,.23i = S(X[X 2 ) 

2(x 2 X3)bl2.345 + 2(13)613.245 + 2(x3.r 4 )6i4.235 

+ — (X3.l'5)6i5.231 = S(riX 3 ) 


(27.1) 

(27.2) 

(28) 

(29) 

(29.1) 

(30) 

(31) 

(32) 

(33) 

(34) 

(35) 

(36) 

(37) 

(38) 

(39) 



Etc. 
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01.2345 = M\ — &12.345^2 — ^13.245-^3 — &14.235^4 “ &15.234^5 (41) 


■V2 ^21.234 


$1 .234 = 


n — m 


*5l. 234 . . . n 


n — m 


Xl(234) = 01.234 + &12. 34-^2 ^13.24^3 + &14.23^4 


(42) 


f2(x?) — [&12.34 . . . n (SZi^) + &13.24 . . . n ( 2 X 1 X 3 ) 1 
+ • • • + 5i n .23 . . . (n— l)(2xiX n )] 


(43) 


(44) 


R 1 .234 — 


^1(234) 


■^1 .234 . . . n 


12.34 


„(2XiX 2 ) + &13.24 . 

+ &ln-23 . 


. . n (2xiX 3 ) + . . 

. . (n — l)(2xiX n ) 


s(*i) 


i?1.234 . . . n 


= 1 - (1 


Rl 


234 . . . n 


>Sl .234 . . . n 


p 2 S t "- 1 } 

~ .234 . . . »M i 

• \n — m/ 

- ■ - (~H (~) 

= ^1 (1 “ -R 1.234 . . . n) ^ 


r?4.23 


= 1 - 


-2 

127*34 


1 ~ Rl .234 
1 “ fll.23 

7 2 2 

°12.34^2 


^I2.34 ff 2 H" ^1(1 — Rl.234) 


2 


(45) 


(46) 


(47) 


(48) 


(49) 


(50) 


(51) 


02 

012.34 = 012.34 

^1 

Multiple correlation squared 
of (Xi — ^12.34-^2) with A 3 
and X4 


= 1 - 


CTi(l — R?.234) 


2 01 (~r)+ b2 ^ 


o\ — 2&12.34* 


Xi = o! + /2CX2) + /3CX3) + /4CX4) + ... 
Xi = a + 6 2 A' 2 + &2'0X?) + ^3 A3 + &3'C^§) 

+ ^4X4 H- 64' (A4) 


(52) 


(53) 


(54) 


( 55 ) 
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Xi — a + &2CX2) + &2 # C^l) -f- b2"(Xl) &3CX3) + by(X%) 

+ bz"(Xl) + 64 (X4) + & 4 '(-Xl) + 64" (-X4) 

X\ — <*1.234 + / 2 (X 2 ) +/ 3 (X 3 ) + / 4 (X 4 ) 


fll .234 


= M ! - 


s[/ 2 (x 2 ) +/ 3 (x 3 ) +/ 4 (x 4 )] 


= X: - X? 


x; = F 2 (X 2 ) = f 2 (X 2 ) - M m) + M, 
£1 = F 2 (x 2 ) = / 2 (X 2 ) — Af/( 2 ) 


Sl./(2,3, 4 ) = 


(56) 


(57) 


(58) 

(59) 

(60) 
(61) 


X 4 — F 2 {x 2 ) + F 3 (X 3 ) + F 4 (i 4 ). . .+ F„(x n ) (62) 


2 l./<2.3. 4 ) 


(63) 


— 2 

&l./(2,3,4, etc.) 


*l/( 2 . 3 . 4 . etc ) 

1 — m/n 


- 2 na] 2(**) 

Sl - /(2 ' 3 ' 4 ' = 


2 

<V 




2(2?./(2,3.4))\/ n — 1 


Z(*i) 


n — m 


Pi .234 — 1 — (1 


R 2 ) (^zA\ 

— iii.2'3'4V l y 

\n — m/ 


(64) 


(65) 


( 66 . 1 ) 


( 66 . 2 ) 


(66.3) 


(67) 


Vyx ~~ 


_ /S[«o(M 0 ) 2 ] - *(M„) 


na: 


( 68 ) 


<Wy' 


Sy.x 

<j x '\fn 

Sy.x 

yfn 


(69) 


(70) 


Oy< 


V 2 M V ’ + ( ff b vz X ) 


(70.1) 


I 
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t = 


, a Pxy 


1-r 2 

\/ n — 2 

r\/ n — 2 

Vl — r 2 

1 - P 2 


■\/ n — m 


, for large values of n 


(71) 


(71.1) 


, for large values of n 


(72) 


°ftl-234 . . . n 


1 — ^1.234 . . . n 


\^n~— 


m 


, for large values of n (73) 


°&12S4 . . . n 




<$1,234 . . . n 


na 2 {\. — i?2.34 . . . n) 


(74) 


* = 


^ 1 . 234 ^ n — m 


vi - a? 


(74.05) 


234 




-4 


*Sy./(x)W£ 


a 2 x n u 


(74.1) 


^/l2-34(-^2) — /l2-34^A/ 2 ) 




<Si./(2,3,4)WX 2 


<^2 n u(l — P 2 . 34 ) 


(74.2) 


v/m-fiXu) 



X 

k — ; where k 
n u 


Sy ./(X)^ 


(74.11) 


°^12 34(^2) —/l2 • 34 (X.W 2 ) 


4'-f 



k' — , where A;' 
n u 


“My' + (O'V 3 ') 2 4" *^ 2 . 


*Sl-/(2,3,4)^ 

(72(1 — P 2 . 34 ) 


y = F' dt 


t(T u’-v 


(74.21) 


(75) 


(76) 


/T / 

U Xl-234— X 1 


— < 8 i. 234 ^ 1 + h C22^2 + C33X3 4 “ C44X4 

L w 


+ 2c 23 ^2^3 + 2c 24 a*2^4 4- 2 c 3 4*3Z4 (77) 


(2x|)C22 4~ ( 2 ^ 2 X 3)023 4“ (Sx 2 ^4)C24 = 1 I 

(2x2Z3)C22 4~ ( 2x 2 )C23 4“ (2^3X4)c 2 4 = 0 
(2a- 2 3' 4 )c22 + (2x 3 X4)c 2 3 4- (2xl)C24 = 0j 


( 78 ) 





V 


LIST OF IMPORTANT EQUATIONS 
( 2 a|) C32 + (Sx 2 x 3 ) C33 4 (2^2X4)034 = 0 

(2x2X3)032 4 (2x3)033 4 02^3X4)034 = 1 

(2x2X4)032 4 (2x3X4)033 4 (2X4)034 = 0 

( 2 x 1 ) C42 4 (2x2X3)043 4 (2x2X4)044 = 0 
(2x2X3)042 4 (2xf)c43 4 (2X3X4)044 = 0 
( 2 x 2 x 4 )c 42 4 (2x3X4)043 + (2x4)044 = lj 
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( 79 ) 



*1 — ^1-23 . . . n 1 b 4 C 3 X 3 4 . . . +C n X „) 2 

T~L 


on condition that (c 2 c 2 ) = c 2 2, c 2 c n = c 2n , etc. 


V/(*> —v Syfiz) 


( 1 + S 


A 


*'l./( 284 ) * “ £l./( 234 ) ( 1 + + a h ( X 2 ) 4 < 4 (X a ) + ff MX A ) 

Xx = f{X 2, X 3 ) 

X X = / 2 , 3 (^ 2 ) X 3 ) + /4CX4) 

x 1 -/ M (X*X 3 ) +/ 4 . 5 (X 4 ,X 5 ) +/g(x 6 ) 

Xi = /(X 2) X 3 ,X 4 ,...X n ) 

= O2.234 + ^2.34X2 + £<23.24X3 4 - £>24.23X4 


X x = 


xr = 


a 1 . 2 ' 3 ' 4 ' + £> 12 '. 3 ' 4 ' 1/2 (X2)] + £> 13 '. 2 ' 4 ' l/T(X 3 )] 

+ & 14 '. 2 ' 3 ' [/l (-^4)] 

0(*'i") 


*T = 0 [a +/ 2 "(X 2 ) 4 / 3 "(X 3 ) +/ 4 ,, (X 4 )] 

Xi = a -|- oX 3 _4 |?(X 2 X 3 ) 

Xi = a 4 eX 3 4 <7(X 2 X 3 ) 4 h ( X 2 ) 

Xx = a 4 / 2 (X 2 ) 4 / 2 , 3 (X 2 X 3 ) 4 / 3 (X 3 ) 

•^1 =/ 2 (-^ 2) 4/3CX3) 4/2 +3(^2 4 X 3 ) 


( 81 ) 


4 [standard error of f(X) — f(X M )) 2 (82) 


*1- 


/2CX2) 4/3(X 3 )4/2 +3 (Y + y)+/2- 3 (^ 


X 

c 



(83) 

(84) 

(85) 

(86) 

(87) 

(88) 

(89) 

(90) 

(91) 

(92) 

(93) 

(94) 

(95) 


(96) 
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Xi = f 2(^2) + / 3 (X 3 ) + fiiXi) 


s 


(x 2 

X 3 

C 

xA 

* +/2+3- 

( X 2 . 

X 3 

x 4 

( — 

+ — 

+ 

-*[— + 


\(?2 

03 


a 4 / 

\<r 2 

*3 

*4 

(x 2 


+ 

x 4 \ 


/X, 

£3 

X 4 

[ 


) 

~r J2—Z—4 l 


\<r 2 

<^3 


cr 4 / 


\02 

<*Z 


2, 22, 

23, 3, 32 , 33 , . . 

. n, n2, ji3 P 1.23 

• • • 

n 

/( 23 . 

. . n) 

= 

<r?(l 

— Pi .23 

. . . n) 

n 

- 7 ) 






\n — 



2x 2 

_ 

2 (d 2 F) - n 

rwn 

2 







L n J 




a bi2.3i 


*§1.234\/C22 

• 




Cb i3.u 

= 

&1.234\/ C 33 

* 




ffb u.n 

— 

S\.234\/c44 

- 




13 _ 


(n ~ Dtf/a*) 

n — m 


12.34 — 


r ^12. 34(2x1x2)1 

r is. 234] 

L 2(*f) J- 

L 7 ?i .234 J 


( 97 ) 

( 98 ) 

( 99 ) 

( 100 ) 

( 101 ) 

( 102 ) 

( 103 ) 
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GLOSSARY 

The Greek letters used as symbols in this text, and the most impor- 


tant other symbols, are as follows: 

8 

(small delta) 

= coefficient of average deviation. 

<r 

(small sigma) 

= coefficient of standard deviation. 

2 

(capital sigma ) 

= sum of the items specified. 

n 

(Latin) 

= number of observations in a sample. 

b 

(Latin) 

= coefficient of regression. 

/() 

(Latin) 

= function of the variable in the parenthesis. 

r 

(Latin) 

= coefficient of correlation. 

P 

(small rho) 

= index of (curvilinear) correlation. 

8 

(Latin) 

= standard error of estimate. 

m 

(Latin) 

= number of constants in the regression equation. 

z 

(Latin) 

= residual, or difference between observed and 
estimated values of a dependent variable. 

R 

(Latin) 

= coefficient of multiple correlation. 

0 

(small beta) 

= “ beta ” coefficient of regression, in terms of 
unit standard deviations. 

P 

(capital rho) 

= index of multiple (curvilinear) correlation. 

V 

(small eta) 

= correlation ratio. 

d 

(small theta) 

= function of (used here for the Bruce adjustment 
function). 

A 

(capital delta) 

= arbitrary symbol. 

IT 

(small pi) 

= arbitrary symbol. 


(capital phi) 

= function of. 

X,Y 

(Latin) 

= variables, as observed. 

y 

(Latin) 

= variables, in terms of departures from their 
means. 

d 

(Latin) 

= coefficient of determination. 

k 

(Latin) 

= coefficient of alienation. 
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See also Average, arithmetic 
Asparagus prices, illustration, 425 
Assumptions, in sampling, 15 
on free-hand curves, 109, 152, 224, 278 
Au.to-stopping, as illustrative problem, 
42 

Average, arithmetic, defined* 2 
standard error of, 19 
Average deviation, defined, S 
Averages, in determining functional re- 
lation, 47 

Bartels Technique, footnote. 355 
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• on graphic correlation, 439 
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ods, 110 
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Beta coefficient, defined, 159 
in multiple correlation, 217 
Bias, in sampling, 28, 370 
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on graphic vs. mathematical meth- 
ods, 110 
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method, 522 
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Bruce Adjustment, 403 
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Cassels, J. M., ref. on supply analysis, 
441 
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Chatfield, Charlotte, ref. on beef com- 
position, 438 

Ciiauncey, Marlin R., ref., 440 
Cheek sum, 461 

Ciikrniack, Nathan, cited, 424 
ref. on watermelon prices, 438 
Children’s clothes, size standards for, 
434 

Class interval, defined, 5 
Coding, in fitting logarithms, 95 
in fitting parabolas, 84 
mathematical effect of, 490 
Coefficient of alienation, defined, 139 
Coefficient of correlation, Sec Correla- 
tion coefficient 

Coefficient of determination, defined, 
139 

Coefficient of multiple correlation, 210 
523 
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Coefficient of non-determination, de- 
fined, 140 

Coefficient of partial correlation, See 
Partial correlation coefficient 
Coefficient of regression, See Regression 
coefficient 

Coleman, D. A., ref., 438 
Computation methods, 455 
for standard deviation, 6, 12 
steps in, 449 

Contours, for joint regressions, 404 
Coordinates, defined, 10 
Corn yield, example of forecasting, 255 
illustrating sampling, 17 
multiple curvilinear regression, 225 
Correlation coefficient, adjustment for 
size of sample, 510 

✓ 

compared to other measures, 160 
computation methods, 455 
defined, 137 

practical equation for, 149 
standard error of, 318 
Correlation coefficients, reliability of, 
504 

Correlation equations, proof of formu- 
las, 491 

Correlation index, defined, 138 
practical equation for, 156 
standard error of, 320 • 

Correlation measures, for short-cut 
linear method, 276 
mathematical meaning of, 493 
meaning of, 159 

Correlation methods, place in research, 
442 

Correlation ratio, defined, 306 
Correlation results, meaning of, 450 
Correlation table, 456 
Correlations, 136 

Cotton yield, illustrating standard er- 
ror of regression curve, 335 
study of fertilizing, 417 
used in illustrative problem, 147 
Court, Andrew T., illustration from, 
374 

ref. on joint functions, 414 
Court Method, for joint functions, 409 
Cowan, Donald R. G., ref., 440. 


Cowden, Dudley J., refs., 81, 93, 189, 
445 

Cross classification, for many variables, 
186 

for three variables, 181 
Croxton, Frederick E., refs., 81, 93, 
189, 445 

Crum, W. L., ref., 444 
on joint costs, 440 
Cubic parabola, method of fitting, 89 
Curves, equations for, 76, 79 
logarithmic, See Logarithmic curves 
Curvilinear correlation, interpretation 
of results, 157 
practical methods for, 152 
standard error of forecast, 345 
Curvilinear functions, illustrations of, 
75 

Curvilinear multiple correlation, meas- 
ure of, 264 

standard error of estimate for, 259 
Curvilinear relation, fitted by free- 
hand curve, 105, 152, 222, 277 v 
by mathematical curves, 83, 89, 93, 
121 

Dairy cows, studies of feeding, 417 
Davis, Floyd E., ref., 413, 414 
Dean, Joel, ref. on cost curves, 441 
Degrees of freedom, reduction in, 142 
Deming, W. Edwards, acknowledgment 
to, vii 
ref., 24 

on theory of errors, 488 
Dependent and independent variables, 
functions for, 58 
straight lines for, 74 
Dependent variable, defined, 50 
mathematical representation of, 59 
result of selecting values o£, 361 
Derksen, J. B. D., ref., 441 
Determination coefficient, 494 
Dcterminantal solution, for normal 
equations, 478 

Deviation, average, See Average devia- 
tion 

standard, See Standard deviation 
Diedjens, V. A., ref., 439 
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Differential regressions, 413 
Digiting, 459 
Dixon, H. B., ref., 438 
Doolittle, M. H., 477 
Doolittle Method, 200, 464 
Dot chart, method of constructing, 36 
Dwyer, P. S., ref. on computation meth- 
ods, 478 

Education, use of correlation in, 429, 
434 

Egg price problem, illustrating non- 
quantitative variable, 302 
Elliott, Foster F., ref. on correlation 
method, 500 
on hog production, 439 
Equation, for straight line, 59 
linear, meaning of constants in, 60 
parabolic, meaning of constants in, 
118 

selecting the type, 447 
Equations, for different types of curves, 
76, 79 

limitations to, 102 
list of, 512 

Error, probable, See Probable error 
Error of estimate, See Standard error of 
estimate 

Errors of observation, in both variables, 
366 

in dependent variable, 365 
in independent variable, 366 
Estimate, See Forecast 
Estimating dependent variable, limita- 
tions on, 125 

Extrapolation of regression equations, 
347 

Ezekiel, Mordecai, data from, 278 
refs, on correlation methods, 110, 522' 
on dairy farming, 437 
on error of regression coefficients, 

327 

on farmers' earnings, 437 
on hog prices, 438 
on input-output, 437 
on lamb prices, 438 
on milk production, 441 
on price analysis, 439 
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Ezekiel, Mordecai, refs, on short-cut 
method, 300 
on steel costs, 441 
on tobacco farming, 438 

Factors, methods of measuring, 444 
Falling body, illustrating a mathemati- 
cal function, 114 

Farm income, illustrating multiple cor- 
relation, 169 

related to farm organization, 421 
Farm values, example of multiple rela- 
tions, 164 

Fellows, H. C., ref., 438 
Fisher, R. A., cited, 10 

on standard error of r, 319 
ref., 93 

on analysis of variance, 189 
on error of multiple correlation, 

. 323 

on sampling, 522 
on standard errors of b, 470 
on use of differential regression, 419 
on wheat yield, 438 
statistical contributions of, x 
Foote, Richard J., ref. on short-cut 
method* 300 

Forecast, change in universe, 31 
from multiple correlation, standard 
error of, 344 

from simple correlation, standard 
error of, 342 

practical procedures for, 356 
Forecasting corn yields, illustrating 
method, 255 

Freehand curve, as method of express- 
ing relation. 105, 152, 222, 277 
assumptions for, 109, 152, 224, 278 
Freeman, Frank S., ref. on intelligence 
tests. 440 

Frequency distribution, chart of, 11 
Frequency table, defined, 3 
Frisch, Ragnar, ref., 448 
Function, defined. 39 
linear, assumptions of, 73 
Functional relation, graphic illustration 
of, 38 

mathematical expression of, 39 
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Functional relation, statistical measure- 
ment of, 42 

use of averages to determine, 47 
Funk, W. C., ref., 437 

Gabriel, Harry G., ref. on egg prices, 
439 

Gallup poll, 435 

Gans, A. R., ref. on milk elasticity, 439 
Garrison, K. C., ref. on intelligence 
tests, 440 

Girschick, Meyer A., acknowledgment 
to, vii 

cited, 301, 477 
ref. on clothing sizes, 441 
Glossary, 521 

Goodenough, F. L., ref. on intelligence 
tests, 440 

Goodrich, C. L., ref., 437 
Gosnell, Harold, ref. on politics, 441 
Gowen, John W., refs, on dairying, 439 
Graphic chart, for adjusting observed 
correlations, 510 
for small samples, 505 
Graphic charts, for reliability of ob- 
served correlation, 506-9 
Graphic correlation, standard error of, 
327 

Graphic curve, fitting freehand, 105 
limited by logical conditions, 109 
Graphic curves, See Regression curves 
and Multiple regression curves 
Graphic interpolation, 87 
Graphic method, 222, 268 
auxiliary graphic processes, 479 
Graphic regression curves, adjustments 
by least-squares, 401 
Gravity, illustration of mathematical 
function, 114 

Greek letters, meaning of, 21 
Guthrie,- Edward S., ref. on creamery 
costs, 439 

Haas, G. C., cited, 415 
ref. on hog prices, 438 
on land prices, 437 
Hafstad, L. R., ref., 355 
Hainsworth, R. G., acknowledgments 
to, vii, xi 


Hanau, Arthur, cited, 423 
ref. on hog prices, 438 
Harden burg, E. V., ref. on potato 
yields, 437 

Harper, F. A., ref., 186 
Hay-stack problem, illustrating joint 
correlation, 376 
Hedden, W. P., cited, 424 
ref. on watermelon prices, 438 
Higbie, Edgar Creighton, ref., 440 
Hog prices, illustrating a mathemati- 
cally fitted equation, 121 
Holdaway, C. W., ref. on dairy farm- 
ing, 437 

Hole, Erling, ref. on dairying, 441 
Horse feed, illustrative problem, 129 
Hosterman, W. H., data from, 378 
Hotelling, Harold, ref., 316 
Howe, Charles B., data from, 302 
ref. on egg prices, 439 
Hull, Clark L., ref. on prediction 
formulas, 440 

Huxley, Julian, quotation from, 1 
Hyperbolas, characteristics of, 80 
Hj’pothesis, checking against relations, 
452 

method of developing, 443 

Independent variable, defined, 50 
mathematical representation of, 59 
result of selecting values, 360 
Index of con-elation, See Correlation 
index 

Index of determination, defined, 140 
Index of multiple correlation, defined, 
264 

for joint correlation, 387 
from short-cut method, 293 
Individual forecast, standard error of, 
341, 469 

Industrial commodities, cost curves for, 
434 

prices of, 434 

Inference, statistical, See Statistical in- 
ference 

Input-output relations, studies of, 416 
Intelligence, components of, 434 
Interpolation, graphic, 87 
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Interpretation of correlation results, 71, 
151, 157, 254, 450 
Interquartile range, 4 
Irrigation water, illustrative problem, 
147 

Ives, J. Russell, ref. on short-cut 

method, 300 

Jensen, Einar, ref. on milk production, 

441 

Jerome, Harry, ref., 444 
Johnson, Sherman E., ref. on dairy 
farming, 437 

Joint correlation, for n variables, 391 
Joint function, for three variables, 376 
mathematical functions, 407 
Joint regression, 372 
Joint relations, identifying by short- 
cut method, 296 

Kantor, Harry, ref. on peach prices, 
438 

Kelley, Truman L., cited, 159 
refs., 282, 494 

Kendall, M. G., refs., 189, 522 
Kifer, R. S., ref. on dairy farming, 437 
Killough, Hugh B., ref., 103 
on oat prices, 438 
Koon, R. M., ref., 439 
Koopmans, T., ref., 441 
Kuhrt, W. J., ref. on wheat prices, 439 
Kyle, Corrine F., ref. on wheat protein, 
438 

Land values, 415 

Least squares, derivation of normal 
equations, 489 
in fitting straight line, 64 
note on, 67 

Lettuce price, as illustration of hypoth- 
esis, 443 

Line of best fit, defined, 67 
Linear correlation, interpretation of re- 
sults, 150 

practical methods for, 147, 455 
Linear equation, interpretation of, 71, 

151 

meaning of constants in, 60 


Linear net regressions, by short-cut 
method, 269 

Linear regression equation, 145 
for three variables, 191, 198 
Literary Digest poll, 435 
Logarithmic curve, method of fitting, 93 
Logarithmic curves, characteristics of, 79 
Logarithmic equation, fitted to hog 
prices, 121 

for minimizing absolute departures, 
99 

Logical conditions, on free-hand curve, 
109 

on multiple regression curves, 224, 278 
on regression curves, example of, 152 
Logical significance, of mathematical 
functions, 113 

McNall, P. E., ref., 327 
on dairy farming, 437 
Malenbaum, Wilfred, ref. graphic vs. 
mathematical methods, 110 
on short-cut method. 296, 300 
on supply analysis, 441 
Market prices, studies of, 422 
Mathematical curves, limitations to, 102 
Mathematical equations, for joint func- 
tions, 407 

in an economic problem, 121 
when to fit, 120 

Mathematical functions, for net regres- 
sion curves, 396 
logical significance, 113 
Mathematical net regression curves, 
method of fitting, 221, 396 
standard error of, 339 
Mean, arithmetic, defined, 2 
standard error of, 19-22 
Median, defined, 4 

Mendenhall, Robert M., ref. on com- 
putation methods, 522 
Mensenkamp, L. K., ref., 439 
Migiiell, R. L., refs, on supply analysis. 

441 

Mills, Frederick C., ref., 92 
on correlation method, 522 
Minor, W. A., Jr., ref., 440 
Mises, Richard von, ref., 350 
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Misner, E. G., data from, 225 
ref. on dairy rations, 437 
on weather and prices, 437 
Moore, Henry L., cited, 422 
ref. on cotton forecasting, 438 
on cycles, 437, 438 
Morrison, F. B., ref., 327 
on dairying, 437 
Muir, James C., data from, 147 
Multiple correlation, affected by errors 
of observation, 367 
by successive elimination method, 169 
computation methods, 459 
theoretical illustration of, 164 
Multiple correlation coefficient, 210 
reliability of, 504 
standard error of, 321 
Multiple curvilinear correlation, index 
of, 264 

standard error of, 327 
Multiple curvilinear regressions, by 
mathematical equations, 221, 396 
by short-cut method, 277 
by successive approximations, 222 
Multiple determination, coefficient of, 
211 

Multiple regression curves, graphic, by 
successive approximations, 222 
limitations on use, 254 
mathematical, 221, 396 
stating the conclusions, 247 
Multiple regression equation, defined, 
165, 196 

interpretation of, 205 
Multiple relations, examples of, 163 

Net regression coefficient, defined, 165, 
196-7 

standard error of, 321 
Net regression coefficients, computation 
method, 459 
meaning of, 202, 205 
standard error for, 321, 469 
Net regression curves, by mathematical 
functions, 221, 396 
standard error of, 327, 339 
Non-determination coefficient, 494 
Non-quantitative variable, 302 


Normal distribution, description of, 9 
Normal equations, alternative methods 
of solving, 477 
derivation of, 496 
method of solving, 464 
Number of observations, adjustments 
for, 133, 141, 209, 211 

Objective, method of stating, 442 
O’Brien, Ruth, ref. on clothing sizes, 
441 

Observation equations, defined, 61 
Observed range, extrapolation beyond, 
347 

Ordinate, defined, 10 
Orthogonal polynomials, in fitting 
trends, 93 

Pallesen, J. E., refs., 413, 414 
Parabola, characteristics of, 78, 80 
cubic, See Cubic parabola 
equation for, 76 
method of fitting, 83 
Parabolas for time series, method of 
fitting, 92 

Parabolic equation, meaning of con- 
stants, 118 

Part correlation, coefficient of, 213 
(footnote) 
derivation of, 497 

Partial correlation, coefficient of, 213 
method of computing, 474 
Partial correlation indexes, 267 
Partial regression coefficient, 197 
Patton, Alson C., ref., 444 
Patton, Palmer, ref. on crop yields, 437 
Pearson, F. A., ref. on prices, 439 
Perpendicular regressions, 367 
Pettit, Edison, ref., 438 
Physical characteristics, studies of, 420 
Political behavior, studies of, 435 . 
Pond, George, ref. on dairy farming, 437 
Potato yield problem, illustrating joint 
correlation, 407 

Practical correlation methods, 146, 442, 
455 

Practical procedures, for correlation 
computations, 146, 455 
. for reliability of forecasts, 356 
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Price analysis, examples, 422 
simplified illustration, 124 
Prices of farm products, 422 
of industrial commodities, 434 
influence on production, 428 
Probable error, 26 
Product moment, defined, 149 
Production, response to price, 428, 430 
Projectile, trajectory of, 118 
-Protein content, wheat illustration, 82 
Psychology, use of correlation in, 429, 
434 

Purves, Clarence M., acknowledgment 
to, vii 

Quadratic equation, illustration of, 114 
Quartiles, lower and upper, defined, 4 

Raeburn, John R., ref., 393 
Ratio, correlation, See Correlation ratio 
Regression coefficient, compared to 
other measures, 161 
computation methods, 455 
defined, 146 
gross, 165 
net, 165, 196 

practical equation for, 148, 149 
standard error of, 312 
Regression curve, defined, 146 
Regression curves, limitations on, See 
Logical limitations on regression 
curves 

Regression equation, defined, 146 
extrapolation of, 347 
for n variables, 203 
See also Linear and multiple regres- 
sion equation 

Regression line, defined, 146 
standard error of, 315 
Reliability, See Standard error 
Richey, Frederick D., cited, 429 
ref. on com breeding, 439 
Roos, C. F., ref. on automobile demand, 
441 

Roper poll, 435 

Ross, H. A., ref. on milk marketing, 439 


Sample, defined, 14 
reliability of, 18 
selection of, 359 
size required, 29 
spot and stratified, 16 
Samples, small, See Small samples 
Sampling, assumptions of, 15 
bias in, 28 
of time series, 349 

Sampling theories, assumptions in, 486 

Sarle, Charles F., acknowledgment to 
« • 

Vll 

Sasuly, Max, ref., 92 
Schoenfeld, William A., ref. on milk 
marketing, 439 
Schultz, Henry, ref., 346 
on prices, 440 

on standard errors, 340, 358, 522 
Secrist, Horace, ref., 444 
Separate determination, 498 
Shepherd, Geoffrey, ref. on short-cut 
method, 300 

Sheppard’s Correction, 12, 458 
Shollenberger, J. H., ref. on wheat ker- 
nels, 438 

Short-cut method of multiple correla- 
tion, 268 

auxiliary graphic processes for, 479 
refs, on, 300 

Short-cut method for multiple curvi- 
linear regressions, 277 
Small samples, correction for, 23 
reliability of, 22, 504 
Smith, Bradford B., cited, 423, 497 
refs, on correlation methods, 522 
on cotton acreage, 439 
on cotton and interest rates, 440 
on cotton prices', 438 
on cotton yield, 437 
on production, 438 
Smith, G. E. P., data from, 147 
Snedecor, George W., ref., 189 
on computation methods, 522 
Spearman, C., cited, 435 
refs, on factor theory, 411 
on “footmle correlation,” 440 
Spillman, William J., cited, 152 
Spot sample, 16 
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Standard deviation, defined, 8 
method of computing, 8 
short-cut method of computing, 12 
Standard error, 25 

of arithmetic average, 19-22 
of correlation coefficient., 318 
of correlation index, 320 
of group averages, 49. 54 
of individual estimate, method of 
computing, 469 

of mathematical regression curves, 339 
of mean, derivation of, 486 
of multiple correlation coefficient, 321 
of net regression coefficient, 321 
of partial regression coefficients, com- 
putation method, 469 
of regression coefficient, 312 
of regression line, 315 
of standard error, 24-25 
for time series, 349 
Standard error of estimate, 128 
compared to other measures, 160 
for curvilinear multiple correlation, 
259 

defined, 131 

for joint correlation, 387 

for linear multiple correlation, 208 

practical equation for, 149 

for short-cut method, 293 

for simple curvilinear correlation, 131 

for simple linear correlation, 129 

units for, 135 

Standard error of forecast, 341 
from curvilinear correlation, 345 
from multiple correlation, 344 
from simple correlation, 342 
Statistical inference, assumptions of, 15, 
486 

Steel cost problem, as illustration for 
short-cut method, 278 
as illustration of standard error of net 
regression curves, 338 
Stevens, Chester D., ref., 437 
Stine, 0. C., acknowledgment to, vii 
Straight line, equation for, 59 
fitted by least squares, 64 
graph of, 60, 61 

interpretation of equation for, 71 


Straight line, methods of fitting, 59 
Stratified sample, defined, 16 
“Student,” ref. on correlation, 504 
statistical contributions of, x 
Sturges, Alexander, ref., 350 
Successive approximation method, for 
net regression curves, 222 
Supplementary methods, for net regres- 
sion curves, 401 

Sutherland, H. E. G., ref. on I. Q., 440 

£-test, for correlation coefficient, 318 
for multiple correlation coefficient, 323 
Table, frequency, See Frequency table 
Taylor, Henry C., influence of, x 
Taylor, C. C., ref. on farm management, 
438 

Thomsen, F. L., ref. on prices, 440 
Thurstone, L. L., ref., 441 
Time series, error formula for, 349 
method of fitting parabolas to, 92 
Time-series analysis, examples of chang- 
ing, 426 

Tolley, Howard R., acknowledgments 
to, vii, x 
cited, 500 

refs, on correlation methods, 522 
on input-output, 437 
Traynor, Kenneth, ref., 437 
Trends, fitting to time series, 92 
Tretsven, J. O., ref. on dairy farming, 
437 

Universe, changing, 426 
defined, 14 

Universes, past and present, 30 

Variable, dependent, See Dependent 
variable 

independent, See Independent 
variable 

Variables, relations between, 34 
units of statement, 446 
Variance, analysis of, 189 
defined, 10 

related to correlation coefficient, 493 
Vernon, J. J., ref. on dairy farming, 43 
on tobacco farming, 438 
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von Szeliski, Victor, ref. on automo- 
bile demand, 441 

Waite, Warren C., refs, on short-cut 
method, 300 

Wald, Abraham, ref., 367 
Walker, Helen M., ref., 522 
Wallace, Henry A., ref. on computa- 
tion methods, 522 

Warren, George F., ref. on prices, 439 
Warren, Richard, ref. on computation 
methods, 522 

Waugh, Frederick V., acknowledg- 
ments, vii, xi 
cited, 347 

data from, 393, 407 
ref. on computation methods, 478 
on potato prices, 438 
on potato yields, 437 
on standard error, 358 
on vegetable prices, 439 
Waugh Method, for joint regressions, 
404 

Weather conditions, influence on crop 
yields, 418 

Weeks, Angelina L., ref., 440 
Wellman, H. R., ref. on short-cut 
method, 300 

Wells, O. V., ref. on dairy farming, 437 
Westbrook, E. C., ref., 437 


Wheat, vitreous kernels, as illustrative 
problem, 82 

Wheat protein, illustrating free-hand 
curve fitting, 106 
ref. on, 438 

Wheat yields, study of, 419 
Whitcomb, W. D., ref., 439 
Winch, W. H., ref., 440 
Wishart, John, ref. on standard errors, 
522 

Witmer, Helen Leland, ref. on sex edu- 
cation, 440 

Wolfe, T. K., ref. on corn breeding, 439 
Working, Elmer J., acknowledgment 
to, vii 

ref. on short-cut method, 300 
Working, Holbrook, ref., 316 
on potato differentials, 439 
on potato prices, 438 
Wright, Sewall, ref. on correlation 
method, 500 

Wylie, Kathryn H., data from, 278 
ref., 327 

on steel costs, 441 

Yield, com, See Com yield 
Yule, G. Udny, cited, 16 
ref., 189, 440, 522 
on error theory, 489 
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